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Functions

OVERVIEW In this chapter we review what functions are and how they are visualized as
graphs, how they are combined and transformed, and ways they can be classified.

m Functions and Their Graphs

Functions are a tool for describing the real world in mathematical terms. A function can be
represented by an equation, a graph, a numerical table, or a verbal description; we will use
all four representations throughout this text. This section reviews these ideas.

Functions; Domain and Range

The temperature at which water boils depends on the elevation above sea level. The inter-
est paid on a cash investment depends on the length of time the investment is held. The
area of a circle depends on the radius of the circle. The distance an object travels depends
on the elapsed time.

In each case, the value of one variable quantity, say y, depends on the value of another
variable quantity, which we often call x. We say that “y is a function of x” and write this
symbolically as

y = f(x) (“y equals f of x7).

The symbol f represents the function, the letter x is the independent variable represent-
ing the input value to f, and y is the dependent variable or output value of f at x.

DEFINITION A function f from a set D to a set Y is a rule that assigns a single
value f(x)in Y to each x in D.

A rule that assigns more than one value to an input x, such as the rule that assigns to a
positive number both the positive and negative square roots of the number, does not describe
a function.

The set D of all possible input values is called the domain of the function. The domain of f
will sometimes be denoted by D(f). The set of all output values f(x) as x varies throughout D
is called the range of the function. The range might not include every element in the set Y. The
domain and range of a function can be any sets of objects, but often in calculus they are sets of
real numbers interpreted as points of a coordinate line. (In Chapters 12—15, we will encounter
functions for which the elements of the sets are points in the plane, or in space.)

Often a function is given by a formula that describes how to calculate the output value
from the input variable. For instance, the equation A = xr? is a rule that calculates the
area A of a circle from its radius ». When we define a function f with a formulay = f(x)
and the domain is not stated explicitly or restricted by context, the domain is assumed to be

21



22 Chapter 1 Functions

X 3 f e f(X)
Input Output

(domain) (range)

FIGURE 1.1 A diagram showing a func-
tion as a kind of machine.

-%\.ﬂ;

a

X

of(x)

D = domain set Y = set containing
the range
FIGURE 1.2 A function from a set D to

a set Y assigns a unique element of Y to
each element in D.

the largest set of real x-values for which the formula gives real y-values. This is called the
natural domain of f. If we want to restrict the domain in some way, we must say so. The
domain of y = x? is the entire set of real numbers. To restrict the domain of the function
to, say, positive values of x, we would write “y = x2,x > 0.

Changing the domain to which we apply a formula usually changes the range as well.
The range of y = x2is [0,00). The range of y = x2,x > 2, is the set of all numbers
obtained by squaring numbers greater than or equal to 2. In set notation (see Appendix A.1),
the range is {x?|x > 2} or {y|y > 4}or[4,00).

When the range of a function is a set of real numbers, the function is said to be
real-valued. The domains and ranges of most real-valued functions we consider are inter-
vals or combinations of intervals. Sometimes the range of a function is not easy to find.

A function f is like a machine that produces an output value f(x) in its range when-
ever we feed it an input value x from its domain (Figure 1.1). The function keys on a
calculator give an example of a function as a machine. For instance, whenever you enter
a nonnegative number x and press the Vx key, the calculator gives an output value (the
square root of x).

A function can also be pictured as an arrow diagram (Figure 1.2). Each arrow asso-
ciates to an element of the domain D a single element in the set Y. In Figure 1.2, the
arrows indicate that f(a) is associated with a, f(x) is associated with x, and so on. Notice
that a function can have the same output value for two different input elements in
the domain (as occurs with f(a) in Figure 1.2), but each input element x is assigned a
single output value f(x).

EXAMPLE 1 Verify the natural domains and associated ranges of some simple
functions. The domains in each case are the values of x for which the formula makes sense.

Function Domain (x) Range (y)
y = x? (—00,00) [0, 00)
y = 1/x (—00,0) U (0,00)  (—00,0) U (0,00)
y = ~x [0,00) [0,00)
y=+~4—-x  (-004] [0,00)
y—i—# L] [0.1]

Solution The formula y = x? gives a real y-value for any real number x, so the domain is
(—00,00). The range of y = x?2is [0, 00) because the square of any real number is non-
negative and every nonnegative number y is the square of its own square root: y = (\/§ )2.

The formula y = 1/x gives a real y-value for every x except x = 0. For consistency
in the rules of arithmetic, we cannot divide any number by zero. The range of y = 1/x, the
set of reciprocals of all nonzero real numbers, is the set of all nonzero real numbers, since

= 1/(1/y). That is, for y = 0 the number x = 1/y is the input that is assigned to the

output value y.

The formula y = ~/x gives a real y-value only if x > 0. The range of y = ~x is
[0, 00) because every nonnegative number is some number’s square root (namely, it is the
square root of its own square).

In y = ~v4 — x, the quantity 4 — x cannot be negative. That is, 4 — x > 0,
or x < 4. The formula gives nonnegative real y-values for all x < 4. The range of V4 — x
S [O, 00), the set of all nonnegative numbers.

The formula y = V1 — x? gives a real y-value for every x in the closed interval from
—1 to 1. Outside this domain, 1 — x? is negative and its square root is not a real number.
The values of | — x?2 vary from 0 to 1 on the given domain, and the square roots of these
values do the same. The range of V1 — x2 is [0, 1]. |
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FIGURE 1.5 Graph of the function

in Example 2.
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Graphs of Functions

If f is a function with domain D, its graph consists of the points in the Cartesian plane
whose coordinates are the input-output pairs for f. In set notation, the graph is

{(x, f(x))lx € D}.

The graph of the function f(x) = x + 2 is the set of points with coordinates (x, y)
for which y = x + 2. Its graph is the straight line sketched in Figure 1.3.

The graph of a function f is a useful picture of its behavior. If (x, y)is a point on the
graph, then y = f(x) is the height of the graph above (or below) the point x. The height
may be positive or negative, depending on the sign of f(x) (Figure 1.4).

FIGURE 1.3 The graph of f(x) = x + 2 FIGURE 1.4 If (x, y) lies on the graph
is the set of points (x, y) for which y has the of f, then the value y = f(x) is the height
value x + 2. of the graph above the point x (or below x if

f(x) is negative).

EXAMPLE 2 Graph the function y = x? over the interval [—2, 2].

Solution Make a table of xy-pairs that satisfy the equation y = x2. Plot the points (x, y)
whose coordinates appear in the table, and draw a smooth curve (labeled with its equation)
through the plotted points (see Figure 1.5). |

How do we know that the graph of y = x? doesn’t look like one of these curves?

y=x>? y=x%?

To find out, we could plot more points. But how would we then connect them? The basic
question still remains: How do we know for sure what the graph looks like between the
points we plot? Calculus answers this question, as we will see in Chapter 4. Meanwhile,
we will have to settle for plotting points and connecting them as best we can.
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Time Pressure
0.00091 —0.080
0.00108 0.200
0.00125 0.480
0.00144 0.693
0.00162 0.816
0.00180 0.844
0.00198 0.771
0.00216 0.603
0.00234 0.368
0.00253 0.099
0.00271 —0.141
0.00289 —0.309
0.00307 —0.348
0.00325 —0.248
0.00344 —0.041
0.00362 0.217
0.00379 0.480
0.00398 0.681
0.00416 0.810
0.00435 0.827
0.00453 0.749
0.00471 0.581
0.00489 0.346
0.00507 0.077
0.00525 —0.164
0.00543 —0.320
0.00562 —0.354
0.00579 —0.248
0.00598 —0.035

Representing a Function Numerically

A function may be represented algebraically by a formula and visually by a graph
(Example 2). Another way to represent a function is numerically, through a table of val-
ues. From an appropriate table of values, a graph of the function can be obtained using the
method illustrated in Example 2, possibly with the aid of a computer. The graph consisting
of only the points in the table is called a scatterplot.

EXAMPLE 3 Musical notes are pressure waves in the air. The data associated with
Figure 1.6 give recorded pressure displacement versus time in seconds of a musical note
produced by a tuning fork. The table provides a representation of the pressure function
(in micropascals) over time. If we first make a scatterplot and then draw a smooth curve
that approximates the data points (¢, p) from the table, we obtain the graph shown in
the figure.

p (pressure, uPa)

e Data

I .
o
T T 11

| | | I/ t (S)
ook 0801 0.002 Wo.om o.oW%
_O 4 -

|
O ¢
o

T

FIGURE 1.6 A smooth curve approximating the

plotted points gives a graph of the pressure function

represented by the accompanying tabled data

(Example 3). |

The Vertical Line Test for a Function

Not every curve in the coordinate plane can be the graph of a function. A function f can
have only one value f(x) for each x in its domain, so no vertical line can intersect the graph
of a function at more than one point. If @ is in the domain of the function f, then the vertical
line x = a will intersect the graph of f at the single point (a, f(a)).

A circle cannot be the graph of a function, since some vertical lines intersect the circle
twice. The circle graphed in Figure 1.7a, however, contains the graphs of two functions of
x, namely the upper semicircle defined by the function f(x) = V1 — x? and the lower
semicircle defined by the function g(x) = —v1 — x? (Figures 1.7b and 1.7c).

N N o
NY N

() x2+y*=1 (b) y=V1-—x? ) y=—V1—x?

~
~
~

FIGURE 1.7 (a) The circle is not the graph of a function; it fails the vertical line test. (b) The
upper semicircle is the graph of the function f(x) = ~1 — x2. (c) The lower semicircle is the
graph of the function g(x) = —v1 — x2.
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FIGURE 1.8 The absolute value function
has domain (—oo, c0) and range [0, 00).

FIGURE 1.9 To graph the function

y = f(x) shown here, we apply different
formulas to different parts of its domain
(Example 4).
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FIGURE 1.10 The graph of the greatest
integer function y = [x] lies on or below
the line y = x, so it provides an integer
floor for x (Example 5).
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FIGURE 1.11 The graph of the least
integer function y = [x] lies on or above
the line y = x, so it provides an integer
ceiling for x (Example 6).
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Piecewise-Defined Functions

Sometimes a function is described in pieces by using different formulas on different parts
of its domain. One example is the absolute value function
x, x>0 First formula

|x| =
—x, x <0 Second formula

whose graph is given in Figure 1.8. The right-hand side of the equation means that the
function equals x if x > 0, and equals —x if x < 0. Piecewise-defined functions often
arise when real-world data are modeled. Here are some other examples.

EXAMPLE 4 The function

—-x, x <0 First formula
f(x) =1x%2, 0 <x <1 Second formula
, x>1 Third formula

is defined on the entire real line but has values given by different formulas, depending on

the position of x. The values of f are given by y = —x when x < 0,y = x? when
0 < x < l,and y = 1 when x > L. The function, however, is just one function whose
domain is the entire set of real numbers (Figure 1.9). |

EXAMPLE 5 The function whose value at any number x is the greatest integer less
than or equal to x is called the greatest integer function or the integer floor function. It
is denoted | x |. Figure 1.10 shows the graph. Observe that

[2.4] =2, |19/ =1, [0]=0, |-1.2] = -2,
2] =2, 102 =0, [-0.3]=-1, [-2]=-2. |
EXAMPLE 6 The function whose value at any number x is the smallest integer greater

than or equal to x is called the least integer function or the integer ceiling function. It
is denoted [x]. Figure 1.11 shows the graph. For positive values of x, this function might
represent, for example, the cost of parking x hours in a parking lot that charges $1 for each
hour or part of an hour. |

Increasing and Decreasing Functions

If the graph of a function climbs or rises as you move from left to right, we say that the
function is increasing. If the graph descends or falls as you move from left to right, the
function is decreasing.

DEFINITIONS Let f be a function defined on an interval / and let x, and x, be
two distinct points in /.

1. If f(x,) > f(x,) whenever x; < x,, then f is said to be increasing on /.
2. If f(x,) < f(x,) whenever x; < x,, then f is said to be decreasing on /.

It is important to realize that the definitions of increasing and decreasing functions
must be satisfied for every pair of points x, and x, in / with x; < x,. Because we use the
inequality < to compare the function values, instead of <, it is sometimes said that f is
strictly increasing or decreasing on /. The interval / may be finite (also called bounded)
or infinite (unbounded).
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(=x,y) (x, y)

x,y)

(=x,=y)

(b)

FIGURE 1.12 (a) The graph
of y = x? (an even function)

is symmetric about the y-axis.
(b) The graph of y = x3 (an odd
function) is symmetric about the
origin.

EXAMPLE 7 The function graphed in Figure 1.9 is decreasing on (—o0, 0) and increas-
ingon (0, 1). The function is neither increasing nor decreasing on the interval (1, c0) because
the function is constant on that interval, and hence the strict inequalities in the definition of
increasing or decreasing are not satisfied on (1, 00). |

Even Functions and Odd Functions: Symmetry

The graphs of even and odd functions have special symmetry properties.

DEFINITIONS A functiony = f(x) is an

even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

The names even and odd come from powers of x. If y is an even power of x, as in
y = x?ory = x*% itis an even function of x because (—x)?> = x? and (—x)* = x*. If
y is an odd power of x, as in y = x or y = x?3, it is an odd function of x because
(—x)! = —xand (—x)3 = —x3.

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x),
apoint (x, y)lies on the graph if and only if the point (—x, y) lies on the graph (Figure 1.12a).
A reflection across the y-axis leaves the graph unchanged.

The graph of an odd function is symmetric about the origin. Since f(—x) = —f(x),
a point (x, y) lies on the graph if and only if the point (—x, —y) lies on the graph (Fig-
ure 1.12b). Equivalently, a graph is symmetric about the origin if a rotation of 180°
about the origin leaves the graph unchanged.

Notice that each of these definitions requires that both x and —x be in the domain of f.

EXAMPLE 8 Here are several functions illustrating the definitions.

f(x) = x? Even function: (—x)? = x? for all x; symmetry about y-axis. So
f(=3) = 9 = f(3). Changing the sign of x does not change the
value of an even function.

f(x) = x> +1  Even function: (—x)? + 1 = x2 + 1 for all x; symmetry about
y-axis (Figure 1.13a).

y
y:x2+l

(a) (b)

FIGURE 1.13 (a) When we add the constant term 1 to the function y = x?2,
the resulting function y = x2 + 1 is still even and its graph is still symmetric
about the y-axis. (b) When we add the constant term 1 to the function y = x,
the resulting function y = x + 1 is no longer odd, since the symmetry about
the origin is lost. The function y = x + 1 is also not even (Example 8).
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f(x) = x Odd function: (—x) = —ux for all x; symmetry about the origin. So
f(=3) = =3 while f(3) = 3. Changing the sign of x changes the
sign of the value of an odd function.

fx) =x+1 Not odd: f(—x) = —x + 1, but—f(x) = —x — 1. The two are not
equal.

Noteven: (—x) + 1 = x + 1 forall x = O (Figure 1.13b). |

Common Functions
A variety of important types of functions are frequently encountered in calculus.

Linear Functions A function of the form f(x) = mx + b, where m and b are fixed
constants, is called a linear function. Figure 1.14a shows an array of lines f(x) = mx.
Each of these has b = 0, so these lines pass through the origin. The function f(x) = x,
where m = land b = 0, is called the identity function. Constant functions result when
the slope is m = 0 (Figure 1.14b).

(a) (b)

FIGURE 1.14 (a) Lines through the origin with slope m. (b) A constant function
with slope m = 0.

DEFINITION Two variables y and x are proportional (to one another) if one
is always a constant multiple of the other—that is, if y = kx for some nonzero
constant k.

If the variable y is proportional to the reciprocal 1/x, then sometimes it is said that y is
inversely proportional to x (because 1/x is the multiplicative inverse of x).

Power Functions A function f(x) = x¢ where a is a constant, is called a power
function. There are several important cases to consider.

(a) f(x) = x9witha = n, a positive integer.

The graphs of f(x) = x", forn = 1,2,3,4,5, are displayed in Figure 1.15. These func-
tions are defined for all real values of x. Notice that as the power n gets larger, the curves
tend to flatten toward the x-axis on the interval (—1, 1) and to rise more steeply for | x| > 1.
Each curve passes through the point (1,1) and through the origin. The graphs of functions
with even powers are symmetric about the y-axis; those with odd powers are symmetric about
the origin. The even-powered functions are decreasing on the interval (—oo, 0] and increasing
on [0, c0); the odd-powered functions are increasing over the entire real line (—o0, 00).
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FIGURE 1.15 Graphs of f(x) = x",n = 1,2,3,4,5, defined for—oco < x < o0.

(b) f(x) = x*witha = —lora = 2.

The graphs of the functions f(x) = x~' = I/x and f(x) = x~2 = 1/x” are shown in
Figure 1.16. Both functions are defined for all x == 0 (you can never divide by zero). The
graph of y = 1/x is the hyperbola xy = 1, which approaches the coordinate axes far from
the origin. The graph of y = 1/ x? also approaches the coordinate axes. The graph of the
function f(x) = 1/x is symmetric about the origin; this function is decreasing on the
intervals (—oc, 0) and (0, 00). The graph of the function f(x) = 1/x”is symmetric about
the y-axis; this function is increasing on (—o0, 0) and decreasing on (0, c0).

Domain: x # 0
Range: y#0 0

Domain: x # 0
Range: y>0

(a) (b)

FIGURE 1.16 Graphs of the power functions f(x) = x¢.
(a)a = —1.(b)ya = 2.

1 13 2

-, =, =,or=.

232 3

The functions f(x) = x¥2 = +/x and f(x) = x'* = Vx are the square root and
cube root functions, respectively. The domain of the square root function is [O, 00), but
the cube root function is defined for all real x. Their graphs are displayed in Figure 1.17,
along with the graphs of y = x¥? and y = x?%3. (Recall that x¥?> = (x?)? and
x23 = ()CI/3)2.)

(¢) f(x) = x9witha =

y
y Y 3
y=Vx y=x?
_ 23
1F y=Vx y=x%
1+ 1+ 1
1 X L X L X L X
0 1 (I o 1 ol 1
Domain: 0<x <oo Domain: — oo < x <o0 Domain: 0 =x<oo Domain: —co < x < oo
Range: 0=y<oo Range:  —oco<y<oo Range: 0=y<oo Range: 0=y <oo
. 1 1 3 2
FIGURE 1.17 Graphs of the power functions f(x) = x“fora = 33 5 and 3
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Polynomials A function p is a polynomial if

p(x) = a,x" + a, \x" '+ -+ ax + ag,

where n is a nonnegative integer and the numbers a,, a,,a,,...,a, are real constants
(called the coefficients of the polynomial). All polynomials have domain (—o0, o). If the
leading coefficienta, = 0, then n is called the degree of the polynomial. Linear functions
with m = 0 are polynomials of degree 1. Polynomials of degree 2, usually written as
p(x) = ax? + bx + c, are called quadratic functions. Likewise, cubic functions are
polynomials p(x) = ax? + bx? + cx + d of degree 3. Figure 1.18 shows the graphs of
three polynomials. Techniques to graph polynomials are studied in Chapter 4.

ar y
B Xyt 14 -0+ 1lx— 1 y=G=iat Die-1)
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(a) (b) (©

FIGURE 1.18 Graphs of three polynomial functions.

Rational Functions A rational function is a quotient or ratio f(x) = p(x)/q(x),
where p and g are polynomials. The domain of a rational function is the set of all real x for
which g(x) = 0. The graphs of three rational functions are shown in Figure 1.19.

(a) (b) (c)

FIGURE 1.19 Graphs of three rational functions. The straight red lines approached by the graphs are called
asymptotes and are not part of the graphs. We discuss asymptotes in Section 2.5.

Algebraic Functions Any function constructed from polynomials using algebraic oper-
ations (addition, subtraction, multiplication, division, and taking roots) lies within the class
of algebraic functions. All rational functions are algebraic, but also included are more
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complicated functions (such as those satisfying an equation like y* — 9xy + x3 = 0,
studied in Section 3.7). Figure 1.20 displays the graphs of three algebraic functions.

— 13 —4
y y=x/(x—4) ¥ y=x(1—x)2/5
=321y

i y=303-1)

- y

2+ Ir

1_

1 1
-1 * -1 o] 1 * 0 51 .
—1F 7

-2 ik

73_

(a) (b) (©

FIGURE 1.20 Graphs of three algebraic functions.

Trigonometric Functions The six basic trigonometric functions are reviewed in
Section 1.3. The graphs of the sine and cosine functions are shown in Figure 1.21.

A A A AR e
VIV VA F VARV

(a) f(x)=sinx (b) f(x)=cos x

FIGURE 1.21 Graphs of the sine and cosine functions.

Exponential Functions A function of the form f(x) = a*, wherea > 0 anda = 1,
is called an exponential function (with base a). All exponential functions have domain
(—00,00) and range (0,00), so an exponential function never assumes the value 0. We
discuss exponential functions in Section 1.4. The graphs of some exponential functions are
shown in Figure 1.22.

y=10* y=10""

8
y=3"" 6
4

-1 —05 0 05 1

FIGURE 1.22 Graphs of exponential functions.
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Logarithmic Functions These are the functions f(x) = log, x, where the base a = 1
is a positive constant. They are the inverse functions of the exponential functions, and we
discuss these functions in Section 1.5. Figure 1.23 shows the graphs of four logarithmic
functions with various bases. In each case the domain is (0, c0) and the range is (—o0, 00).

y
y
1 —
0
Y y=logjox *
FIGURE 1.24 Graph of a catenary or
FIGURE 1.23 Graphs of four loga- hanging cable. (The Latin word catena
rithmic functions. means “chain.”)

Transcendental Functions These are functions that are not algebraic. They include the
trigonometric, inverse trigonometric, exponential, and logarithmic functions, and many other
functions as well. The catenary is one example of a transcendental function. Its graph has
the shape of a cable, like a telephone line or electric cable, strung from one support to another
and hanging freely under its own weight (Figure 1.24). The function defining the graph is
discussed in Section 7.3.

Functions 8. a y b. v
In Exercises 1-0, find the domain and range of each function.
1. f(x) =1+ x2 2. f(x) = 1—+x
3. F(x) = </5x + 10 4. g(x) = Vx? — 3x
4 2
5 f(t) = — 6. G(t) =
o 37 0 16
In Exercises 7 and 8, which of the graphs are graphs of functions of x,
and which are not? Give reasons for your answers. 0 * 0 x
7.a. y b. y

Finding Formulas for Functions

9. Express the area and perimeter of an equilateral triangle as a func-
tion of the triangle’s side length x.

10. Express the side length of a square as a function of the length d of
the square’s diagonal. Then express the area as a function of the
diagonal length.

11. Express the edge length of a cube as a function of the cube’s diag-
0 0 onal length d. Then express the surface area and volume of the
cube as a function of the diagonal length.
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12. A point P in the first quadrant lies on the graph of the function
f(x) = Vx. Express the coordinates of P as functions of the
slope of the line joining P to the origin.

13. Consider the point (x,y) lying on the graph of the line
2x + 4y = 5. Let L be the distance from the point (x, y) to the
origin (0, 0). Write L as a function of x.

14. Consider the point (x, y) lying on the graph of y = ~/x — 3. Let
L be the distance between the points (x, y) and (4,0). Write L as
a function of y.

Functions and Graphs
Find the natural domain and graph the functions in Exercises 15-20.

15. f(x) = 5 — 2x 16. f(x) = 1 — 2x — x?

17. g(x) = x| 18. g(x) = v—x
19. F(1) = 1)1 20. G(1) = 111
. . 3
21. Find the domain of y = — > 15
Y 4 —~x2 -9

22. Find therange of y = 2 + V9 + x2.

23. Graph the following equations and explain why they are not
graphs of functions of x.

b. y2 = x?

24. Graph the following equations and explain why they are not
graphs of functions of x.

a. |yl =x

a. |x| +1y =1 b. [x +y =1

Piecewise-Defined Functions
Graph the functions in Exercises 25-28.
0<x<1

X,
25.f(x):{2_x’ l<x<2

26 1—x, 0<x<1
e P N
4 —x2, x<1
27. F(x) =
x2 4+ 2x, x > 1
28, G Jx, x <0
-G = X, 0<x

Find a formula for each function graphed in Exercises 29-32.
29.a. y b.

., n

X

NS}
W

31. a. y b.
T 3 * T X
Oo—e
G Zﬂl, -D@3,—-1

32.a. vy b. y
s (T, D
/ Au—? T—?
[ L P
| ol T T 3r2r
[ Y ‘
0 T T
2
The Greatest and Least Integer Functions
33. For what values of x is
a. [x] = 0? b. [x] = 0?
34. What real numbers x satisfy the equation [x| = [x]?
35. Does [—x1 = —| x| for all real x? Give reasons for your answer.
36. Graph the function
lxl, x>0
fx) = {m, x < 0.

Why is f(x) called the integer part of x?

Increasing and Decreasing Functions

Graph the functions in Exercises 37-46. What symmetries, if any,
do the graphs have? Specify the intervals over which the function is
increasing and the intervals where it is decreasing.

3.y = —x? 38. y = _x%
39,y — L 4.y = L

X [ x|
41. y = Jixl 42. y = v—x
43.y = x3/8 4. y = —4Jx
45. y = —x¥? 46. y = (—x)*?

Even and Odd Functions
In Exercises 47-62, say whether the function is even, odd, or neither.
Give reasons for your answer.

47. f(x) = 3 48. f(x) = x5
49. f(x) = x2 +1 50. f(x) = x% + x
51. g(x) = x3 + x 52. g(x) = x* +3x% — 1
1 X
. = 4. =
53. g(x) P 54. g(x) PO
55. h(t) = ﬁ 56. h(t) = |17
57.h() = 21 + 1 58. h(r) = 201 + 1
59. sin 2x 60. sin x2

61. cos 3x 62. 1 + cosx



Theory and Examples

63.

64.

65.

66.

67.

68.

The variable s is proportional to 7, and s = 25 when t = 75.
Determine t whens = 60.

Kinetic energy The kinetic energy K of a mass is propor-
tional to the square of its velocity v. If K = 12,960 joules when
v = 18m/s, what is K when v = 10 m/s?

The variables r and s are inversely proportional, and r = 6 when
s = 4. Determine s whenr = 10.

Boyle’s law  Boyle’s law says that the volume V of a gas at con-
stant temperature increases whenever the pressure P decreases, so
that V and P are inversely proportional. If P = 14.7 N/cm? when
V = 1000 cm?, then what is V when P = 23.4 N/cm??

A box with an open top is to be constructed from a rectangular
piece of cardboard with dimensions 14 cm by 22 cm by cutting out
equal squares of side x at each corner and then folding up the sides
as in the figure. Express the volume V of the box as a function of x.

[ 22 1

fe—%—

The accompanying figure shows a rectangle inscribed in an isos-
celes right triangle whose hypotenuse is 2 units long.

a. Express the y-coordinate of P in terms of x. (You might start
by writing an equation for the line AB.)

b. Express the area of the rectangle in terms of x.

y

P(x, 7

-1 0 X 1

In Exercises 69 and 70, match each equation with its graph. Do not use
a graphing device, and give reasons for your answer.

69.

a. y = x* b. y = x7 c.y = x!0
y
8
h
N L/
f

70.

71.

7.

73.

74.

75.

76.
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a. y = 5x b. y = 5% c. y=x?

y

.

a. Graph the functions f(x) = x/2 and g(x) = 1+ (4/x)
together to identify the values of x for which
X 4
= > 1+ -
2 * X
b. Confirm your findings in part (a) algebraically.
a. Graph the functions f(x) = 3/(x — 1) and g(x) = 2/(x + 1)
together to identify the values of x for which
3 2
< .
x + 1
b. Confirm your findings in part (a) algebraically.

x—1

For a curve to be symmetric about the x-axis, the point (x, y) must
lie on the curve if and only if the point (x,—y) lies on the curve.
Explain why a curve that is symmetric about the x-axis is not the
graph of a function, unless the functionis y = 0.

Three hundred books sell for $40 each, resulting in a revenue of
(300)($40) = $12,000. For each $5 increase in the price, 25
fewer books are sold. Write the revenue R as a function of the
number x of $5 increases.

A pen in the shape of an isosceles right triangle with legs of length
x m and hypotenuse of length 4 m is to be built. If fencing costs
$5/m for the legs and $10/m for the hypotenuse, write the total
cost C of construction as a function of 4.

Industrial costs A power plant sits next to a river where the river
is 250 m wide. To lay a new cable from the plant to a location in
the city 2 km downstream on the opposite side costs $180 per meter
across the river and $100 per meter along the land.

I 2 km |
\Pﬁ_x\ Q Cly

I
250 m|

I

I

|

Power plant
NOT TO SCALE

a. Suppose that the cable goes from the plant to a point Q on the
opposite side that is x m from the point P directly opposite
the plant. Write a function C(x) that gives the cost of laying
the cable in terms of the distance x.

b. Generate a table of values to determine if the least expensive
location for point Q is less than 300 m or greater than 300 m
from point P.
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m Combining Functions; Shifting and Scaling Graphs

In this section we look at the main ways functions are combined or transformed to form
new functions.

Sums, Differences, Products, and Quotients

Like numbers, functions can be added, subtracted, multiplied, and divided (except where
the denominator is zero) to produce new functions. If f and g are functions, then for every
x that belongs to the domains of both f and g (that is, for x € D(f) N D(g)), we define
functions f + g, f — g, and fg by the formulas

(f+ 8 = f(x) + gkx)
(f —8)x) = f(x) — gx)
(f9x) = f(x)g(x).

Notice that the 4 sign on the left-hand side of the first equation represents the operation of
addition of functions, whereas the + on the right-hand side of the equation means addition
of the real numbers f(x) and g(x).

At any point of D(f) N D(g) at which g(x) = 0, we can also define the function f/g
by the formula

[f]( ) = ) (where g(x) = 0).
8(x)

Functions can also be multiplied by constants: If ¢ is a real number, then the function
c¢f is defined for all x in the domain of f by

cHx) = cf(x).

EXAMPLE 1 The functions defined by the formulas
fx) =~x and  gx) = VI —x

have domains D(f) = [0,00) and D(g) = (—00, 1]. The points common to these domains

are the points in
[0,00) N (—o0,1] = [0,1].

The following table summarizes the formulas and domains for the various algebraic com-
binations of the two functions. We also write f - g for the product function fg.

Function Formula Domain

f+eg (f+8)x) =~Vx+~1—x [0,1] = D(f) N D(g)

f—-g (f =)@ = Vx —V1—x [0,1]

g —f (g— Hx) =1 —x —Vx [0,1]

f-g (f-8)x) = f(x)gx) = Vx(1 — x) [0,1]

flg f( ) = % ’,1 fx [0,1)(x = lexcluded)
g gx) _ 1—x _

8/f f( x) = o N x (0,1](x = Oexcluded)

The graph of the function f + g is obtained from the graphs of f and g by adding the
corresponding y-coordinates f(x) and g(x) at each point x € D(f) N D(g), as in
Figure 1.25. The graphs of f + g and f - g from Example 1 are shown in Figure 1.26.
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L y=(ree T

FIGURE 1.25 Graphical addition of two
functions.

FIGURE 1.26 The domain of the function f + g
is the intersection of the domains of f and g, the

interval [0, 1] on the x-axis where these domains
overlap. This interval is also the domain of the
function f - g (Example 1).

Composing Functions

Composition is another method for combining functions. In this operation the output from
one function becomes the input to a second function.

DEFINITION If f and g are functions, the function f o g (‘f composed with g”)
is defined by

(fog)x) = f(g(x)

and called the composition of f and g. The domain of f o g consists of the num-
bers x in the domain of g for which g(x) lies in the domain of f.

To find (f o g)(x), first find g(x) and second find f(g(x)). Figure 1.27 pictures f o g
as a machine diagram, and Figure 1.28 shows the composition as an arrow diagram.

feg
f(g())
P
f

8
X— g 8() [ — flg) 4€9)
FIGURE 1.27 The composition f o g uses the FIGURE 1.28 Arrow diagram for f o g. If x lies in the
output g(x) of the first function g as the input for domain of g and g(x) lies in the domain of f, then the
the second function f. functions f and g can be composed to form ( f o g)(x).

To evaluate the composition go f (when defined), we find f(x) first and then find
g(f(x)). The domain of g o f is the set of numbers x in the domain of f such that f(x) lies
in the domain of g.

The functions f o g and g o f are usually quite different.
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y
y:x2+2
y=x2+1
y=x?
y=x272
1 unit
| - X
N
_l_i 2 units
_2_

FIGURE 1.29 To shift the graph of

f(x) = x?up (or down), we add positive
(or negative) constants to the formula for f
(Examples 3a and b).

EXAMPLE 2  If f(x) = Vx and g(x) = x + 1, find

@ (fog)) (b) (gof)(x) (© (fof)) (d) (gog)(x).
Solution

Composition Domain
@ (fog)x) = f(gx) = Jg(x) = ~Vx +1 [—1,00)
) (gof)x) = g(f(x) = f(x) +1=x +1 [0,00)
© (fof)@) = f(f(x) = JF() = Wa = x4 [0, 00)
@ (gog)x) = g(g(x) = g) +1=(x+ 1) +1=x+2 (—00,0)

To see why the domain of f o g is [—1,00), notice that g(x) = x + 11is defined for all real
x but g(x) belongs to the domain of f only if x + 1 > 0, thatis to say, whenx > —1. H

Notice that if f(x) = x2 and g(x) = vx, then (fog)(x) = (Vx)* = x. How-
ever, the domain of f o g is [0, 00), not (—oc, 00), since v/x requires x > 0.

Shifting a Graph of a Function

A common way to obtain a new function from an existing one is by adding a constant to
each output of the existing function, or to its input variable. The graph of the new function
is the graph of the original function shifted vertically or horizontally, as follows.

Shift Formulas

Vertical Shifts

y = f(x)+k Shifts the graph of f up kunits if k > 0
Shifts it down | k| units if k < 0

Horizontal Shifts

y = f(x+h) Shifts the graph of f left hunitsif h > 0
Shifts it right | h| unitsif h < 0

EXAMPLE 3

(a) Adding 1 to the right-hand side of the formula y = x2to get y = x?2 + 1 shifts the
graph up 1 unit (Figure 1.29).

(b) Adding —2 to the right-hand side of the formula y = x2to gety = x? — 2 shifts the
graph down 2 units (Figure 1.29).

(¢) Adding3toxiny = x2togety = (x + 3)?shifts the graph 3 units to the left, while
adding —2 shifts the graph 2 units to the right (Figure 1.30).

(d) Adding —2 to x in y = |x|, and then adding —1 to the result, gives y = |x — 2| — 1
and shifts the graph 2 units to the right and 1 unit down (Figure 1.31). |

Scaling and Reflecting a Graph of a Function

To scale the graph of a function y = f(x) is to stretch or compress it, vertically or hori-
zontally. This is accomplished by multiplying the function f, or the independent variable x,
by an appropriate constant c. Reflections across the coordinate axes are special cases
where ¢ = —1.



y

7 -

6 -

5 -

4 stretch

3 y=\Vx+1

2r 1

1 [ compress ¥ y=3 (\/;+ 1)
I I
1 2 *

FIGURE 1.32 Vertically stretching and
compressing the graph of y = ~/x + 1
by a factor of 3 (Example 4a).

<«

y=

Add a positive
constant to x.

(x+3)?

1.2 Combining Functions

Add a negative
constant to x.

FIGURE 1.30 To shift the graph of y = x? to the
left, we add a positive constant to x (Example 3c).

To shift the graph to the right, we add a negative

constant to x.
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y
ab y=hk=2(-1
1
| | \ | | | x
-4 -2 _ \g/ 4 6
FIGURE 1.31 The graphof y = |x]|

shifted 2 units to the right and 1 unit
down (Example 3d).

y
y

y
y

= of ()

=L
C

= flex)

= f(x/c)

Vertical and Horizontal Scaling and Reflecting Formulas

For ¢ > 1, the graph is scaled:
Stretches the graph of f vertically by a factor of c.

Compresses the graph of f vertically by a factor of c.

Compresses the graph of f horizontally by a factor of c.
Stretches the graph of f horizontally by a factor of c.

For ¢ = —1, the graph is reflected:

y = —f(x) Reflects the graph of f across the x-axis.
y = f(—x) Reflects the graph of f across the y-axis.
EXAMPLE 4 Here we scale and reflect the graph of y = ~/x + 1.

(a) Vertical: Multiplying the right-hand side of y = ~/x + 1by3togety = 3(~x + 1)
stretches the graph vertically by a factor of 3, whereas multiplying by 1/3 compresses
the graph vertically by a factor of 3 (Figure 1.32).

(b) Horizontal: The graph of y = ~3x + 1 is a horizontal compression of the graph of
y = ~x + lbyafactorof 3,and y = \/Xx/3 + lis a horizontal stretching by a factor

of 3 (Figure 1.33).

(c) Reflection: The graph of y = —(\/; + 1) is a reflection of y = Vx + 1 across the
x-axis, and y = ~v—x + 1is areflection across the y-axis (Figure 1.34). |

y

y=\/§+1 y=\/;+1

compress

y=Vx/3+1

stretch

FIGURE 1.33 Horizontally stretching and
compressing the graph of y = vx + 1 bya
factor of 3 (Example 4b).

y
2=
%
1

| | | |
-1 1 2

lwl)

FIGURE 1.34 Reflections of the graph
of y = ~/x + 1 across the coordinate

X

axes (Example 4c).
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EXAMPLE 5 Given the function f(x) = x* — 4x3 + 10 (Figure 1.35a), find for-
mulas for the graphs resulting from

(a) horizontal compression by a factor of 2 followed by reflection across the y-axis
(Figure 1.35b).

(b) vertical compression by a factor of 2 followed by reflection across the x-axis
(Figure 1.35¢).

20 20— 20~
f) =x*—4x3+10 y=16x*+32x3+10 y= 7%x4+2x3*5

(a) (b) ©

FIGURE 1.35 (a) The original graph of f. (b) The horizontal compression of y = f(x) in part (a) by a factor of 2, followed
by a reflection across the y-axis. (c) The vertical compression of y = f(x) in part (a) by a factor of 2, followed by a reflection
across the x-axis (Example 5).

Solution

(a) We multiply x by 2 to get the horizontal compression, and by —1 to give reflection
across the y-axis. The formula is obtained by substituting —2x for x in the right-hand
side of the equation for f:

y = f(=2x) = (—2x)* — 4(—=2x)3 + 10
= 16x* 4 32x3 + 10.

(b) The formula is

1 1,
= —= = —= 2x3 — 5. |
y 2f()c) 2x + 2x 5
AR 1.2
Algebraic Combinations Compositions of Functions
In Exercises 1 and 2, find the domains of f, g, f + g,and f - g. 5.If f(x) = x + 5and g(x) = x2 — 3, find the following.
L f(x) =x g =~vx—1 a. f((0)) b. g(f(0))
2. f(x)y =~x+1, glx) =~vx -1 ¢ f(g(x) d. g(f(x)
In Exercises 3 and 4, find the domains of f, g, f/g, and g/ f. e. f(f(=5) f. g(g(2))
30 =2, gxv)=x2+1 g f(f(x) h. g(g(x))
4. f00) =1, g(x) = 1+ Jx 6. If f(x) = x — land g(x) = 1/(x + 1), find the following.
a. f(g(1/2)) b. g(f(1/2))
c. f(g(x) d. g(f(x)
e. f(f(2) f. g(g(2))

g f(f(x) h. g(g(x))



In Exercises 7-10, write a formula for f o g o h.
7. f(x) = x+1, gx) =3x, hx) =4—x
8. f(x) =3x+4, gx) =2x—1, h(x) = x?

9. f() = vx+ 1, ) = —— hw =1L
x+4 X
x4 2 o x? . —
10.f(x)737x, g(x)f—x2+1, hi(x) = V2 — x

Let f(x) =x—3, gx) =+x, h(x) = x3, and j(x) = 2ux.
Express each of the functions in Exercises 11 and 12 as a composition
involving one or more of f, g, h, and j.

1l.a.y =+vx -3 b. y = 2vVx
c.y=x" d. y = 4x
e. y = V(x — 3)3 f.y=(2x — 6)°
12.a. y = 2x — 3 b. y = x¥?
c.y=x° dy=x-6
e.y=2vx—-3 f.y=+vx3-3
13. Copy and complete the following table.
8(x) fx) (fog))
a x—7 Vx ?
b. x + 2 3x ?
. ? NE Jx2 =5
d. —= 2l ?
x —1 x —1
1
e. ? 1+ — X
X
f. 1 ? X
X
14. Copy and complete the following table.
g(x) fx) (fog))
a. I | x| ?
x —1
b. ? x| x
X x + 1
¢ ? Vx |x]
d. Vx ? | x]

15. Evaluate each expression using the given table of values:

x | -2 | -1 0 1
fx | 1 ) 1
gx) | 2 1 0 | -1

a. f(g(=1) b. g(f(0))
c. f(f(=D) d. g(g(2))
e. g(f(=2) f. f(e()

16. Evaluate each expression using the functions

—X, -2<x<0
f) =2 x, g(x)z{x_l’ b oren
a. f(g(0) b. g(f(3)) c. g(g(=1)
d. f(f(2) e. g(f(0)) f. f(g(1/2))
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In Exercises 17 and 18, (a) write formulas for fog and go f and
(b) find the domain of each.

17. f(x) = Vx + 1, g(x) =

18. f(x) = x2, gx) = 1 —Vx

19. Let f(x) = —>—.

x =2
(fog)x) = x.

20. Let f(x) = 2x*® — 4. Find a function y = g(x) so that
(fog)x) = x + 2.

21. A balloon’s volume V'is given by V = s2 + 25 + 3 cm?, where
s is the ambient temperature in °C. The ambient temperature s
at time ¢ minutes is given by s = 2¢ — 3°C. Write the balloon’s
volume V as a function of time z.

22. Use the graphs of f and g to sketch the graph of y = f(g(x)).
a. y b. y

= =

Find a function y = g(x) so that

Shifting Graphs

23. The accompanying figure shows the graph of y = —x? shifted to
two new positions. Write equations for the new graphs.

Position (a) y=—x? Position (b)

24. The accompanying figure shows the graph of y = x? shifted to
two new positions. Write equations for the new graphs.

y
Position (a)
L y=x?
I I X
0
B Position (b)
— 5 -
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25. Match the equations listed in parts (a)—(d) to the graphs in the
accompanying figure.

(x —2)* +2

a.y:(x—1)2—4 b. y
dy=w+3*-2

. y=(x+2?%+2

y

Position 1

Position 2

3

2_
(=2,2)
Position 3 e
L1
—-4-3-2~-10| 1 2
Position 4

=3.-2

1,-4

26. The accompanying figure shows the graph of y = —x? shifted to
four new positions. Write an equation for each new graph.

y
(1,4

(b) (a)

2.0)
- X
—4-1n/ /

(c) (d)

Exercises 27-36 tell how many units and in what directions the graphs
of the given equations are to be shifted. Give an equation for the
shifted graph. Then sketch the original and shifted graphs together,
labeling each graph with its equation.

27. x2 + y2 = 49 Down 3, left 2

28. x2 4+ y2 =25 Up3, left4

29. y = x3 Leftl, down 1

30. y = x** Right1, down 1

3.y = Vx Left 0.81

32. y = —/x Right3
33.y=2x—-7 Up7

M.y = %(x + 1)+ 5 Down 5, right 1
35.y = I/x Up 1, rightl

36. y = 1/x*> Left 2, down 1

Graph the functions in Exercises 37-56.
37.y =~vx + 4 38. y =9 —x

39. y = |x — 2| 40. y = |1 — x| — 1
4.y = 1 +Vx — 1 2.y =1-+x
43.y = (x + D 4. y = (x — 8)%°
45. y = 1 — x¥? 46. y + 4 = x*3
47.y =Ix -1 -1 48.y = (x +2)** +1
49. y = ! 50.y:172

x—2 X
SLy=142 52y — L

X x+2
Sy = 1 54y = L 1

(x — 12 x2

1 1
55,y = — + 1 56y = ———

Y x2 Y (x + 12

57. The accompanying figure shows the graph of a function f(x) with
domain [0, 2] and range [0, 1]. Find the domains and ranges of the
following functions, and sketch their graphs.

y
1+ y=f(x)
. X

0 2
a. f(x) +2 b. f(x) — 1
c. 2f(x) d. —f(x)
e. f(x+2) f.f(x—1
g f(=x) h. —f(x + 1)+ 1

58. The accompanying figure shows the graph of a function g(#) with
domain [—4, 0] and range [—3, 0]. Find the domains and ranges
of the following functions, and sketch their graphs.

y
| | t
—4 -2 0
y=g()
a. g(—1) b. —g(?)
c. g(t)+3 d. 1 — g0
e. g(—t+2) f.g(t—2)
g g(l—1) h. —g(t — 4)

Vertical and Horizontal Scaling

Exercises 59-68 tell in what direction and by what factor the graphs of
the given functions are to be stretched or compressed. Give an equation
for the stretched or compressed graph.

59. y = x? — 1, stretched vertically by a factor of 3

60. y = x?> — 1, compressed horizontally by a factor of 2

6l.y =1+ Lz compressed vertically by a factor of 2
X
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62.y =1+ Lz stretched horizontally by a factor of 3 75.y = —Vx 76. y = (-2x)%
* 77. Graph the function y = |x? — 1|.
63. y = vx + 1, compressed horizontally by a factor of 4 78. Graph the function y = ~/[xI.
64. y = Vx + 1, stretched vertically by a factor of 3 Combining Functions
65. y = V4 — x?, stretched horizontally by a factor of 2 79. Assume that f is an even function, g is an odd function, and both f
66. y = V4 — x?, compressed vertically by a factor of 3 and g are defined on the entire real line (—o0,c0). Which of the
. following (where defined) are even? odd?
67. y = 1 — x3, compressed horizontally by a factor of 3
68. y = 1 — x3 stretched horizontally by a factor of 2 w I b Il ¢ st
.y = 1 — x3 stretched horizonta a factor o

Y * comatly By d f2 = ff e. g2 = gg f. fog
Graphing g. gof h. fof i. gog
In Exercises 6976, graph each function not by plotting points, but by 80. Can a function be both even and odd? Give reasons for your

starting with the graph of one of the standard

functions presented in answer.

Figures 1.14—-1.17 and applying an appropriate transformation. .
81. (Continuation of Example 1.) Graph the functions f(x) = Vx
69.y = —V2x + 1 70. y = ,/1 — % and g(x) = +1 — x together with their (a) sum, (b) product,
- ( 42 72 a S (c) two differences, (d) two quotients.
Ly = (x — y=>10-x
J | Y 2 82. Let f(x) = x — 7 and g(x) = x?2. Graph f and g together with
73.y=571 74.y:x—2+1 fogandgof.
m Trigonometric Functions

FIGURE 1.36 The radian mea-
sure of the central angle A’CB’ is
the number § = s/r. For a unit
circle of radius r = 1, 0 is the
length of arc AB that central angle
ACB cuts from the unit circle.

TABLE 1.1 Angles measured in degre

This section reviews radian measure and the basic trigonometric functions.

Angles

Angles are measured in degrees or radians. The number of radians in the central angle
A’ CB' within a circle of radius r is defined as the number of “radius units” contained in the
arc s subtended by that central angle. If we denote this central angle by # when measured
in radians, this means that ¢ = s/r (Figure 1.36), or

s = rf (60 in radians). )]

If the circle is a unit circle having radius » = 1, then from Figure 1.36 and Equation (1),
we see that the central angle § measured in radians is just the length of the arc that the
angle cuts from the unit circle. Since one complete revolution of the unit circle is 360° or
27 radians, we have

7 radians = 180° )

and

I radian = @(z57.3)degrees or ldegree = &(%0.017)radian5.

™

Table 1.1 shows the equivalence between degree and radian measures for some basic angles.

es and radians

Degrees —180 —135 —-90 —45 0 30 45 60 90 120 135 150 180 270 360

0 (radians) —gx —3® -7 —7
4 2 4

27 37 S T 37 2
3 4 6 2

0

W
ST

T o7
6 4
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An angle in the xy-plane is said to be in standard position if its vertex lies at the origin
and its initial ray lies along the positive x-axis (Figure 1.37). Angles measured counter-
clockwise from the positive x-axis are assigned positive measures; angles measured clock-
wise are assigned negative measures.

Terminal ray

Initial ray

< Positive Initial ray \JNegative
\ measure / Terminal measure

ray

FIGURE 1.37 Angles in standard position in the xy-plane.
Angles describing counterclockwise rotations can go arbitrarily far beyond 27 radians

or 360°. Similarly, angles describing clockwise rotations can have negative measures of all
sizes (Figure 1.38).

3T Sm

X X X X
/3w )
97 4
4
hypotenuse

opposite
FIGURE 1.38 Nonzero radian measures can be positive or negative and can go beyond 2.
\o
adjacent Angle Convention: Use Radians From now on in this text, it is assumed that all angles

opp hyp are measured in radians unless degrees or some other unit is stated explicitly. When we talk
sinb =4 0= about the angle 7/3, we mean /3 radians (which is 60°), not 7/3 degrees. Using radians

adj hyp simplifies many of the operations and computations in calculus.
cos = — secl =—=

hyp adj

opp adj . . . . .
=5 cot0=o0 The Six Basic Trigonometric Functions

The trigonometric functions of an acute angle are given in terms of the sides of a right tri-
angle (Figure 1.39). We extend this definition to obtuse and negative angles by first placing
the angle in standard position in a circle of radius . We then define the trigonometric
functions in terms of the coordinates of the point P(x, y) where the angle’s terminal ray
intersects the circle (Figure 1.40).

FIGURE 1.39 Trigonometric
ratios of an acute angle.

y sine: sinf = 2 cosecant: csc = L
r y
i 3 . _r
Pl )Ny cosine: cosf = ;. secant: secl = r
| r
| K\e tangent: tanf = 2  cotangent: cotf = X
\ x X y
X0 r
These extended definitions agree with the right-triangle definitions when the angle is acute.
Notice also that whenever the quotients are defined,
sin 6
tan 0 = cotf = !
FIGURE 1.40 The trigonometric cos 0 tan 0
functions of a general angle 0 are sec ) — 1 cscl — 1

defined in terms of x, y, and r. cos sin 0
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w3
(SIE]

1

FIGURE 1.41
lengths of two common triangles.

Radian angles and side

y
S A
sin pos all pos
X
T C
tan pos COS pos

FIGURE 1.42 The ASTC rule, remem-
bered by the statement “All Students Take
Calculus,” tells which trigonometric func-
tions are positive in each quadrant.
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As you can see, tan 0 and sec 6 are not defined if x = cos @ = 0. This means they are not
defined if 0 is £7/2,£37/2,.... Similarly, cot 6 and csc 6 are not defined for values of £
for which y = 0, namely § = 0,+7, £27,....

The exact values of these trigonometric ratios for some angles can be read from the
triangles in Figure 1.41. For instance,

1 1 .3

— SIn— = — sSiIN— = —

2 6 2 2

- L cos——ﬁ cosz—l

2 6 2 3 2
1 i

1 tanl = —  tanL = V3
We =3 3

The ASTC rule (Figure 1.42) is useful for remembering when the basic trigonometric func-
tions are positive or negative. For instance, from the triangle in Figure 1.43, we see that

.27
sin=—— =
3

V3 27 1 27 NG

—, cos— = —=, tan=— = —
2 3 2 3

2 o2\ (-1 /3
(22, 4022) = (1)

o[ /

2m
X

1=

FIGURE 1.43 The triangle for cal-
culating the sine and cosine of 27/3
radians. The side lengths come from
the geometry of right triangles.

Using a similar method we obtain the values of sin 6, cos @, and tan 6 shown in Table 1.2.

TABLE 1.2 Values of sin@, cos 8, and tan @ for selected values of 6

Degrees —180 —135 —90

0 (radians) —mw —3® =T
4 2

sin 6 0 _—\5 -1
2

cos 0 -1 -2 0
2

tan 0 0 1

w’&m‘&‘ N N E -

- ols el sl &

60 9 120 135 150 180 270 360
r & 2 3m Sm g 3T 2q
3 2 3 4 6 2
By BB L,
2 > 2 2

1 0 1 __\/5 __\/3 ~1 0 1
2 2 2 2

J3 i =B 0
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Periodicity and Graphs of the Trigonometric Functions

When an angle of measure ¢ and an angle of measure # 4+ 27 are in standard position,
their terminal rays coincide. The two angles therefore have the same trigonometric
function values: sin(f + 27) = sin 6, tan(f + 27) = tan#, and so on. Similarly,

cos(f — 2m) = cos B, sin(f — 27w) = sin @, and so on. We describe this repeating
behavior by saying that the six basic trigonometric functions are periodic.
Periods of Trigonometric Functions DEFINITION A function f(x) is periodic if there is a positive number p such
Period m:  tan(x + 7) = tanx that f(x + p) = f(x) for every value of x. The smallest such value of p is the
cot(x + 7) = cotx period of f.
Period 27r:  sin(x + 27) = sinx
igsg i %;r; — (S:SCS; When we graph trigonometric functions in the coordinate plane, we usually denote the
csc(x + 27) = cscx independent variable by x instead of #. Figure 1.44 shows that the tangent and cotangent
functions have period p = , and the other four functions have period 27. Also, the sym-
metries in these graphs reveal that the cosine and secant functions are even and the other
four functions are odd (although this does not prove those results).
y
y=tanx
Even
y=cCos X y=sinx
cos (—x) = cosx : !
sec (—x) = secx I | X
] T b x I : T X
-7 /0 ¥ opm o 2m - T ™ 3w
} 2 2 : 2 % 2 IQ
Odd . .
Domain: —o0 <x <00 Domain: — 00 <x <00 Domain: x;ﬁ:ti,:l:T,l..
sin (—x) = —sinx Range: —l=y=1 Range: —1=y=1 L
tan (—x) = —tanx Period: 27 Period: 27 E:gig'_ Woo<y <0
csc(—x) = —cscx (@) (b) : (©
cot(—x) = —cotx y y
y=secx y=cscx y=cotx
X 1 I X X
—7_m 0| m —F_oV| @ 3m\2
ﬂ m 2 m 2 2
Domain:x;ﬁ:l:g + 3—77,. Domain: x#0, £ 7, £ 27, . . . Domain: x #0, + 7, £ 27, . . .
. _ Range: y=—lory=1 Range: —oco<y<oo
Raqge. y=—lory=1 Period: 27 Period:
Period: 27
(d) (e) )
FIGURE 1.44 Graphs of the six basic trigonometric functions using radian measure. The shading for each
y trigonometric function indicates its periodicity.
P(cos 0, sin 0) 2, .2 . . .
Hyt=1 Trigonometric Identities
The coordinates of any point P(x, y) in the plane can be expressed in terms of the point’s
[sin 6] r\e distance r from the origin and the angle # that ray OP makes with the positive x-axis
( x (Figure 1.40). Since x/r = cos ¢ and y/r = sin ¢, we have
|cos 0] |0 1 .
x = rcosf, y = rsiné.
When r = 1 we can apply the Pythagorean theorem to the reference right triangle in
Figure 1.45 and obtain the equation

FIGURE 1.45 The reference triangle
for a general angle 6.

cos?2f + sin?6 = 1.

3)




]
A+B
-
1
co® B
A
B
cos (A+B) sin A sin B
|
A+B
. >
Q
+
< 1
R
c0°
A
B
cos A cos B

g S0 y urs

g u1s y s0d

FIGURE 1.46 In a geometric proof of
the angle sum identities we compare the
opposite sides of the rectangle, which are

equal. This assumes that A, B, and A + B
are acute, but the identities hold for all

values of A and B.
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This equation, true for all values of 6, is the most frequently used identity in trigonometry.
Dividing this identity in turn by cos? 6 and sin? 6 gives

1+ tan20 = sec?0
1+ cot?2f = csc?f

The following formulas hold for all angles A and B (see Figure 1.46 and Exercise 58).

Addition Formulas

cos(A + B) = cosAcosB — sin Asin B

4
sin(A + B) = sin Acos B + cos Asin B “)

There are similar formulas for cos(A — B) and sin(A — B) (Exercises 35 and 36).
All the trigonometric identities needed in this text derive from Equations (3) and (4). For
example, substituting 6 for both A and B in the addition formulas gives

Double-Angle Formulas

cos 20 = cos26 — sin2 0

)

sin 20 = 2sin 6 cos 0

Additional formulas come from combining the equations

cos?f + sin?f = 1, cos20 — sin?f = cos 20.
We add the two equations to get 2 cos?# = 1 + cos 26 and subtract the second from the

first to get 2sin%? 6 = 1 — cos 26. This results in the following identities, which are useful
in integral calculus.

Half-Angle Formulas

1 2
cos2g — LT cos20 ©)
2
sin2f = 71 _ (:205 20 @)

The Law of Cosines

If a, b, and c are sides of a triangle ABC and if 6 is the angle opposite ¢, then

¢ = a? + b? — 2ab cos 0. ®)

This equation is called the law of cosines.
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B(a cos 6, a sin 0)

A

c b A, 0)

FIGURE 1.47 The square of the distance
between A and B gives the law of cosines.

b

 urs

N9 B
o 0 A(l1, 0)

cos § 1—cos 6

FIGURE 1.48 From the geometry of
this figure, drawn for > 0, we get the
inequality sin2 6 + (1 — cos 0)> < 62.

To see why the law holds, we position the triangle in the xy-plane with the origin at C
and the positive x-axis along one side of the triangle, as in Figure 1.47. The coordinates of
Aare (b, 0); the coordinates of B are (@ cos 6, a sin §). The square of the distance between
A and B is therefore

(acos® — b)* + (asinh)’

a’(cos?0 + sin?0) + b2 — 2ab cos 0
1
= a’ + b?> — 2abcosb.

The law of cosines generalizes the Pythagorean theorem. If @ = 7/2,thencosf = 0
andc? = a? + b2

Two Special Inequalities

For any angle # measured in radians, the sine and cosine functions satisfy

—0] < sinf < |0] and —10) < 1——cosf <10].

To establish these inequalities, we picture ¢ as a nonzero angle in standard position
(Figure 1.48). The circle in the figure is a unit circle, so || equals the length of the circular
arc AP. The length of line segment AP is therefore less than |0)].

Triangle APQ is a right triangle with sides of length

QP = |sind)|, AQ =1 — cosb.

From the Pythagorean theorem and the fact that AP < ||, we get
sin20 + (1 — cos )’ = (AP)? < 62, 9)

The terms on the left-hand side of Equation (9) are both positive, so each is smaller than
their sum and hence is less than or equal to 62

sin20 < 92 and (1 —cos 9)2 < 92,
By taking square roots, this is equivalent to saying that
[sin 6] < |6 and [1 — cosf] <14,
o)
—10) < sin0 < |0] and —10] <1—cosb <10.

These inequalities will be useful in the next chapter.

Transformations of Trigonometric Graphs

The rules for shifting, stretching, compressing, and reflecting the graph of a function sum-
marized in the following diagram apply to the trigonometric functions we have discussed
in this section.

Vertical stretch or compression;

Vertical shift
reflection about y = d il‘ncguliv\ /

y=uaf(b(x +c))+d

Horizontal stretch or compression; Horizontal shift
reflection about x = —c if negative
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The transformation rules applied to the sine function give the general sine function or

sinusoid formula

flx) = Asin(%r(x _ C)) D

where | A is the amplitude, | B| is the period, C is the horizontal shift, and D is the vertical
shift. A graphical interpretation of the various terms is given below.

y
y=A sin(zl(x *C)> +D
D+Af B
Horizontal Amolitude (A
; t

shift (C) mplitude (4) This axis is the

< line y= D,
D 777777777777777777777777777777777

Vertical
shift (D)

«<—This distance is —]
the period (| B]).

EXERCISES i

Radians and Degrees

1. On a circle of radius 10 m, how long is an arc that subtends a cen-
tral angle of (a) 4 /5 radians? (b) 110°?

2. A central angle in a circle of radius 8 is subtended by an arc of
length 107. Find the angle’s radian and degree measures.

3. You want to make an 80° angle by marking an arc on the perim-
eter of a 12-cm-diameter disk and drawing lines from the ends of
the arc to the disk’s center. To the nearest millimeter, how long
should the arc be?

4. If you roll a 1-m-diameter wheel forward 30 cm over level ground,
through what angle will the wheel turn? Answer in radians (to the
nearest tenth) and degrees (to the nearest degree).

Evaluating Trigonometric Functions

5. Copy and complete the following table of function values. If the
function is undefined at a given angle, enter “UND.” Do not use a
calculator or tables.

0 —m —27/3 0 /2 3n/4

sin 0
cos 0
tan 0
cotd
sec 0

csc

6. Copy and complete the following table of function values. If the
function is undefined at a given angle, enter “UND.” Do not use a
calculator or tables.

6 —3n/2 —x/3 —7/6 /4 57/6

sin 6

cos
tan 6
cot
sec 0

csc

In Exercises 7-12, one of sin x, cos x, and tan x is given. Find the other
two if x lies in the specified interval.

7.sinx:%, xe[%,w} 8. tanx = 2, xe[ g]

9. cosx = l, X € [71,0} 10. cosx = _3 [E ]
3 2 13’ 2’

11. tanx = l, X € [7r,3—7r] 12. sinx = —l, X € [’R’,—}
2 2 2 2

Graphing Trigonometric Functions
Graph the functions in Exercises 13-22. What is the period of each
function?

13. sin 2x 14. sin(x/2)
15. cos mx 16. cos7r—2)C
17. —sin%x 18. —cos 2mx

19. cos(x — E) 20. sin(x + E)
2 6



48 Chapter 1 Functions

21. sin(x — E) +1 22. cos(x + Z—W) -2

4 3
Graph the functions in Exercises 23-26 in the zs-plane (z-axis horizon-
tal, s-axis vertical). What is the period of each function? What sym-
metries do the graphs have?

23. s = cot 2t 24. s = —tan 7t
25. 5 = sec(W—t) 26. s = csc(i)
2 2

27. a. Graphy = cosx and y = sec x together for —37/2 < x
< 37/2. Comment on the behavior of sec x in relation to the
signs and values of cos x.

b. Graph y = sinxand y = csc x together for —7 < x < 27.
Comment on the behavior of csc x in relation to the signs and
values of sin x.

28. Graph y = tanx and y = cotx together for —7 < x < 7.

Comment on the behavior of cot x in relation to the signs and val-
ues of tan x.

29. Graph y = sinx and y = |sin x| together. What are the domain
and range of [sin x?

30. Graph y = sinx and y = [sin x| together. What are the domain
and range of [sin x|?

Using the Addition Formulas
Use the addition formulas to derive the identities in Exercises 31-36.

31. cos(x — %) = sin x 32. cos(x + g) = —sinx

33. sin(x + %) = cosx 34. sin(x — %) = —Ccos X

35. cos(A — B) = cos Acos B + sin Asin B (Exercise 57 provides
a different derivation.)

36. sin(A — B) = sin Acos B — cos Asin B
37. What happens if you take B = A in the trigonometric identity

cos(A — B) = cos Acos B + sin A sin B? Does the result agree
with something you already know?

38. What happens if you take B = 27 in the addition formulas? Do
the results agree with something you already know?

In Exercises 39-42, express the given quantity in terms of sin x and

COS X.

39. cos(m + x) 40. sin(27 — x)

41. sin(3—7T — x) 42. cos(3—7r + x)
2 2
43. Evaluate sin7—7r as sin(E + E)_
12 4 3

44. Evaluate cosﬁ as cos(% + 23—7T)

45. Evaluate cos—~. 46. Evaluate sin5—7r.
12 12

Using the Half-Angle Formulas
Find the function values in Exercises 47-50.

47. cos2 T 48. coszsl
8 12

49. sin> T 50. sin2 3%

Solving Trigonometric Equations
For Exercises 51-54, solve for the angle 6, where 0 < 6 < 2.

51. sin%0 = % 52. sin260 = cos? 0

53. sin20 — cosf = 0 54. cos20 + cosf = 0

Theory and Examples
55. The tangent sum formula The standard formula for the tangent
of the sum of two angles is

tan A + tan B

tan(A+ B) = —.
(4+5) 1 — tan Atan B

Derive the formula.
56. (Continuation of Exercise 55.) Derive a formula for tan(A — B).

57. Apply the law of cosines to the triangle in the accompanying
figure to derive the formula for cos(A — B).

Y

58. a. Apply the formula for cos(A — B) to the identity sinf =
cos(% — 0) to obtain the addition formula for sin(A + B).

b. Derive the formula for cos(A + B) by substituting —B for B
in the formula for cos(A — B) from Exercise 35.

59. A triangle has sidesa = 2 and » = 3 and angle C = 60°. Find
the length of side c.

60. A triangle has sidesa = 2 and b = 3 and angle C = 40°. Find
the length of side c.

61. The law of sines The law of sines says that if a, b, and c are the
sides opposite the angles A, B, and C in a triangle, then

sin A sin B sin C

a b c
Use the accompanying figures and the identity sin(w — 0) =
sin 0, if required, to derive the law.
A A

62. A triangle has sidesa = 2 and b = 3 and angle C = 60° (as in
Exercise 59). Find the sine of angle B using the law of sines.
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63. A triangle has side ¢ :'2 and aggles A = m/4 and B = 7/3. 67.y = 2sin(x + m) — 1 68. y = lSin(7rx -7+ 1
Find the length a of the side opposite A. 2 2
64. Consider the length & of the perpendicular from point B to side b 69. y = —gsin(z t) + 1 70. y = L sinm, L>0

in the given triangle. Show that T \2 ™ 2r L

_ b tan o tan vy COMPUTER EXPLORATIONS
tan o + tany In Exercises 71-74, you will explore graphically the general sine
function
B

fx) = Asin(%”(x - C)) +D

]
|
|
ih
]
1
!

as you change the values of the constants A, B, C, and D. Use a CAS or
4 c computer grapher to perform the steps in the exercises.
b 71. The period B Set the constants A = 3andC = D = 0.
65. Refer to the given figure. Write the radius r of the circle in terms a. Plot f(x) for the values B = 1, 3, 27, 57 over the interval
of o and 6. —4m < x < 4m. Describe what happens to the graph of the

general sine function as the period increases.
b. What happens to the graph for negative values of B? Try it
withB = —3and B = —27.
72. The horizontal shift C  Setthe constantsA = 3,B = 6,D = 0.
a. Plot f(x) for the values C = 0, 1, and 2 over the interval

[e3
/
—4m < x < 4m. Describe what happens to the graph of the
66. The approximation sin x ~ x It is often useful to know that, general sine function as C increases through positive values.
when x is measured in radians, sin x ~ x for numerically small b. What happens to the graph for negative values of C?
values of x. In Section 3.11, we will see why the approximation
holds. The approximation error is less than 1 in 5000 if | x| < 0.1.

c. What smallest positive value should be assigned to C so the
graph exhibits no horizontal shift? Confirm your answer with
a. With your grapher in radian mode, graph y = sin x and a plot.
y = x together in a viewing window about the origin. What

do you see happening as x nears the origin? 73. The vertical shift D  Set the constants A = 3, B = 6, C = 0.

a. Plot f(x) for the values D = 0, 1, and 3 over the interval
—4m < x < 47 Describe what happens to the graph of the
general sine function as D increases through positive values.

b. With your grapher in degree mode, graph y = sin x and
y = x together about the origin again. How is the picture dif-
ferent from the one obtained with radian mode?
b. What happens to the graph for negative values of D?
74. The amplitude A  Set the constants B = 6 andC = D = 0.

a. Describe what happens to the graph of the general sine func-
tion as A increases through positive values. Confirm your
answer by plotting f(x) for the values A = 1,5, and 9.

General Sine Curves
For

fx) = Asin(%r(x - C)) + D,

identify A, B, C, and D for the sine functions in Exercises 67—70 and
sketch their graphs. b. What happens to the graph for negative values of A?

m Exponential Functions

Exponential functions occur in a wide variety of applications, including interest rates,
radioactive decay, population growth, the spread of a disease, consumption of natural
resources, the earth’s atmospheric pressure, temperature change of a heated object placed
in a cooler environment, and the dating of fossils. In this section we introduce these func-
tions informally, using an intuitive approach. We give a rigorous development of them in
Chapter 7, based on the ideas of integral calculus.

Exponential Behavior

When a positive quantity P doubles, it increases by a factor of 2 and the quantity becomes 2P.
If it doubles again, it becomes 2(2P) = 22P, and a third doubling gives 2(22P) = 23P.
Continuing to double in this fashion leads us to consider the function f(x) = 2*. We call
this an exponential function because the variable x appears in the exponent of 2*. Functions
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OVERVIEW In this chapter we develop the concept of a limit, first intuitively and then
formally. We use limits to describe the way a function varies. Some functions vary continu-
ously; small changes in x produce only small changes in f(x). Other functions can have
values that jump, vary erratically, or tend to increase or decrease without bound. The notion
of limit gives a precise way to distinguish among these behaviors.

m Rates of Change and Tangent Lines to Curves

Average and Instantaneous Speed

HISTORICAL BIOGRAPHY In the late sixteenth century, Galileo discovered that a solid object dropped from rest (ini-
Galileo Galilei tially not moving) near the surface of the earth and allowed to fall freely, will fall a distance
(1564-1642) proportional to the square of the time it has been falling. This type of motion is called free

Galileo was an Italian mathematician

and astronomer. He attempted to apply
mathematics to his work in astronomy, physics
of kinematics, and strength of materials.

fall. It assumes negligible air resistance to slow the object down, and it assumes that gravity
is the only force acting on the falling object. If y denotes the distance fallen in meters after
t seconds, then Galileo’s law is

To know more, visit the companion Website. y = 4.9t2m,

where 4.9 is the (approximate) constant of proportionality.

More generally, suppose that a moving object has traveled distance f(f) at time 7. The
object’s average speed during an interval of time [, , ] is found by dividing the distance
traveled f(¢,) — f(t,) by the time elapsed t, — ;. The unit of measure is length per unit
time: kilometers per hour, meters per second, or whatever is appropriate to the problem
at hand.

Average Speed
When f(r) measures the distance traveled at time #,

Average speed over [f,,1,] = dlstlance tra.veled — fty) — f(tl).
elapsed time t, — t,

EXAMPLE 1 A rock breaks loose from the top of a tall cliff. What is its average speed

(a) during the first 2 seconds of fall?
(b) during the I-second interval between second 1 and second 2?

72
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Solution The average speed of the rock during a given time interval is the change
in distance, Ay, divided by the length of the time interval, A¢. (Increments like Ay and
At are reviewed in Appendix A.4, and pronounced “delta y” and “delta ¢.”) Measuring
distance in meters and time in seconds, we have the following calculations:

2 2
(a) For the first 2 seconds: & = 4.9(2)" — 4.9(0)
At 2-0

= 9.8m/s

2 2
(b) From second 1 to second 2: & = 49" = 49

At 2 -1

= 14.7m/s u

We want a way to determine the speed of a falling object at a single instant ¢,
instead of using its average speed over an interval of time. To do this, we examine what
happens when we calculate the average speed over shorter and shorter time intervals
starting at ¢,. The next example illustrates this process. Our discussion is informal here
but will be made precise in Chapter 3.

EXAMPLE 2 Find the speed of the falling rock in Example 1 att = landt = 2s.

Solution We can calculate the average speed of the rock over a time interval [, ¢, + h],
having length At = h, as

Ay _ 4.9(1 + h)* — 4.9

At h

ey

We cannot use this formula to calculate the “instantaneous” speed at the exact moment
t, by simply substituting 4 = 0, because we cannot divide by zero. But we can use it to
calculate average speeds over increasingly short time intervals starting at t, = 1 and
t, = 2. When we do so, by taking smaller and smaller values of s, we see a pattern
(Table 2.1).

TABLE 2.1 Average speeds over short time intervals [t,, t, + h]

2 _ 2
Average speed:& _ 490 + h)” = 4905

At h
Length of Average speed over Average speed over
time interval interval of length h interval of length h
h starting att, = 1 starting at ¢, = 2
1 14.7 24.5
0.1 10.29 20.09
0.01 9.849 19.649
0.001 9.8049 19.6049
0.0001 9.80049 19.60049

The average speed on intervals starting atf, = 1 seems to approach a limiting value of
9.8 as the length of the interval decreases. This suggests that the rock is falling at a speed of
9.8m/satt, = 1s.Let’s confirm this algebraically.
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Secant

Ay
P(xy, f(x1))
,,,,,,,,,,, |
|
l L .,
0 X1 X2
FIGURE 2.1 A secant to the graph

y = f(x).Its slope is Ay/Ax, the aver-
age rate of change of f over the interval

[x), x5 ]

FIGURE 2.2 L is tangent to the circle at
P if it passes through P perpendicular to

radius OP.

If we set?, = 1 and then expand the numerator in Equation (1) and simplify, we find
that

Ay _ 490 + h)?* — 4.9(1)2 _ 490 + 2h + h%) — 4.9
At h h
_ 9.8h + 4.9h2

= 9.8 + 4.9h.
i +

Can cancel h when i = 0
For values of £ different from 0, the expressions on the right and left are equivalent and the
average speed is 9.8 + 4.9h m/sec. We can now see why the average speed has the limit-
ing value 9.8 + 4.9(0) = 9.8 m/sec as h approaches 0.

Similarly, setting f, = 2 in Equation (1), for values of 4 different from O the proce-
dure yields

Ay

= 19.6 + 4.9h.
At +

As h gets closer and closer to 0, the average speed has the limiting value 19.6 m/s when
t, = 2s,as suggested by Table 2.1. |

The average speed of a falling object is an example of a more general idea, an average
rate of change.

Average Rates of Change and Secant Lines

Given any function y = f(x), we calculate the average rate of change of y with respect to
x over the interval [ x,, x, | by dividing the change in the value of y, Ay = f(x,) — f(x,),
by the length Ax = x, — x, = h of the interval over which the change occurs. (We use
the symbol & for Ax to simplify the notation here and later on.)

DEFINITION The average rate of change of y = f(x) with respect to x over
the interval [x,, x,]is

Ay _ flxy) = fx) _ Sl +h)— fx)

h = 0.
Ax X, — X, h -

Geometrically, the rate of change of f over [x,, x, ] is the slope of the line through the
points P(x,, f(x,)) and Q(x,, f(x,)) (Figure 2.1). In geometry, a line joining two points
of a curve is called a secant line. Thus, the average rate of change of f from x, to x, is
identical to the slope of secant line PQ. As the point Q approaches the point P along the
curve, the length A of the interval over which the change occurs approaches zero. We will
see that this procedure leads to the definition of the slope of a curve at a point.

Defining the Slope of a Curve

We know what is meant by the slope of a straight line, which tells us the rate at which it
rises or falls—its rate of change as a linear function. But what is meant by the slope of a
curve at a point P on the curve? If there were a tangent line to the curve at P—a line that
grazes the curve like the tangent line to a circle—it would be reasonable to identify the
slope of the tangent line as the slope of the curve at P. We will see that, among all the lines
that pass through the point P, the tangent line is the one that gives the best approximation
to the curve at P. We need a precise way to specify the tangent line at a point on a curve.
Specifying a tangent line to a circle is straightforward. A line L is tangent to a circle at
a point P if L passes through P and is perpendicular to the radius at P (Figure 2.2). But
what does it mean to say that a line L is tangent to a more general curve at a point P?
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Pierre de Fermat

(1601-1665)

Fermat was born to a prosperous family in

France. He studied the classics and mastered
Latin, Greek, Italian, and Spanish.

To know more, visit the companion Website.
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To define tangency for general curves, we use an approach that analyzes the behavior
of the secant lines that pass through P and nearby points Q as Q moves toward P along the
curve (Figure 2.3). We start with what we can calculate, namely the slope of the secant line
PQ. We then compute the limiting value of the secant line’s slope as Q approaches P along
the curve. (We clarify the limit idea in the next section.) If the limit exists, we take it to be
the slope of the curve at P and define the tangent line to the curve at P to be the line through
P with this slope.

The next example illustrates the geometric idea for finding the tangent line to a curve.

Tangent Line N\ Secant Lines

\
é\ Tangent Line

Secant Lines

FIGURE 2.3 The tangent line to the curve at P is the line through P whose slope is the
limit of the secant line slopes as Q — P from either side.

EXAMPLE 3 Find the slope of the tangent line to the parabola y = x?2 at the point
(2,4) by analyzing the slopes of secant lines through (2, 4). Write an equation for the tan-
gent line to the parabola at this point.

Solution We begin with a secant line through P(2,4) and a nearby point
0 ( 24 h(2+ h)? ) as shown in Figure 2.4. We then write an expression for the slope of the
secant line PQ and investigate what happens to the slope as Q approaches P along the curve:

Ay 2+ m? -2 _ h>4+4h+4-4
Ax h h

Secant line slope =

If h > 0, then Q lies above and to the right of P, as in Figure 2.4. If h < 0, then Q lies to
the left of P (not shown). In either case, as Q approaches P along the curve, i approaches
zero and the secant line slope 2 + 4 approaches 4. We take 4 to be the parabola’s slope at P.

h+ 4.

2 _
Secant line slope is W =

NOT TO SCALE

FIGURE 2.4 Finding the slope of the parabola y = x? at the point P(2,4) as
the limit of secant line slopes (Example 3).



76

Chapter 2 Limits and Continuity

The tangent line to the parabola at P is the line through P with slope 4:
y=4+4(x-2)
y=4x — 4.

Point-slope equation

Simplify. |

Rates of Change and Tangent Lines

The rates at which the rock in Example 2 was falling at the instants t = 1 andr = 2 are
called instantaneous rates of change. Instantaneous rates of change and slopes of tangent
lines are closely connected, as we see in the following examples.

EXAMPLE 4 Figure 2.5 shows how a population p of fruit flies (Drosophila) grew in
a 50-day experiment. The flies were counted at regular intervals, the counted values plot-
ted with respect to the number of elapsed days ¢, and the points joined by a smooth curve
(colored blue in Figure 2.5). Find the average growth rate from day 23 to day 45.

Solution There were 150 flies on day 23 and 340 flies on day 45. Thus the number of
flies increased by 340 — 150 = 190 in 45 — 23 = 22 days. The average rate of change
of the population from day 23 to day 45 was

Ap _ 340 — 150 _ 190

~ 8.6 flies/day.
Ar . 45-23 ies/day

350
300
250
200
150
100

50

10(45, 340)
T

|
LAp= 190

I
Ap

—|~8.6fli

A7 8.6 1esJ|day

P(23, 150)

Number of flies

Time (days)

FIGURE 2.5 Growth of a fruit fly population in a controlled
experiment. The average rate of change over 22 days is the slope
Ap/At of the secant line (Example 4).

This average is the slope of the secant line through the points P and Q on the graph in
Figure 2.5. ]

The average rate of change from day 23 to day 45 calculated in Example 4 does not
tell us how fast the population was changing on day 23 itself. For that we need to examine
time intervals closer to the day in question.

EXAMPLE 5
ing on day 23?

How fast was the number of flies in the population of Example 4 grow-

Solution To answer this question, we examine the average rates of change over shorter
and shorter time intervals starting at day 23. In geometric terms, we find these rates by
calculating the slopes of secant lines from P to Q, for a sequence of points Q approaching
P along the curve (Figure 2.6).
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Slope of PQ = Ap/At % -—
0 (flies/day) 350 B(35, 350)
200 0(45, 340)
(45,340) 380 =150 g6
45 - 23 8 250
330 — 150 5 200
40,330 —— =~ 10.6 5
( ) 40 — 23 £ 150 Az, 1O,
=
— Z 100
(35,310) 310 2150 433
35-23 50
(30,265) 2652150 164 0 10607\ 20 30 40 s !
30 — 23 A(14,0) Time (days)
FIGURE 2.6 The positions and slopes of four secant lines through the point P on the fruit fly graph (Example 5).

The values in the table show that the secant line slopes rise from 8.6 to 16.4 as the
t-coordinate of Q decreases from 45 to 30, and we would expect the slopes to rise slightly
higher as ¢ continued decreasing toward 23. Geometrically, the secant lines rotate counter-
clockwise about P and seem to approach the red tangent line in the figure. Since the line
appears to pass through the points (14, 0) and (35,350), its slope is approximately

3300 _ 467 flies/day.
35 -14
On day 23 the population was increasing at a rate of about 16.7 flies/day. ]

The instantaneous rate of change is the value the average rate of change approaches as
the length £ of the interval over which the change occurs approaches zero. The average rate
of change corresponds to the slope of a secant line; the instantaneous rate corresponds to
the slope of the tangent line at a fixed value. So instantaneous rates and slopes of tangent
lines are closely connected. We give a precise definition for these terms in the next chapter,
but to do so we first need to develop the concept of a limit.

Average Rates of Change

In Exercises 1-6, find the average rate of change of the function over
the given interval or intervals.

1. f(x) = x3 +1
a. [2,3]

2. g(x) = x? — 2x
a. [L,3]

3. h(t) = cott
a. [1/4,3n/4]

4. g(t) = 2 + cost
a. [0, 7]

5. R(O) = V40 + 1;

[0,2]
6. P(0) = 03 — 402 + 50;

Slope of a Curve at a Point
In Exercises 7-18, use the method in Example 3 to find (a) the slope
of the curve at the given point P, and (b) an equation of the tangent

line at P.
b. [~ 1,1] 7.y = x> -5 P(2,-1)
8. y=7-x2 P(2,3)
b. [—2,4] 9.y =x?—-2x -3, P(2,-3)
10. y = x2 — 4x, P(1,-3)
b. [7/6,7/2] 11. y = x3, P(2,8)
12. y = 2 — x3, P(L1)
b. [—7, 7] 13. y = x3 —12x, P(1,—11)
14. y = x3 = 3x2 + 4, P(2,0)
[1,2] 15. y = l’ P(-2,-1)2)
x
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X
2 —x’
17. y = Vx, P(4,2)
18. y = V7 — x, P(-2,3)

16. y =

P(4,-2)

Instantaneous Rates of Change

19. Speed of a car The accompanying figure shows the time-to-

distance graph for a sports car accelerating from a standstill.
N

650
600

v
500 9

400

\."U

300

200 /

100 /

0 5 10 15 20
Elapsed time (s)

Distance (m)

t

a. Estimate the slopes of secant lines PQ,, PQ,, PQ;, and PQ,,
arranging them in order in a table like the one in Figure 2.6.
What are the appropriate units for these slopes?

b. Then estimate the car’s speed at time r = 20s.

The accompanying figure shows the plot of distance fallen versus
time for an object that fell from the lunar landing module a dis-
tance 80 m to the surface of the moon.

a. Estimate the slopes of the secant lines PQ,, PQ,, PQ;, and
PQ,, arranging them in a table like the one in Figure 2.6.

b. About how fast was the object going when it hit the surface?
y

80 p
on

60 O3

40 &3

20 S

Distance fallen (m)

t

0 5 10
Elapsed time (s)

21. The profits of a small company for each of the first five years of

its operation are given in the following table:

Year Profit in $1000s
2017 6
2018 27
2019 62
2020 111
2021 174

a. Plot points representing the profit as a function of year, and
join them by as smooth a curve as you can.

22.

23.

24.

25.

b. What is the average rate of increase of the profits between
2019 and 2021?

c. Use your graph to estimate the rate at which the profits were
changing in 2019.

Make atable of values for the function F(x) = (x + 2)/(x — 2)at
the points x = 1.2,x = 11/10,x = 101/100,x = 1001/1000,
x = 10001/10000, and x = 1.

a. Find the average rate of change of F(x) over the intervals
[1, x] for each x = 1in your table.

b. Extending the table if necessary, try to determine the rate of
change of F(x)atx = 1.

Let g(x) = x forx > 0.

a. Find the average rate of change of g(x) with respect to x over
the intervals [1,2],[1,1.5]and [1,1 + A].

b. Make a table of values of the average rate of change of g with
respect to x over the interval [1,1 + £] for some values of
h approaching zero, say » = 0.1,0.01,0.001,0.0001,
0.00001, and 0.000001.

¢. What does your table indicate is the rate of change of g(x)
with respectto x at x = 1?

Let f(1) = I/t fort = 0.

a. Find the average rate of change of f with respect to ¢ over
the intervals (i) fromt = 2 tot = 3, and (ii) from? = 2 to
t=T.

b. Make a table of values of the average rate of change of f with
respect to 7 over the interval [2, T'], for some values of T
approaching 2, say 7 = 2.1,2.01,2.001,2.0001,2.00001,
and 2.000001.

c. What does your table indicate is the rate of change of f with
respecttotatt = 27?

The accompanying graph shows the total distance s traveled by a
bicyclist after  hours.

40
30
20

10

Distance traveled (km)

0 1 2 3 4
Elapsed time (h)

a. Estimate the bicyclist’s average speed over the time intervals
[0,1],[1,2.5], and [2.5,3.5].

b. Estimate the bicyclist’s instantaneous speed at the times
t=1%1,t=2andr = 3.

c. Estimate the bicyclist’s maximum speed and the specific time
at which it occurs.
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26. The accompanying graph shows the total amount of gasoline A in a. Estimate the average rate of gasoline consumption over the
the gas tank of a motorcycle after being driven for # days. time intervals [0, 3], [0, 5], and [7,10].
A b. Estimate the instantaneous rate of gasoline consumption at the

16

12

Remaining amount (L)
(o]

timest = 1,t = 4,andr = 8.

c. Estimate the maximum rate of gasoline consumption and the
specific time at which it occurs.

0 1 2 3 4 5 6 7
Elapsed time (days)

8 9 10

m Limit of a Function and Limit Laws

HISTORICAL ESSAY
Limits

To read this essay, visit the companion
Website.

FIGURE 2.7 The graph of f is identical
totheliney = x + lexceptatx = 1,
where f is not defined (Example 1).

In Section 2.1 we saw how limits arise when finding the instantaneous rate of change of a
function or the tangent line to a curve. We begin this section by presenting an informal defi-
nition of the limit of a function. We then describe laws that capture the behavior of limits.
These laws enable us to quickly compute limits for a variety of functions, including polyno-
mials and rational functions. We will present the precise definition of a limit in Section 2.3.

Limits of Function Values

Frequently, when studying a function y = f(x), we find ourselves interested in the func-
tion’s behavior near a particular point ¢, but not at c itself. An important example occurs
when the process of trying to evaluate a function at ¢ leads to division by zero, which is
undefined. We encountered this when seeking the instantaneous rate of change in y by
considering the quotient function Ay/h for h closer and closer to zero. In the next example
we explore numerically how a function behaves near a particular point at which we cannot
directly evaluate the function.

EXAMPLE 1 How does the function
1

x2 —
x —1

f(x) =

behave near x = 1?

Solution The given formula defines f for all real numbers x except x = 1 (since we
cannot divide by zero). For any x = 1, we can simplify the formula by factoring the numer-
ator and canceling common factors:

f(x):—(x_l)(x+l)=x+l for x = 1.

-1

The graph of f is the line y = x + 1 with the point (1, 2) removed. This removed point
is shown as a “hole” in Figure 2.7. Even though f(1) is not defined, it is clear that we
can make the value of f(x) as close as we want to 2 by choosing x close enough to 1
(Table 2.2). ]

We will illustrate some other types of behavior near a point in Example 3.

An Informal Description of the Limit of a Function

We now give an informal definition of the limit of a function f at an interior point of the
domain of f. Suppose that f(x) is defined on an open interval about c, except possibly at ¢
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TABLE 2.2 As x gets closerto 1,

f(x) gets closer to 2.
x fy = 2 =1
x—1
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 1.999
1.001 2.001
0.999999 1.999999
1.000001 2.000001
y
y=x

(a) Identity function

Y

y=k

of—————-9

(b) Constant function

FIGURE 2.9 The functions in Example 3

have limits

at all points c.

itself. If f(x) is arbitrarily close to the number L (that is, as close to L as we like) for all x
sufficiently close to ¢, other than c itself, then we say that f approaches the limit L as x
approaches c, and write

lim f(x) = L.

This is read “the limit of f(x) as x approaches c is L.” In Example 1 we would say that
f(x) approaches the limit 2 as x approaches 1, and write

.oxr—1
lim
=1 x —1

or = 2.

lim f(x) = 2,

Essentially, the definition says that the values of f(x) are close to the number L whenever
x is close to c. The value of the function at c itself is not considered.

Our definition here is informal, because phrases like arbitrarily close and sufficiently
close are imprecise; their meaning depends on the context. (To a machinist manufacturing
a piston, close may mean within a few hundredths of a millimeter. To an astronomer study-
ing distant galaxies, close may mean within a few thousand light-years.) Nevertheless, the
definition is clear enough to enable us to recognize and evaluate limits of many specific
functions. We will need the precise definition given in Section 2.3 when we set out to prove
theorems about limits or study complicated functions. Here are several more examples
exploring the idea of limits.

EXAMPLE 2 The limit of a function does not depend on how the function is defined
at the point being approached. It does not even matter whether the function is defined at
that point. Consider the three functions in Figure 2.8. The function f has limit2 asx — 1
even though f is not defined at x = 1. The function g has limit 2 as x — 1 even though
2 = g(1). The function & is the only one of the three functions in Figure 2.8 whose limit
as x — 1 equals its value at x = 1. For h, we have lxlrr} h(x) = h(1). This equality of

limit and function value has an important meaning. As illustrated by the three examples
in Figure 2.8, equality of limit and function value captures the notion of “continuity.” We

study this in detail in Section 2.6. |
y y y
2+ 2+ 2+
/ / ) /
| | |
A 0 ot A 0 ot A 0 ot
2—1 xz_—ll , x#1
@ f="— (b) gy=9 * (©) h(x)=x+1
1, x=1

FIGURE 2.8 The limits of f(x), g(x), and h(x) all equal 2 as x approaches 1. However, only
h(x) has the same function value as its limit at x = 1 (Example 2).

The process of finding a limit can often be broken up into a series of steps involving
limits of basic functions, which are combined using a sequence of simple operations that
we will develop. We start with two basic functions.

EXAMPLE 3 We find the limits of the identity function and of a constant function as
x approaches x = c.
(a) If f is the identity function f(x) = x, then for any value of ¢ (Figure 2.9a),

lim f(x) = limx = c.

X—cC
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(b) If f is the constant function f(x) = k (function with the constant value k), then for
any value of ¢ (Figure 2.9b),

lim f(x) = limk = k.

X—C X—cC

For instances of each of these rules we have

limx = 3 Limit of identity function at x = 3
x—3
and
lim 4 = lim4 = 4 Limit of constant function
x——7 x—2 f(x)=4atx =—Toratx =2
We prove these rules in Example 3 in Section 2.3. |

A function may not have a limit at a particular point. Some ways that limits can fail to
exist are illustrated in Figure 2.10 and described in the next example.

y= 0, x<0
1, x=0

(a) Unit step function U(x) (b) g(x) ©) f(x)

FIGURE 2.10 None of these functions has a limit as x approaches 0 (Example 4).

EXAMPLE 4 Discuss the behavior of the following functions, explaining why they
have no limitas x — 0.

U 0, x<20
(@ Ux) = L x>0
%, x =0
(b) g(x) = 1 x
0, x =0
0, x <0
C =
(©) fx) sml, x>0
Solution

(a) This function jumps: The unit step function U(x) has no limit as x — 0 because its
values jump at x = 0. For negative values of x arbitrarily close to zero, U(x) = 0.
For positive values of x arbitrarily close to zero, U(x) = 1. There is no single value L
approached by U(x) as x — 0 (Figure 2.10a).
qunction U in Example 4 is known (b) This function grows too “large” to have a limit: g(x) has no limit as x — 0 because
as the Heaviside function, after Oliver the values of g grow arbitrarily large as x — 0 and therefore do not stay close to any
Heaviside (1850-1925). fixed real number (Figure 2.10b). We say that the function g is not bounded.
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(¢) This function oscillates too much to have a limit: f(x) has no limit as x — 0 because
the function’s values oscillate between 41 and —1 in every open interval containing 0.
The values do not stay close to any single number as x — 0 (Figure 2.10c). ]

A function that oscillates may or may not have a limit. In Example 11 we will see a
function that oscillates wildly, but nevertheless does have a limit. The problem with the
function f discussed in Example 4 is not that it oscillates, but that it oscillates too much for
a limit to exist.

The Limit Laws

A few basic rules allow us to break down complicated functions into simple ones when
calculating limits. By using these laws, we can greatly simplify many limit computations.

THEOREM 1 —Limit Laws
If L, M, ¢, and k are real numbers and

lim f(x) = L and

X—cC

lxiil} g(x) = M, then
1. Sum Rule: }(iﬂn}_(f(x) +gx) =L+ M
lim (f(x) — () =L - M
lim (k- f(0) = k- L

lim (f(x) - g(x)) = L-M

2. Difference Rule:
3. Constant Multiple Rule:
4. Product Rule:

imf® — Ly o
r—eglx) M

lim [ f(x)]" = L", n apositive integer

5. Quotient Rule:
6. Power Rule:
7. Root Rule: lim &/f(x) = YL = LY napositive integer
X—cC

(If n is even, we assume that f(x) > O for x in an interval containing c.)

The Sum Rule says that the limit of a sum is the sum of the limits. Similarly, the next rules
say that the limit of a difference is the difference of the limits; the limit of a constant times
a function is the constant times the limit of the function; the limit of a product is the product
of the limits; the limit of a quotient is the quotient of the limits (provided that the limit of the
denominator is not 0); the limit of a positive integer power (or root) of a function is the
integer power (or root) of the limit (provided that the root of the limit is a real number).

There are simple intuitive arguments for why the properties in Theorem 1 are true
(although these do not constitute proofs). If x is sufficiently close to ¢, then f(x) is close to
L and g(x) is close to M, from our informal definition of a limit. It is then reasonable that
f(x) + g(x)is close to L + M; f(x) — g(x) is close to L — M; kf(x) is close to kL;
f(x)g(x) is close to LM; and f(x)/g(x) is close to L/M if M is not zero. We prove the
Sum Rule in Section 2.3, based on a rigorous definition of the limit. Rules 2-5 are proved
in Appendix A.6. Rule 6 is obtained by applying Rule 4 repeatedly. Rule 7 is proved in
more advanced texts. The Sum, Difference, and Product Rules can be extended to any
number of functions, not just two.

EXAMPLE 5

limit laws in Theorem 1 to find the followxi?lé limits.

Use the observations lim k = k and lim x = ¢ (Example 3) and the

X—C

4 2 _
(@ lim (x* + 4x> —3) (b lim T2 =1

x—c x—c X 5

(¢) lim ~/4x2 + 3

x——2
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Solution

(a) lim(x3 + 4x% — 3) = limx3? + lim4x2 — lim 3 Sum and Difference Rules
X—C X—cC xX—c xX—c
=c3+4c2 -3 Power and Multiple Rules and limit

of a constant function

lim (x* 4+ x2 — 1)

4 2 : . P
X x2 —1 N uotient Rule: Note that
(b) lim + = £=¢ Q y

x—c  x2 45 lim (x2 + 5) (x24+5)> 0 forall x.
X—C
lim x* + lim x% — lim 1
= = i Lt Sum and Difference Rules
lim x2 + lim 5
X—C X—C
_ ¢ rTec—1 Power Rule and limit of a constant
c?+5 function
(¢) lim V4x2 4+ 3 = \/lim (4x2 + 3) Root Rule with n = 2(4x2 + 3 > 0)
x—=2 x——2
= lim 4x% + lim 3 Difference Rule
x——2 x—=2

_ /4(_2)2 +3 Power and Multiple Rules and limit

of a constant function
=16 + 3

Evaluating Limits of Polynomials and Rational Functions

Theorem 1 simplifies the task of calculating limits of polynomials and rational functions.
To evaluate the limit of a polynomial function as x approaches c, just substitute ¢ for x in
the formula for the function. To evaluate the limit of a rational function as x approaches a
point ¢ at which the denominator is not zero, substitute ¢ for x in the formula for the function.
(See Examples 5a and 5b.) We state these results formally as theorems.

THEOREM 2—Limits of Polynomials
If P(x) = a,x" + a,_;x"' + -+ + a,, then

llmP(x) = P(C) = ancn —+ anilcnfl + -+ ag.

THEOREM 3—Limits of Rational Functions

If P(x) and Q(x) are polynomials and Q(c) = O, then
lim Px) _ —P(C).
—eQ(x) Q)

EXAMPLE 6 The following calculation illustrates Theorems 2 and 3:

Lox344x2 =3 (=D +4(-D*=3 0
lim 2+ — - Y_»o
T +5 (-DH> + 5 6

Since the denominator of this rational expression does not equal 0 when we substitute —1
for x, we can just compute the value of the expression at x = —I to evaluate the limit. 1

Eliminating Common Factors from Zero Denominators

Theorem 3 applies only if the denominator of the rational function is not zero at the limit
point c. If the denominator is zero, canceling common factors in the numerator and
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Identifying Common Factors

If Q(x) is a polynomial and Q(c) = 0, then
(x — c¢)is afactor of Q(x). Thus, if the
numerator and denominator of a rational
function of x are both zero at x = ¢, they
have (x — ¢) as a common factor.

.

— )
—\ o 1
(b)

FIGURE 2.11 The graph of

fx) = (x2 + x — 2)/(x2 — x)in

part (a) is the same as the graph of

g(x) = (x + 2)/x in part (b) except at

x = 1, where f is undefined. The functions
have the same limit as x — 1 (Example 7).

denominator may reduce the fraction to one whose denominator is no longer zero at c. If
this happens, we can find the limit by substitution in the simplified fraction.

EXAMPLE 7 Evaluate
2 _
limXtx—=2
=l x2 —x
Solution We cannot substitute x = 1 because it makes the denominator zero. We test

the numerator to see if it, too, is zero at x = 1. It is, so it has a factor of (x — 1) in com-
mon with the denominator. Canceling this common factor gives a simpler fraction with the
same values as the original for x = 1:

x2+x—2:(x—1)(x+2):x+2

, ifx = 1.
x2 —x x(x — 1 X

Using the simpler fraction, we find the limit of these values as x — 1 by evaluating the

function at x = 1, as in Theorem 3:

xr2+x—2
x2—x

See Figure 2.11. |

Cpm X2 142
x—1 X 1

lim 3.

x—1

Using Calculators and Computers to Estimate Limits

We can try using a calculator or computer to guess a limit numerically. However, calcula-
tors and computers can sometimes give false values and misleading evidence about limits.
Usually the problem is associated with rounding errors, as we now illustrate.

2 _
EXAMPLES  Estimate the value of lim + 190 — 10,
xX— X

Solution  Table 2.3 lists values of the function obtained on a calculator for several points
approaching x = 0. As x approaches 0 through the points 1, £0.5, +0.1, and £0.01, the
function seems to approach the number 0.05.

As we take even smaller values of x, =0.0005, +0.0001, =£0.00001, and £0.000001,
the function appears to approach the number 0.

Is the answer 0.05 or 0, or some other value? We resolve this question in the next
example. |

Using a computer or calculator may give ambiguous results, as in Example 8. A com-
puter cannot always keep track of enough digits to avoid rounding errors in computing the
values of f(x) when x is very small. We cannot substitute x = 0 in the problem, and the

TABLE 2.3 Computed values of f(x) = —W nearx = 0
x f(x)

+1 0.049876

+0.5 0.049969

101 0.049999 approaches 0.05?

+0.01 0.050000

4+0.0005 0.050000

4+0.0001 0.000000 hes 07

£0.00001 0.000000 [ APProaches 1

40.000001 0.000000
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FIGURE 2.12 The graph of f is sand-
wiched between the graphs of g and A.
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numerator and denominator have no obvious common factors (as they did in Example 7).
Sometimes, however, we can create a common factor by using algebra.

EXAMPLE 9 Evaluate
lim Vx?2 4100 — 10

x—0 x2

Solution This is the limit we considered in Example 8. We can create a common factor
by multiplying both numerator and denominator by the conjugate radical expression
Vx? + 100 + 10 (obtained by changing the sign after the square root). The preliminary
algebra rationalizes the numerator:

Vvx2 4+ 100 —10 _ ~x2 + 100 — 10 ) Vx2 + 100 + 10 Multiply and divide by
x2 o x2 Ix2 +100 + 10 the conjugate.
= x? 4 100 — 100 Simplify
x2(Vx2 4100 + 10) '

x2 . . )
fr— (,OIT“TIOn 11[Cl()r X~

x2(Vx2 4100 + 10)
1

= Cancel x? for x = 0.

Jx?2 100 + 10

Therefore,
/2 _
lim VX + 1?0 10 _ lim 1
=0 x +—~0/x2 + 100 + 10
1 Use limit laws: Sum Rule, Power
= Rule, Root Rule, and Quotient Rule
\/02 + 100 + 10 (denominator not 0).
1
= — = 0.05.
20
This calculation provides the correct answer, resolving the ambiguous computer results in
Example 8. |

We cannot always manipulate the terms in an expression to find the limit of a quotient
where the denominator becomes zero. In some cases the limit might then be found with
geometric arguments (see the proof of Theorem 6 in Section 2.4), or through methods of
calculus (developed in Section 4.5). The next theorem shows how to evaluate difficult lim-
its by comparing them with functions having known limits.

The Sandwich Theorem

The following theorem enables us to calculate a variety of limits. It is called the Sandwich
Theorem because it refers to a function f whose values are sandwiched between the values
of two other functions g and /4 that have the same limit L at a point ¢. Being trapped
between the values of two functions that approach L, the values of f must also approach L
(Figure 2.12). A proof is given in Appendix A.6.

THEOREM 4—The Sandwich Theorem
Suppose that g(x) < f(x) < h(x) for all x in some open interval containing c,
except possibly at x = c itself. Suppose also that

lim g(x) = lim_ h(x) = L.

Then lim f(x) = L.

xX—c
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FIGURE 2.13 Any function u(x)

whose graph lies in the region between

y =1+ (x?/2)andy = 1 — (x2/4)has
limit 1 asx — 0O (Example 10).

y
0.2

—0.2

g(x)=x?2 sin(#)

FIGURE 2.14 The graph of the function g
(Example 11). It is not defined at x = 0.
Even though the function oscillates, it

has a limit as x — 0. The value of g(x)
always lies between x2 and —x?2.

y
y=16]

y=sin 6

(b)

FIGURE 2.15 The Sandwich Theorem
confirms the limits in Example 12.

The Sandwich Theorem is also called the Squeeze Theorem or the Pinching Theorem.

EXAMPLE 10 Given a function u that satisfies
x? x?
l—— <ulkx) <1+ =— forallx = 0,
4 2
find liné u(x), no matter how complicated u is.

Solution Since

lim(1 — (x2/4)) =1 and  lim(1 + (x%/2)) = 1,

x—0 x—0

the Sandwich Theorem implies that lim u(x) = 1 (Figure 2.13). [ |
x—0

We use the Sandwich Theorem to show that it is possible for a function that oscillates
to have a limit.

EXAMPLE 11 How does the function g(x) = x?2 sin(1/x?)behave near x = 0?

Solution The formula defines g(x) for all real numbers x except x = 0. The graph of g
is shown in Figure 2.14. We can see that the graph oscillates, but we can use the Sandwich
Theorem to find the limit of g(x) as x approaches 0. If x = 0, then 1/x? is a positive real
number. Since the range of the sine function is the interval [—I,1], it follows that
—1 < sin(1/x%) < 1 for all x = 0. Even though we may not know the exact value of
g(x) = x?%sin(1/x?), we do know that it lies between —x2 and x2. Since

limx2 =0 and lim(—x2%) = 0,
x—0 x—0

the Sandwich Theorem implies that lilré gx) = 0. |

EXAMPLE 12 The Sandwich Theorem helps us establish several important limit rules:
(a) limsinf = 0

0—0
(b) limcosf# =1

0—0

(¢) For any function f, lim| f(x)] = 0 implies lim f(x) = 0.

Solution
(a) In Section 1.3 we established that —|0] < sinf < |6| for all 6 (see Figure 2.15a).
Since éin(l)(—lé‘l) = éimolé?l = 0, we have

limsinf = 0.
6—0
(b) From Section 1.3,0 < 1 — cos @ < |0| for all € (see Figure 2.15b). Since lim|4| = 0
and lim 0 = 0, we have lir%(l —cosf) = 0so 0

6—0 [

limcosd = lim(1 — (I —cos®)) =1 —1lim( —cosd) =1—-0 = 1.
0—0 0—0 6—0

(¢) Since —| f(x)| < f(x) <|f(x)] and —| f(x)| and | f(x)| have limit 0 as x — ¢, it

follows that l_im f(x) = 0. |

Example 12 shows that the sine and cosine functions are equal to their limits atd = 0.
We have not yet established that for any ¢, lim sin § = sin ¢, and lim cos # = cosc. These

0—c 0—c

limit formulas do hold, as will be shown in Section 2.6.



2.2 Limit of a Function and Limit Laws 87

Limits from Graphs

1. For the function g(x) graphed here, find the following limits or
explain why they do not exist.

a. lln} g(x) b lin% gx) e lin% g(x) d. 1i1§15 g(x)

2. For the function f(¢) graphed here, find the following limits or
explain why they do not exist.

 lim O b lim S0 o lmfo 4 lp g0

s =f(0)
A | | t
/N -1 0 1

3. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

a. 115% f(x) exists.

- lim £(x) = 0

lim f(x) = 1

im f(x) = 1

lim f(x) = 0

f. lim f(x) exists at every point ¢ in (—1,1).

X—=C

e o T

o

g. lirr} f(x) does not exist.

h. f(0) =0 y

" ;E?)) . b v=rw

i f =

k f()=-1 / .

/ T 2
—1

4. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

a. lim f(x) does not exist.
x—2

b. lim f(x) = 2
x—2

c¢. lim f(x) does not exist.
x—1

d. lim f(x) exists at every point ¢ in (—1,1).

e. lim f(x) exists at every point ¢ in (1, 3).

£ f() =0

=f(x)
g /() = 2 L
h. f2) =0
i f2) =1 4_7
-1
-2

Existence of Limits
In Exercises 5 and 6, explain why the limits do not exist.

5. lim = 6. lim

x—0|x]| x—=l X —

7. Suppose that a function f(x) is defined for all real values of x except
x = c¢. Can anything be said about the existence of lim f(x)?
Give reasons for your answer. e

8. Suppose that a function f(x) is defined for all x in [—1,1]. Can
anything be said about the existence of lim f(x)? Give reasons
for your answer. o

9. If lirr} f(x) = 5, must f be defined at x = 1?7 If it is, must
f(1) = 57 Can we conclude anything about the values of f at
x = 17 Explain.

10. If f(1) = 5, must lin} f(x) exist? If it does, then must
lin} f(x) = 57 Can we conclude anything about lin} f(x)?

Explain.

Calculating Limits
Find the limits in Exercises 11-22.

11. limz(x2 —13) 12. lin%(fx2 + 5x — 2)
13. liné8(t -5t -7 14. limz()c3 —2x% + 4x + 8)
r— xX——
15. lim 2X £ 16. lim (8 — 3s)(2s — 1)
=211 — x3 5—2/3
. . 2
17. lim 4 4> 18. lim— 2 T =%
e YEr ) 5 2 4 5y + 6
19. lim (5 — y)3 20. lim Vz2 - 10
Y P
. 3 . NSh+4 -2
21, lim —— 22, lim———=
h—0~3h + 1+ 1 h—0 h
Limits of quotients Find the limits in Exercises 23-42.
23. lim =3 24, lim —~+3
x—5x2 — 25 x—3x2 +4x +3
2 _ 2
25. lim x> +3x—10 26. 1im¥xleO
x—-—5 X + 5 x—2 x—2
2 _ 2
27. hmw 28. lim P2 +3r+2
—1 2 —1 t—-1 t2 —t —2
3 2
29, lim —2X —4 30. lim 22~ 8

t—-2x3 + 2x? y—03y* — 16y?
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1 1
~1
3 lim <=1 32 limE=1l x+1
=l x —1 x—0 X
. 4 —1 v3 —8
. lim & 4.1
33 ulil} ud —1 3 ULH; vt — 16
. Jx =3 . 4x — x?
35.1 36. lim ——=
xlig X — 9 xll:r;lt 2 — \/;
_ Jx2 _
3. lim 21 38, lim X" +8-3
x—sl\/x+372 x——1 x+1
. ANx2 412 -4 . x+ 2
. lim ————— 40. lim ————————
39 lim =—"5 O s 3
_Jx2 = _
41, lim 2= Y =5 42 lim— =%
x—-3 x+3 x—45 — \/x2 +9
Limits with trigonometric functions Find the limits in Exercises 43-50.
43. 1in(1)(2 sinx — 1) 44. Lirré sin? x
45. lin(l) sec x 46. Lirré tan x
| .
47, lim X T sinx 48. lim (x2 — 1)(2 — cos x)
x—0 3cosx x—0

49. lim x + 4 cos(x + m) 50. lirr(l)\/7 + sec?x

X——T

Using Limit Rules
51. Suppose lin}) f(x) =1 and lin(1) g(x) = —5. Name the rules in

Theorem 1 that are used to accomplish steps (a), (b), and (c) of the
following calculation.

lim 2f(x) — g(x) lxli%(Zf(x) — g(x))

DGO im0 + 77 @
(We assume the denominator is nonzero.)
lim 2f(x) — lim g(x)
— x=20 x—0 5 (b)
(1im (0 + 7))
2 lim f(x) — lim g(x)
— x—0 x—0 (C)

2
(nm f(x) + lim 7)
x—0 x—0
_ @M =5 T
1+7)° 64
52. Let l’in} h(x) = 5, lin} px) =1, and lin} r(x) = 2. Name the

rules in Theorem 1 that are used to accomplish steps (a), (b), and (c)
of the following calculation.

V5h(x) lim V/5h(x)
=1 p(x)(4 — r(x) lim (p(x)(4 = r(x)))

(We assume the denominator is nonzero.)
[lim 5h(x)
= = (b)
(tim p))tim (4 - 1)
/51111} h(x)
 (tim p0)(tim 4 — tim 1)
_ NS _ 5
(H4-2) 2

(@)

53. Suppose lim f(x) = 5and l‘im g(x) = —2. Find
b. lim 2 f(x)g(x)

d. lim _JW
v=e f(x) — g(x)
54. Suppose lirri f(x) = 0 and lin} g(x) = —3. Find

a. lim f(x)g(x)

c. lim (f(x) + 3g(x))
a. lin}(g(x) + 3) b. ljn} xf(x)

d. lim &)
40 — 1
55. Suppose limh f(x) = 7and lin}’ g(x) = —3.Find

b lim £(x) - g(x)
d. lim £ ()/g(x)

56. Suppose that lim2 p(x) = 4, lim2 r(x) = 0, and

c. lim (g(x))*

a. lii%(f(x) + g(x)

c. 11112 4g(x)

lim s(x) = —3. Find

x—-2

a. Yliﬂr{lz(p()c) + r(x) + s(x))
b. xliiz(P(x) - r(x) - s(x))
c. 111112(—4p(x) + 5r(x))/s(x)

Limits of Average Rates of Change
Because of their connection with secant lines, tangents, and instanta-
neous rates, limits of the form

h—0 h
occur frequently in calculus. In Exercises 57-62, evaluate this limit for
the given value of x and function f.
57. f(x) = x%, x =1
58. f(x) = x2, x= -2
59. f(x) =3x—4, x =2
60. f(x) = 1/x, x = =2
6L f(x) =~x, x =7
62. f(x) =V3x+1, x =0

Using the Sandwich Theorem

63. If V5 —2x2 < f(x) < V5 —x% for -1 <x <1, find
lim f(x).
x—0

64. If 2 — x? < g(x) < 2cosx forall x, ﬁndlin(l) g(x).

65. a. It can be shown that the inequalities

1 _ x? - X sin x
6 2 —2cosx
hold for all values of x close to zero (except for x = 0).
What, if anything, does this tell you about
. X sin x
lim —7
x—02 — 2cosx

Give reasons for your answer.

b. Graphy = 1 — (x2/6),y = (xsinx)/(2 — 2cos x), and
y = ltogether for =2 < x < 2. Comment on the behavior
of the graphs as x — 0.



66. a. Suppose that the inequalities

T|b.

1 x2 1 — cosx 1

2 24 x2 2
hold for values of x close to zero, except for x = 0 itself.
(They do, as you will see in Section 16.9.) What, if anything,
does this tell you about
lim 1 —cosx 9
x—0  x2

Give reasons for your answer.
Graph the equations y = (1/2) — (x2/24),

y = (1 —cosx)/x2,andy = 1/2 together for—2 < x < 2.

Comment on the behavior of the graphs as x — 0.

Estimating Limits
You will find a graphing calculator useful for Exercises 67-76.

67. Let f(x) = (x2 — 9)/(x + 3).

68.

69.

70.

71.

a.

b.

C.

Make a table of the values of f at the points
x = —3.1,-3.01,—3.001, and so on as far as your
calculator can go. Then estimate 1irn3 f(x).

What estimate do you arrive at if you evaluate f at

x = —2.9,-2.99,-2.999,... instead?

Support your conclusions in part (a) by graphing f near

¢ = —3 and using Zoom and Trace to estimate y-values on
the graph as x — —3.

Find lim3 f(x) algebraically, as in Example 7.

Letg(x) = (x2 — 2)/(x — V2).

a.

b.

C.

Make a table of the values of g at the points
x = 1.4,1.41,1.414, and so on through successive decimal
approximations of ~2. Estimate lin}2 g(x).

Support your conclusion in part (a) by graphing g near
¢ = ~/2 and using Zoom and Trace to estimate y-values on
the graph as x — /2.

Find xlln}2 g(x) algebraically.

LetG(x) = (x + 6)/(x? + 4x — 12).

a.

C.

Make a table of the values of G at x = —5.9,—5.99, —5.999,
and so on. Then estimate lim G(x). What estimate do you

x——6
arrive at if you evaluate G atx = —6.1,—6.01,—6.001, ...
instead?

. Support your conclusions in part (a) by graphing G and using

Zoom and Trace to estimate y-values on the graph as x — —6.

Find lim6 G(x) algebraically.

Leth(x) = (x? — 2x — 3)/(x? — 4x + 3).

a.

C.

Make a table of the values of Zat x = 2.9,2.99,2.999, and
so on. Then estimate lim /(x). What estimate do you arrive at

x—3
if you evaluate 7 at x = 3.1,3.01,3.001,... instead?

. Support your conclusions in part (a) by graphing / near

¢ = 3 and using Zoom and Trace to estimate y-values on the
graphasx — 3.

Find lirrg h(x) algebraically.

Let f(x) = (x2 — D)/(Ix| — 1).

a.

Make tables of the values of f at values of x that approach
¢ = —I1 from above and below. Then estimate liml f(x).

72.

73.

74.

75.

76.

2.2 Limit of a Function and Limit Laws

b. Support your conclusion in part (a) by graphing f near
¢ = —1 and using Zoom and Trace to estimate y-values on
the graph asx — —1.

c. Find 1iml f(x) algebraically.
Let F(x) = (x2 + 3x + 2)/(2 — |x]).

a. Make tables of values of F at values of x that approach

¢ = —2 from above and below. Then estimate lim F(x).
x—-2
b. Support your conclusion in part (a) by graphing F near
¢ = —2 and using Zoom and Trace to estimate y-values on

the graph as x — —2.

c. Find lim2 F(x) algebraically.

Let g(0) = (sin8)/0.

a. Make a table of the values of g at values of  that approach
0, = 0 from above and below. Then estimate girré g(0).

b. Support your conclusion in part (a) by graphing g near
6, = 0.

LetG(t) = (1 — cost)/t?.

a. Make tables of values of G at values of ¢ that approach 7,
from above and below. Then estimate lim G (7).

t—0

b. Support your conclusion in part (a) by graphing G near
ty, = 0.

Let f(x) = x¥d=9,

a. Make tables of values of f at values of x that approach ¢ =
from above and below. Does f appear to have a limit as
x — 1?If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
c=1.

Let f(x) = (3* — D)/x.

a. Make tables of values of f at values of x that approach ¢ =
from above and below. Does f appear to have a limit as
x — 07?If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
c = 0.

Theory and Examples

77.

78.

79.

80.

81.

If x* < f(x) < x2 for x in [—1,1] and x? < f(x) < x* for
x < —land x > 1, at what points ¢ do you automatically know
lim f(x)? What can you say about the value of the limit at these

points?

Suppose that g(x) < f(x) < h(x)forallx = 2 and suppose that

lin% g(x) = lin% h(x) = —5.

Can we conclude anything about the values of f, g, and h at

x = 2? Could f(2) = 0? Could lim f(x) = 0? Give reasons
for your answers. 2

Iflim L0 =3 1, find lim f(x).
x—d x — 2 x—4

If lim Lf) = 1, find

x—=2 X
a. lim f(x), b. lim @
x——2 x——2 X
a. Iflim L) =3 _ 3, find lim f(x).
x—2 X — 2 x—2

b. If lim UEI Rl

4, find 1i .
xfz ind lim /()

x—2
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4 _
82. 1 1im L9 — 1 find 85. lim =~ — 10
x—0 X =2 x — 2
. ) .
a. llil(l)f(x), b. le11(1) . 86. lim X — > — 5x — 3

83. a. Graph g(x) = xsin(1/x) to estimate liné g(x), zooming in on

lim 5
¥l (x+D

the origin as necessary. 87. lim IM+x-1
b. Confirm your estimate in part (a) with a proof. x=0 2x
: -9
84. a. Graph h(x) = x2cos(l/x3) to estimate lim h(x), zooming 88. lim ——— 2
X— ’ x—3 Jx2 —
in on the origin as necessary. 0 } 1 X+ 7 -4
b. Confirm your estimate in part (a) with a proof. 89. lim S cosx

COMPUTER EXPLORATIONS
Graphical Estimates of Limits

x—0  xsinx

2
90. lim — 2"
x—03 — 3cosx

In Exercises 85-90, use a CAS to perform the following steps:

a. Plot the function near the point ¢ being approached.

b. From your plot, guess the value of the limit.

m The Precise Definition of a Limit

y
y=2x—1
Upper bound:
y=9
9
To satisfy
this
5
: : Lower bound:
I | y=35
I |
I |
Lyl .
0 345
H—I
Restrict
to this

FIGURE 2.16 Keeping x within 1 unit of
x = 4 will keep y within 2 units of y = 7
(Example 1).

We now turn our attention to the precise definition of a limit. The early history of calculus
saw controversy about the validity of the basic concepts underlying the theory. Apparent con-
tradictions were argued over by both mathematicians and philosophers. These controversies
were resolved by the precise definition, which allows us to replace vague phrases like “gets
arbitrarily close to” in the informal definition with specific conditions that can be applied to
any particular example. With a rigorous definition, we can avoid misunderstandings, prove
the limit properties given in the preceding section, and establish many important limits.

To show that the limit of f(x) as x — ¢ equals the number L, we need to show that the
gap between f(x) and L can be made “as small as we choose” if x is kept “close enough” to
c. Let us see what this requires if we specify the size of the gap between f(x) and L.

EXAMPLE 1 Consider the function y = 2x — 1 near x = 4. Intuitively it seems
clear that y is close to 7 when x is close to 4, so lin} (2x — 1) = 7. However, how close

to x = 4 does x have to be so thaty = 2x — 1 differs from 7 by, say, less than 2 units?

Solution We are asked: For what values of xis |y — 7| < 2? To find the answer we first
express |y — 7]in terms of x:

ly =7 =1(2x = 1) = 7] = [2x — §|.

The question then becomes: What values of x satisfy the inequality |2x — 8| < 27? To find
out, we solve the inequality:

[2x — 8| < 2
—2 < 2x — 8 < 2 Removing absolute value gives two inequalities.
6 < 2x <10 Add 8 to each term.
3<x <S5 Solve for x.

-1l <x—-4<1. Solve for x — 4.
Keeping x within 1 unit of x = 4 will keep y within 2 units of y = 7 (Figure 2.16). M

In the previous example we determined how close x must be to a particular value ¢ to
ensure that the outputs f(x) of some function lie within a prescribed interval about a limit
value L. To show that the limit of f(x)asx — c actually equals L, we must be able to show
that the gap between f(x) and L can be made less than any prescribed error, no matter how



¢ is the Greek letter delta.
¢ is the Greek letter epsilon.

y
L+ %/\
o f(x)

7 J(x) lies

Le in here
L — %\/

forall x # ¢
in here
) )
: .-
0 c—06 c c+3é

FIGURE 2.17 How should we define

6 > 0 so that keeping x within the interval

(¢ = 6,¢ + 6)will keep f(x) within the
interval(L L L + L)"

10° 10

y
L+e ]
f(x) lies
L 0_f(x) in here
L—el
for all x # ¢
in here
06 8
X
0 e - x
c—96 c c+d

FIGURE 2.18 The relation of § and ¢ in
the definition of limit.
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small, by holding x close enough to c. To describe arbitrary prescribed errors, we introduce
two constants, § (delta) and ¢ (epsilon). These Greek letters are traditionally used to repre-
sent small changes in a variable or a function.

Definition of Limit

Suppose we are watching the values of a function f(x) as x approaches ¢ (without taking
on the value c itself). Certainly we want to be able to say that f(x) stays within one-tenth
of a unit from L as soon as x stays within some distance ¢ of ¢ (Figure 2.17). But that in
itself is not enough, because as x continues on its course toward ¢, what is to prevent f(x)
from jumping around within the interval from L — (1/10) to L + (1/10) without tending
toward L? We can be told that the error can be no more than 1/100 or 1/1000 or 1/100,000.
Each time, we find a new $-interval about ¢ so that keeping x within that interval satisfies
the new error tolerance. And each time the possibility exists that f(x) might jump away
from L at some later stage.

The figures on the next page illustrate the problem. You can think of this as a quarrel
between a skeptic and a scholar. The skeptic presents e-challenges to show there is room
for doubt that the limit exists. The scholar counters every challenge with a §-interval around
¢ which ensures that the function takes values within ¢ of L.

How do we stop this seemingly endless series of challenges and responses? We can do
so by proving that for every error tolerance = that the challenger can produce, we can present
a matching distance § that keeps x “close enough” to ¢ to keep f(x) within that -tolerance
of L (Figure 2.18). This leads us to the precise definition of a limit.

DEFINITION Let f(x) be defined on an open interval about c, except possibly at
c itself. We say that the limit of f(x) as x approaches c is the number L, and write

lim f(x) = L,

X—C

if, for every number e > 0, there exists a corresponding number § > 0 such that

|f(x) — L| < ¢ whenever 0 <|x —c| <.

To visualize the definition, imagine machining a cylindrical shaft to a close tolerance.
The diameter of the shaft is determined by turning a dial to a setting measured by a vari-
able x. We try for diameter L, but since nothing is perfect we must be satisfied with a diam-
eter f(x) somewhere between L —  and L + . The number § is our control tolerance for
the dial; it tells us how close our dial setting must be to the setting x = ¢ in order to guar-
antee that the diameter f(x) of the shaft will be accurate to within « of L. As the tolerance
for error becomes stricter, we may have to adjust 5. The value of §, how tight our control
setting must be, depends on the value of <, the error tolerance.

The definition of limit extends to functions on more general domains. It is only
required that each open interval around ¢ contain points in the domain of the function other
than c. See Additional and Advanced Exercises 49-53 for examples of limits for functions
with complicated domains. In the next section we will see how the definition of limit
applies at points lying on the boundary of an interval.

Examples: Testing the Definition

The formal definition of limit does not tell how to find the limit of a function, but it does
enable us to verify that a conjectured limit value is correct. The following examples show
how the definition can be used to verify limit statements for specific functions. However,
the real purpose of the definition is not to do calculations like this, but rather to prove gen-
eral theorems so that the calculation of specific limits can be simplified, such as the theo-
rems stated in the previous section.
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y y y y
| . y=fx) / y=fx y=f)
L+— L+—
10 10 | L+ L+-L
| 100 100 j
L L I I t—-1 :
! b 1 I 1 .
L ! oL L L= 100 : ST
10 / i 10 | | I l T
| | | | | | |
/] I N ALY / : . A b
0 ¢ 0 / c \ 0 c 0 e N
c=dino0 c+ 0110 €= 011100 ¢+ 817100
The challenge: Response: New challenge: Response:
Make |f(x) —L| <& = 11—0 |x—c| <8y (anumber) Make|f(x)—L| <e = ﬁ) [x—¢| <8100
y y
y=fx y=f(x)
1 1
L+ 1000 L+ 1000
— —
L ——————7/ L ——————7/5
| 1 1
e I a (0
1 I I IR
L1000 / | =000 /: P
I
: P
| X II I :
0 ¢ 0 c *
New challenge: Response:
_ 1
€ 1000 [x—c| <811000
y y y
I y=J y=£x)
1
L+ 100,000 L+ 160,000
\ L+e
LF—————— L | Sod
/ ! ya % i
1 i [ ! L-& |
L~ 100,000 ! 100,000 !
I
I I
I I
0 é o / X / I X
0 0 c
New challenge: Response: New challenge:
_ 1
€ = 100,000 [x—c| <81/100.000 g ="
EXAMPLE 2 Show that
lim (5x — 3) = 2.
x—1
Solution Setc = I, f(x) = 5x — 3, and L = 2 in the definition of limit. For any given

¢ > 0, we have to find a suitable § > 0 so that if x = 1 and x is within distance § of ¢ = 1,
then it is true that f(x) is within distance = of L = 2. That is, we must show that if x
satisfies

0<|x—1 <6,
then f(x) will satisfy
|f(x) — 2| < e



y
y=5x—7
2+e
|
27— |
-
I
2—¢ : t
/ B
| 1 |
| | |
0 FR— x
1-2 1 1+
5 5
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NOT TO SCALE

FIGURE 2.19 If f(x) = 5x — 3, then
0 < |x — 1] < /5 guarantees that
| f(x) — 2| < e (Example 2).

FIGURE 2.20 For the function

f(x) = x,wefindthat0 < |x —¢| < §
will guarantee | f(x) — ¢| < & whenever
6 < e (Example 3a).

y
=k
k+e Y
k 0 (—
k—e : -
I b
I Lo
I P
I L
I P
| | |
| L | X
0 c—86 ¢ c¢t9d
FIGURE 2.21 For the function

f(x) = k, we find that | f(x) — k| < ¢
for any positive 6 (Example 3b).
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We find 6 by working backward from the =-inequality, | f(x) — 2| < e:

[(5x —=3) =2 =15x — 5| < ¢ Substitute.
S51x =1 < ¢ Factor.
|x — 1] < ¢&/5.  Simplify.

Thus, we can take § = ¢/5 (Figure 2.19). If 0 < |x — 1] < § = ¢/5, then
(5x —3) = 2| =[5x — 5| = 5|x — 1] <5(¢g/5) = ¢,
which proves that lin}(Sx —-3) = 2.
The value of § = ¢/5 is not the only value that will make 0 < |x — 1] < § imply
|5x — 5] < e. Any smaller positive § will do as well. The definition does not ask for the
“best” positive 4, just one that will work. |

EXAMPLE 3 Prove the following results, which were presented graphically in Section 2.2.

(a) limx = ¢

X—c

(b) limk = k

X—c

k constant

Solution
(a) Lete > 0 be given. We must find 6 > 0 such that

lx —cl < ¢ whenever 0 <|x—cl <é.

The implication will hold if § equals ¢ or any smaller positive number (Figure 2.20).
This proves that lim x = c.

x—c

(b) Lete > 0 be given. We must find § > 0 such that

|k — k| < ¢ whenever 0 <|x—cl <&

Since k — k = 0, we will always have |k — k| < e. Therefore we can use any positive
number for 6, and the implication will hold (Figure 2.21). This proves thatlimk = k. W

Finding Deltas Algebraically for Given Epsilons

In Examples 2 and 3, the interval of values about ¢ for which | f(x) — L| was less than ¢
was symmetric about ¢ and we could take 6 to be half the length of that interval. When the
interval around ¢ on which we have | f(x) — L| < ¢ is not symmetric about ¢, we can take
6 to be the distance from c to the interval’s nearer endpoint.

EXAMPLE 4 For the limit limvx -1 = 2, findaé > 0 that works fore = 1. That s,
find a§ > 0 such that o

|Vx =1 -2 <1 whenever 0 <|x—5<§

Solution We organize the search into two steps.

1. Solve the inequality |Nx — 1 — 2| < 1to find an interval containing x = 5 on which
the inequality holds for all x = 5.

[Vx—-1-2| <1
—“I<~vx—-1-2<1
l<~Vx—-1<3

l<x—-1<9
2 <x <10
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3 3 The inequality holds for all x in the open interval (2,10), so it holds for all x = 5 in this
interval as well.

o

{

ﬁ 5 8 1

2. Find a value of 6 > 0 to place the centered interval 5 — § < x < 5 + § (centered at
x = 5 inside the interval (2,10). The distance from 5 to the nearer endpoint of (2,10)
is 3 (Figure 2.22). If we take § = 3 or any smaller positive number, then the inequality
0 <|x —35] < 6 will automatically place x between 2 and 10 and imply that
|Vx — 1 — 2| < 1(Figure 2.23):

FIGURE 2.22 An open interval of radius
3 about x = 5 will lie inside the open
interval (2,10).

|Vx —1-2] <1 whenever 0 <|x— 5 <3. [

How to Find Algebraically a § for a Given f, L,c,and e > 0

The process of finding ad > 0 such that
| f(x) — L] < e whenever 0 <|x—c¢| <6
can be accomplished in two steps.

1. Solve the inequality | f(x) — L| < e to find an open interval (a, b), containing
¢ on which the inequality holds for all x == c. Note that we do not require
the inequality to hold at x = c¢. It may hold there or it may not, but the value
of fatx = c¢ does not influence the existence of a limit.

|
1
0] 1 2 5 8 10 2

OT 10 SCALE . Find a value of & > 0 that places the open interval (¢ — 8,¢ + ¢) centered

at ¢ inside the interval (a, b). The inequality | f(x) — L| < e will hold for all
FIGURE 2.23 The function and intervals x = c in this -interval.
in Example 4.

EXAMPLE 5 Prove that lin% f(x) = 4if

x2, x = 2
fx) = .

, ox = 2.

Solution  Our task is to show that given ¢ > 0, there exists aé > 0 such that

| f(x) — 4] < ¢ whenever 0 < |x — 2| < 6.
1. Solve the inequality | f(x) — 4| < ¢ to find an open interval containing x = 2 on which
the inequality holds for all x = 2.
For x = ¢ = 2, we have f(x) = x? and the inequality to solve is |x? — 4| < e:
[x2 —4| < e
—e<x?—-4<c¢
4 —e<x2 <4+«
V4 —e < x| <4+ ¢ Assumes € < 4; see below.

/4 < x < /4 ¥ e An open interval about x = 2

that solves the inequality

4+¢

I
]
I
i o
i . The inequality | f(x) — 4| < ¢ holds for all x = 2 in the open interval
Le 2D (V4 — e,+4 + ¢) (Figure 2.24).
/} L ¥ 2. Find a value of 6 > 0 that places the centered interval (2 — 6,2 + ) inside the
0 \Vi-e 2 \4+8 interval (N4 — e, 4 + ¢).
FIGURE 2.24 An interval containing Take & to be the distance from x = 2 to the nearer endpoint of (V4 — ¢, V4 + ¢).

x = 2 so that the function in Example 5 In other words, take § = min{2 — V4 —¢,V4 + ¢ — 2}, the minimum (the
satisfies | f(x) — 4] < e. smaller) of the two numbers 2 — V4 — ¢ and V4 + ¢ — 2. If § has this or any
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smaller positive value, the inequality 0 < |x — 2| < 6 will automatically place x
between V4 — = and /4 + ¢ to make | f(x) — 4| < . For all x,

| f(x) — 4] < e whenever 0 < |x — 2| < 4.

This completes the proof fore < 4.

If e > 4, then we take ¢ to be the distance from x = 2 to the nearer endpoint of
the interval (0,44 4+ ¢). In other words, take § = min{2,v4 + e —2}. (See
Figure 2.24.) |

Using the Definition to Prove Theorems

We do not usually rely on the formal definition of limit to verify specific limits such as
those in the preceding examples. Rather, we appeal to general theorems about limits, in
particular the theorems of Section 2.2. The definition is used to prove these theorems
(Appendix A.6). As an example, we prove part 1 of Theorem 1, the Sum Rule.

EXAMPLE 6 Given that lim f(x) = L and lim g(x) = M, prove that
lim (f(0) + g(x) = L + M.

Solution Letes > 0 be given. We want to find a positive number 6 such that
| f(x) + g(x) — (L + M)| < ¢ whenever 0 < |x —c| < ¢.
Regrouping terms, we get
|f(x) + g(x) _ (L + M)| — |(f(.x) _ L) + (g(x) _ M)| Triangle Inequality:
la+bl < lal + |1bl
< [f(x) — LI + 1g(x) — M.

Since lim f(x) = L, there exists a number §, > 0 such that

Can find 0, since

|f(x) — L| < ¢/2 whenever 0 <|x —c| < 6. lim f(x) = L

Similarly, since lim g(x) = M, there exists a number §, > 0 such that

Can find 6, since
lg(x) — M| < ¢/2 whenever 0 < |x —c| < 0,. lim g(x) = M

X —C

Let § = min{6,,6,}, the smaller of ¢, and é,. If 0 < |x —¢| < § then |x — ¢| < §,, sO
| f(x) — L| < ¢/2,and |x — ¢| < §,,50|g(x) — M| < ¢/2. Therefore,

If(X)+g(X)f(L+M)I<%+§:s.

2
This shows that lim(f(x) + g(x)) = L + M. [ |
RN 2.3

Centering Intervals About a Point 3.a=-72, b=-12, ¢c=-3
In Exercises 1-6, sketch the interval (a,b), on the x-axis da=-72 b=—12, c=-32
with the point ¢ inside. Then find a value of ¢ > 0 such that ' '
a < x < bwhenever0 < |x —c| < 6. S.a=4/9, b=4[T, c=12

6.a = 2.7591, b = 32391, ¢ =3

l.a=1 b=7 ¢c=25
22a=1 b=17 c¢c=2
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Finding Deltas Graphically
In Exercises 7—14, use the graphs to find aé > 0 such that

Chapter 2 Limits and Continuity

|f(x) — L| < e whenever 0 <|x —c| < 6.

NOT TO SCALE
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Finding Deltas Algebraically

Each of Exercises 15-30 gives a function f(x) and numbers L, c,
and € > 0. In each case, find the largest open interval about ¢ on
which the inequality | f(x) — L| < ¢ holds. Then give a value for
6 > 0 such that for all x satisfying 0 < |x — ¢| < ¢, the inequality
| f(x) — L] < € holds.

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.

fx) =
fx) =
fx) =
fx) =
flx) =
fx) =
fx) =
fx) =
fx) =
fx) =
fx) =
fx) =
fx) =
fx) =
fx) =

c =172,

fx) =

x4+ 1, L =5, c =4, e = 0.01

2x — 2, L = —6, c= -2, e = 0.02

Jx+1l, L=1 ¢=0 =01

Vx, L=12, c=14, =01

VI9-x, L=3 =10, e=1

Vx =17, L =4, =23 e=1

1/x, L = 1/4, c =4, e = 0.05

x2, L = 3, c = 3, e =0.1

x2, L =4, c= -2, €=

l/x, L = -1, c = —1, e = 0.1

x2 — 35, L =11, = 4, e=1

120/x, L =5, c = 24, e=1

mx, m>0, L=2m, ¢c=2, ¢=0.03

mx, m > 0, L = 3m, c=3 e=¢c>0

mx + b, m > 0, L = (m/2)+ b,
e=c>0

mx+b, m>0, L=m+b, c=1 ¢ =0.05

Using the Formal Definition

Each of Exercises 31-36 gives a function f(x), a point ¢, and a positive

number ¢. Find L = lim f(x). Then find a number 6 > 0 such that
X—=cC

31. f(x) = 3 — 2x,
32, f(x) = —3x — 2,

33.

f(x) =

|f(x) — L| < e whenever 0 <|x —c| <.

c =3, e = 0.02
c=—1, e = 0.03
2 _
o4 L2 =005
x —2



x2 +6x+5
x+5

35. f(x) = V1 — 5x, c = =3, e =20.5
36. f(x) = 4/x, c =2, e =104

34. f(x) =

Prove the limit statements in Exercises 37-50.
37. 1in}(9 —x)=175

39. lin;x/x -5=2

x2 x =1

4L lim f(0) = 1 if f(x)-‘z, o

x> x = =2
42. 1111}2 fx) =4 if f(x) = l

1, x = -2
43.1imL = 1 44, lim L = L
Xl X x—~3 x2 3
2 _ 2 _
45. 1im =2 — ¢ 46. lim =1 _ »
-3 x +3 =1 x —1

4 —2x, x <1
47. lim f(x) = 2 if f(x) = [
x—1 6x

-4, x>1
48. li 0 if 2o w0
imf =0 =10

49. lim xsint = 0
x—0 X

50. lim x2sinL = 0
x—0 X

, c = -5, e = 0.05

38. ling(Bx -7 =2
40. lirr(l)\/4 —x =2
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Theory and Examples

51.
52.
53.

55.

56.

Define what it means to say that liné g(x) = k.
Prove that lim f(x) = L if and only if}liné fh+c¢)=L.

A wrong statement about limits Show by example that the fol-
lowing statement is wrong.

The number L is the limit of f(x) as x approaches c if f(x)
gets closer to L as x approaches c.

Explain why the function in your example does not have the given
value of L as a limitas x — c.

. Another wrong statement about limits Show by example that

the following statement is wrong.

The number L is the limit of f(x) as x approaches c if, given
anye > 0, there exists a value of x for which | f(x) — L| < e.

Explain why the function in your example does not have the given
value of L as a limitas x — c.

Grinding engine cylinders Before contracting to grind engine
cylinders to a cross-sectional area of 60 cm 2, you need to know how
much deviation from the ideal cylinder diameter of ¢ = 8.7404 cm
you can allow and still have the area come within 0.1 cm? of the
required 60 cm2. To find out, you let A = 7(x/2)” and look for
the interval in which you must hold x to make |A — 60| < 0.1.
What interval do you find?

Manufacturing  electrical f

resistors Ohm’s law for

electrical circuits like the one V_ @ R
shown in the accompanying +

figure states that V. = RI. In —[

this equation, V is a constant
voltage, / is the current in amperes, and R is the resistance in ohms.
Your firm has been asked to supply the resistors for a circuit in which

Vwill be 120 volts and /is to be 5 £ 0.1 amp. In what interval does
R have to lie for / to be within 0.1 amp of the value I, = 5?

When Is a Number L Not the Limit of f(x) Asx — ¢?
In Exercises 57-60 we will consider what it means to not have a limit.

Showing L is not a limit We can prove that lim f(x) = L by pro-

viding ane > 0 such that no possible § > 0 satisfies the condition

[f(x) — L] < e whenever 0 <|x —c¢| <.

We accomplish this for our candidate £ by showing that for each
6 > 0 there exists a value of x such that

0<|x—cl<é6 and |f(x)—L|> e

y
y=5x)

L+e

L—¢

Jx)
— i 1 I
0| ¢c—96 \ c c+o

A value of x for which
0<|x—c| <8 and|f(x)—L| =&
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57 L X, x <1
. Let =
f) x+1, x>1.
y
y=x+1
2_
y=f)
1_
L X
1
y=x

a. Lete = 1/2. Show that no possible 6 > 0 satisfies the fol-
lowing condition:

[f(x) —2] < 1/2 whenever 0 < |x — 1] < 0.

That is, show that for each 6 > 0, there is a value of x such
that

0<lx—-1<é¢ and |f(x)—2| > 1/2.
This will show that lxlil} f(x) = 2.
b. Show that lin} f(x) = L
c. Show that 11121} f(x) = 1.5.

x2, x <2
58. Leth(x) = {3, x =
2, x>2
y
4L y=h(x)
3= °
y=2
2t e ——
1F y=x2
L X
0 2

Show that

a. l.irr% h(x) = 4

b. l'irr% h(x) =3

c. l.irr% h(x) = 2

59. For the function graphed here, explain why

a. ling f(x) = 4

b. ling f(x) = 4.8

c. ling f(x) =3

60.

y
48} \
4+ °
y=fx)
3+ \
| X
0 3

a. For the function graphed here, show that 11m g(x) = 2.
b. Does hm g(x) appear to exist? If so, what is the value of
the 11m1t‘7 If not, why not?

y=gx

L X

/—1 0

COMPUTER EXPLORATIONS
In Exercises 61-66, you will further explore finding deltas graphically.
Use a CAS to perform the following steps:

61.

63.

65.

66.

a. Plot the function y = f(x) near the point ¢ being approached.

b. Guess the value of the limit L and then evaluate the limit
symbolically to see if you guessed correctly.

c. Using the values = 0.2, graph the banding linesy, = L — ¢
andy, = L + ¢ together with the function f near c.

d. From your graph in part (c), estimate a6 > 0 such that

[f() — LI <e¢

Test your estimate by plotting f, y,, and y, over the interval
0 < |x — ¢l < 6. For your viewing window use ¢ — 26 <
x <c+26andL — 2¢ < y < L + 2¢. If any function
values lie outside the interval [L — ¢,L + ¢], your choice
of § was too large. Try again with a smaller estimate.

whenever 0 < |x — ¢| < 6.

e. Repeat parts (c) and (d) successively fore = 0.1, 0.05,
and 0.001.

— 81 S5x3 4 9x?

X
& —9 = 2. — 22X TN

fw = T =3 62 () = S =0
foo = SN2 e p = S

3x x — sinx

3
Fx) = L

1
f(x):3x f<7x+11)\/§+5, e =1
T
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FIGURE 2.25 Different right-hand and
left-hand limits at the origin.

In this section we extend the limit concept to one-sided limits, which are limits as x approaches
the number ¢ from the left-hand side (where x < c) or the right-hand side (where x > ¢)
only. These allow us to describe functions that have different limits at a point, depending on
whether we approach the point from the left or from the right. One-sided limits also allow us
to say what it means for a function to have a limit at an endpoint of an interval.

Approaching a Limit from One Side

Suppose a function f is defined on an interval that extends to both sides of a number c. In order
for f to have a limit L as x approaches c, the values of f(x) must approach the value L as x
approaches c from either side. Because of this, we sometimes say that the limit is two-sided.

If f fails to have a two-sided limit at c, it may still have a one-sided limit, that is, a limit if
the approach is only from one side. If the approach is from the right, the limit is a right-hand
limit or limit from the right. Similarly, a left-hand limit is also called a limit from the left.

The function f(x) = x/|x| (Figure 2.25) has limit 1 as x approaches 0 from the right,
and limit —1 as x approaches 0 from the left. Since these one-sided limit values are not the
same, there is no single number that f(x) approaches as x approaches 0. So f(x) does not
have a (two-sided) limit at 0.

Intuitively, if we consider only the values of f(x) on an interval (¢, b), where ¢ < b,
and the values of f(x) become arbitrarily close to L as x approaches ¢ from within that
interval, then f has right-hand limit L at c. In this case we write

lim f(x) = L.

The notation “x — ¢ means that we consider only values of f(x) for x greater than c.
We don’t consider values of f(x) forx < c.

Similarly, if f(x) is defined on an interval (a, c), where a < ¢, and f(x) approaches
arbitrarily close to M as x approaches ¢ from within that interval, then f has left-hand
limit M at c. We write

lim f(x) = M.

The symbol “x — ¢~ means that we consider the values of f only at x-values less than c.
These informal definitions of one-sided limits are illustrated in Figure 2.26. For the
function f(x) = x/|x| in Figure 2.25 we have

Xllr(r)1+ flx) =1 and xlir(l)l— flx) = —1.

y y
—
L fx) f) M
0 C €= X * 0 X > C *
(a) xlim+ J)=L (b) Xlim\, =M

FIGURE 2.26 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x
approaches c.

One-sided limits have all the properties listed in Theorem 1 in Section 2.2. The right-
hand limit of the sum of two functions is the sum of their right-hand limits, and so on. The
theorems for limits of polynomials and rational functions hold with one-sided limits, as
does the Sandwich Theorem. One-sided limits are related to limits at interior points in the
following way.
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y=f(x

0 1 2 3 4

FIGURE 2.27 Graph of the function in
Example 1.

o i
J y=arcsec x

FIGURE 2.28 The arcsec function
has limits at x = +1.

THEOREM 5

Suppose that a function f is defined on an open interval containing c, except perhaps
at c itself. Then f(x) has a limit as x approaches c if and only if it has both a limit
from the left at ¢ and a limit from the right at ¢, and these one-sided limits are equal:

lim f(x) = L & lim f(x) = L and lirr‘l+ f(x) = L.

Theorem 5 applies at interior points of a function’s domain. At a boundary point of an
interval in its domain, a function has a limit when it has an appropriate one-sided limit.

Limits at Endpoints of an Interval

 If f is defined on an open interval (b, c¢) to the left of ¢ and not defined on an open
interval (¢, d) to the right of ¢, then

lim f(x) = lim f(x).

 If f is defined on an open interval (¢, d) to the right of ¢ and not defined on an open
interval (b, ¢) to the left of ¢, then

lim f(x) = lim_f(x).

(The definition of a limit on an arbitrary domain is discussed in Additional and Advanced
Exercises 39-42.)

EXAMPLE 1 For the function graphed in Figure 2.27,

Atx = 0: lim f(x) does not exist, f is not defined to the left of x = 0.
x—0"
lim+ flx) =1, f has a right-hand limit at x = 0.
x—0
lim f(x) = 1. f has a limit at domain endpoint x = 0.
x—0
Atx = 1. lim f(x) = 0, Even though f(1) = 1.
x—1"
lim f(x) =1,
x—I1t
lim f(x) does not exist. Right- and left-hand limits are not equal.
x—1

Atx = 2: liI?i fx) =1,
lim f() =1,
liII% Jx) =1 Even though f(2) = 2.

Atx =3 lim f(x) = lim f(0) = lim f(x) = f3) = 2.

Atx =4 lim f(x) =1, Even though f(4) = 1.
x—4-
lim+ f(x) does not exist, fis not defined to the right of x = 4.
x—4
lim f(x) = 1. f has a limit at domain endpoint x = 4.
x—4
At every other point ¢ in [0, 4], f(x), has limit f(c). [ ]
EXAMPLE 2 The domain of the function arcsec x is a union of the intervals (—oo, —1]
and [1, 00), as shown in Figure 2.28. For the boundary points of these intervals,
Atx = —1: lim arcsecx = m, arcsecx has a limit from the left at x = —1.
x——1"
1im+ arcsec x does not exist, arcsecx is not defined on (—1,1).
Paas

lim arcsecx = m. arcsecx has a limit at x = —1.

Xl
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y Atx = I lim arcsecx does not exist, arcsecx is not defined on (—1,1).
x—1"
lim arcsecx = O, arcsecx has a limit from the right at x = 1.
x—1
lim arcsec x = 0. arcsecx has a limit at x = 1.
x—1
L+e At every ¢ in (—oo, —1) and every c in (1, 00), the limit of arcsec x as x — c is equal to
f) arcsec c. However, for each c in the interval (—1, 1), lim arcsec x does not exist. |
f(x) lies x—e
L in here
Le Precise Definitions of One-Sided Limits
The formal definition of the limit in Section 2.3 is readily modified for one-sided limits.
forall x # ¢
in here
) . . .
B DEFINITIONS (a) Assume the domain of f contains an interval (¢, d) to the
ol 4 38 x right of c. We say that f(x) has right-hand limit L at ¢, and write
c c

li =L
FIGURE 2.29 Intervals associated with Jim f(x)

the definition of right-hand limit. if for every number ¢ > 0 there exists a corresponding number 6 > 0 such that
| f(x) — L| < e whenever ¢ < x < ¢+ 0.

(b) Assume the domain of f contains an interval (b, ¢) to the left of c. We say

y that f has left-hand limit L at ¢, and write
lim f(x) = L
X—c—
if for every number ¢ > 0 there exists a corresponding number 6 > 0 such that
L+e | f(x) — L| < e whenever ¢ —6 < x < c.
S
f(x) lies
L in here

The definitions are illustrated in Figures 2.29 and 2.30.

L—¢

for : EXAMPLE 3 Prove that
or all x# ¢
in here lim Vx = 0.
F) x—0+t
X
0] 0(78 ° . *  Solution Lete > 0 be given. Herec = Oand L = 0, so we want to find ad > 0 such

that

FIGURE 2.30 Intervals associated with

the definition of left-hand limit. [Vx =0 <& whenever 0 <x<§,
or

Vx < e whenever 0<x <6 Jx > 0sol|Vxl = Vx
y Squaring both sides of this last inequality gives
f=Vx x < g? if 0<x <6

If we choose & = =2 we have

|
fe : Vx < e whenever 0<x <6 =c¢2
|
! or
= - 5 X
L=0 5=
* ¢ |Vx — 0] <&  whenever 0 < x < e
FIGURE 2.31 .L%L Vx = 0in According to the definition, this shows that lim ~x = 0 (Figure 2.31).
Example 3. x—07F
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Note that since 0 is an endpoint of the domain where ~/x is defined, it is also true that
lim Vx = 0. |

x—0

The functions examined so far have had some kind of limit at each point of interest. In
general, that need not be the case.

EXAMPLE 4 Show that y = sin(1/x) has no limit as x approaches zero from either
side (Figure 2.32).

==

y=sin

il

FIGURE 2.32 The function y = sin(1/x) has neither a right-
hand nor a left-hand limit as x approaches zero (Example 4). The
graph here omits values very near the y-axis.

Solution  As x approaches zero, its reciprocal, 1/x, grows without bound, and the values
of sin (1/x) cycle repeatedly from —I to 1. There is no single number L that the function’s
values stay increasingly close to as x approaches zero. This is true even if we restrict x to
positive values or to negative values. The function has neither a right-hand limit nor a left-
hand limit at x = 0. n

Limits Involving (sin8)/6

A central fact about (sin @)/6 is that in radian measure its limit as # — 0is 1. We can see
this in Figure 2.33 and confirm it algebraically using the Sandwich Theorem. You will
see the importance of this limit in Section 3.5, where instantaneous rates of change of the
trigonometric functions are studied.

=sind (radians)
0

NOT TO SCALE

FIGURE 2.33 The graph of f(¢) = (sin #)/6 suggests that the right-
and left-hand limits as € approaches 0 are both 1.

THEOREM 6 —Limit of the Ratio sin6/60 as — 0
. sind
lim
6—0

=1 (fin radians) (1)




y

T
1
P
tan 0
1
sin 6
0 coso N
o 0 A(1,0)

Y

1

FIGURE 2.34 The ratio TA/OA = tan?,
andOA = 1,s0TA = tan0.

The use of radians to measure angles is
essential in Equation (2): The area of
sector OAP is 0/2 only if 0 is measured
in radians.
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Proof The plan is to show that the right-hand and left-hand limits are both 1. Then we
will know that the two-sided limit is 1 as well.

To show that the right-hand limit is 1, we begin with positive values of @ less than 7/2
(Figure 2.34). Notice that

Area AOAP < area sector OAP < area AOAT.

We can express these areas in terms of 6 as follows:

Area AOAP = %base x height = —(1)(sin @) = %sin@

1

Area sector OAP = §r29 = %(1)29 = )

= ol =

Area AOAT = %base x height = —(1)(tan6) = %sin 0.

Thus,
1. 1 1
=sinf < =0 < —tan@.
2sm > < ) an

This last inequality goes the same way if we divide all three terms by the number (1/2)sin 6,
which is positive, since 0 < ¢ < 7/2:

Taking reciprocals reverses the inequalities:

sin 0
> cos .

Since (,h%h cos = 1 (Example 12b, Section 2.2), the Sandwich Theorem gives

sin 0
im = 1.
0—0t 9

To consider the left-hand limit, we recall that sin @ and # are both odd functions
(Section 1.1). Therefore, f(6) = (sin )/6 is an even function, with a graph symmetric about
the y-axis (see Figure 2.33). This symmetry implies that the left-hand limit at O exists and
has the same value as the right-hand limit:

. sinf sin 0
elir(r)lf 9 I= elim 0’
SO })irré(sin 0)/6 = 1by Theorem 5. [ |
—1 in2
EXAMPLE 5  Show that (@) lim <Y~ = — 0 and (b)lim Sn=X — 2.
y—0 x—0 Sx 5
Solution

(a) Using the half-angle formula cos y = 1 — 2sin?(y/2), we calculate

lim S08Y — 1 lim  2sin*(y/2)
y—0 y y—0 y
. 0 .
= —lim sin 0 Let 0 = y/2.
0—0
— —(1)(0) = 0. Eq. (1) and Example 12a

in Secion 2.2
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(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

sin 2x 2/5) -sin2
lim _ Jim (3) - sin2x
x—0 Sx x=-0 (2/5)- 5x
2 . sin2x
= =lim Eq. (1) applies with 6 = 2x.
5x-0 2x
2 2
= =) = =. |
5( ) 5
tan ¢ sec 2t
EXAMPLE 6 Find lim —.
t—0 3t
Solution From the definition of tan # and sec 2z, we have
tan t sec 2t .1 1 sint 1
lim— =lim---+ — - ——
10 3t —03 t cost cos2t
1,. sint 1 1
= —lim . .
3i—0 ¢ cost cos2t
o l o l Eq. (1) and Example 12b
N 3(1)(1)(1) N 3’ in Section 2.2 u
EXAMPLE 7 Show that for nonzero constants A and B.
sin A0 A
im — = —.
0—0 sin BO B
Solution
sin A6 . sin Af
lim — = lim Af .BH L Multiply and divide by Af and B6.
9—0 sin BO 0—0 Al sin Bf B
sin A0 i
= lim .BQ é lim 2 1 with u = A0
6—0 A6 sinBO B u—0 u
= lim(l)(l)é lim =1, with v = Bf
0—0 B v—0 sinwv
_A [
3"
RN 2.4
Finding Limits Graphically 2. Which of the following statements about the function y = f(x)
1. Which of the following statements about the function y = f(x) graphed here are true, and which are false?
graphed here are true, and which are false? y
2 ®
y y =f()
y =/
1 *——o——o
1
| | | |
\ — -1 o 1 2 3 °
-1 oT 1 2
a. lin}+ fx) =1 b. lin% f(x) does not exist.
a. 1iI7r11+ f(x) =1 b. lir(l)ni f(x) =0 c. lirr; f(x) =2 d. lirg f(x) =2
c. 111(1)17 fx) =1 d. 1ir£17 flx) = 1i131+ f(x) e. lir{1+ fx) =1 f. lin} f(x) does not exist.
e. liné f(x) exists. f. 1iII(1) f(x) =0 g. lir(r)l+ flx) = liI(I)17 f(x)
g. liné fx) =1 h. lin} fx) =1 h. lim f(x) exists at every c in the open interval (—1,1).
i. lin} f(x) =0 j- lirgi fx) =2 i. lim f(x) exists at every c in the open interval (1,3).

k. 1i171}7 f(x) does not exist. L. lirg f(x) =0 j- liIIll7 f(x) =0 k. lirgl+ f(x) does not exist.



3. Let f(x) =

0 2 4

a. Find liI;’l+ f(x) and .lirgli f(x).
b. Does lin; f(x) exist? If so, what is it? If not, why not?
c. Find hT, f(x) and .lir;{l+ f(x).

d. Does lirri f(x) exist? If so, what is it? If not, why not?

3—x, x <2
4 Let f(x) = 1% x =2

i, x > 2.

2

y=3—x

a. Find lirgl+ f(x), lirgli f(x), and f(2).
b. Does lin% f(x) exist? If so, what is it? If not, why not?
c. Find hn}, f(x)and lirrll+ f(x).

d. Does lim f(x) exist? If so, what is it? If not, why not?
x——1

0, x <0
5. Let f(x) =
f() mn—, x >
y
1_
X
0
0, x=0
Y= .1
sm},x>0
_1_

a. Does lirél+ f(x) exist? If so, what is it? If not, why not?
b. Does lirgli f(x) exist? If so, what is it? If not, why not?

c. Does liné f(x) exist? If so, what is it? If not, why not?
X—
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6. Let g(x) = ~xsin(1/x).

b.

C.

. Graph f(x) = 1

1
. Graph =

-IF y=—Va

. Does lim+ g(x) exist? If so, what is it? If not, why not?
x—0

. Does lim g(x) exist? If so, what is it? If not, why not?
x—0—

. Does lim g(x) exist? If so, what is it? If not, why not?
x—0

x3, x =1
0, x=1.

. Find lirﬁ f(x) and lirln+ f(x).

. Does lirr} f(x) exist? If so, what is it? If not, why not?

s x = 1.
Find liIP+ f(x)and lil?, f(x).

Does lim f(x) exist? If so, what is it? If not, why not?
Py

Graph the functions in Exercises 9 and 10. Then answer these questions.

a.
b.

C.

9. f(x) = 1 1,

What are the domain and range of f?
At what points c, if any, does lim f(x) exist?

At what points does the left-hand limit exist but not the
right-hand limit?

. At what points does the right-hand limit exist but not the

left-hand limit?

JI—x2, 0<x<1
1<x<?2
2, x =2

x, -1 <x<0, or 0<x<1

10. f(x) =71, x=0

0, x<-—-1 or x>1

Finding One-Sided Limits Algebraically
Find the limits in Exercises 11-20.

11.

lim

x+2

12. lim X =1L
x—-05-\ x + 1 x—1T N x + 2

13. lim( X )(2x+5)

x—-2T\x
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14. lim( 1 )(x+6)(3fx>
r=1m\x + 1 X 7

15 lim Vh2 +4h+5 -5
ot h
16. lim \F—\/Shz +11h + 6
h—0—
17. a. lim_ (x+3>"‘+2' b, lim (x 4+ 3) X +2
xo=2 x+2 x—2- x + 2
V2 (x — Vx (x —
18. a. lim 22X D b, lim 22X &* D
it |x — 1| sol x — 1]
19. a. lim 20X b, lim S0
x—07t X x—0— X
1— —1
20. a. lim — %% b. lim 2%

=07 |cosx — 1 =0~ |[cosx — 1]

Use the graph of the greatest integer function y = [x], Figure 1.10 in
Section 1.1, to help you find the limits in Exercises 21 and 22.

. 10]) . 16]
21. a. lim == . lim —=
a 053 0 b oil?— 0
22. a. lim (¢t — [t)) b. lim (¢t — [t])
t—d4+t t—4-
Using lim M =1
60 0
Find the limits in Exercises 23-46.
. sinv20 . sinkt
23. 5:0 NGT) 24, I,LI% p (k constant)
25. Tim S23Y 26. lim —"
y—0 4y h—0- sin 3h
27, lim 202% 28. Tim —2-
x—0 X r—0 tan t
2
29, lim 227 30. lim 6x2(cot x)(csc 2x)
x—0 COSSx x—0
, .
31, lim X C08X 32, lim X Sy
x—0 Sin X Cos x x—0 2x
33. lim 1= cost — cos 6 34. lim X Xeosx — reosy
0—0 sin 20 x—0  sin?3x
35. lim sin(1 — cos 1) 36. lim sm(.sm h)
—0 1 — cost h—0 sinh
37, lim 219 38, Tim S0
* 9—0 sin 26 " x—0sin 4x
39. lim @ cos 6 40. lim sin # cot 260
00 00
41, 1im 2132 42, Tim SV 0Ly
x—0 sin 8x y—0 ycotdy

tan 6 0 cot 46
43. lim —— 4. lim —————
50 02 cot 30 500 sin2 0 cot? 20
45. lim 1 — cos3x 46. lim cos?x — cos x
X0 2x x—0 x2

Theory and Examples
47. Once you know 11m f(x) and hm f(x) at an interior point of

the domain of f do you then know hm f(x)? Give reasons for
your answer.

48. If you know that hm f(x) exists at an interior point of a domain

interval of f, can you find its value by calculating hm f(x)? Give
reasons for your answer.

49. Suppose that f is an odd function of x. Does knowing that
lirgl+ f(x) = 3 tell you anything about lirglﬁ f(x)? Give reasons
for your answer.

50. Suppose that f is an even function of x. Does knowing that
11m f(x) = 7 tell you anything about either lim f(x) or

X2~

11m f(x)? Give reasons for your answer.

Formal Definitions of One-Sided Limits

51. Given e > 0, find an interval I = (5,5 + §), 6 > 0, such that
if x lies in /, then vVx — 5 < ¢. What limit is being verified and
what is its value?

52. Givene > 0, find an interval I = (4 — 6,4), 6 > 0, such that
if x lies in /, then v4 — x < . What limit is being verified and
what is its value?

Use the definitions of right-hand and left-hand limits to prove the limit
statements in Exercises 53 and 54.

53. lim =~ = —1 54, lim X =2 _

x—0~ | x| x—27F |X — 2|

55. Greatest integer function Find (a) hm x]and(b) lim |[x];

x—4 x—400~

then use limit definitions to verify your ﬁndlngs (c) Based on
your conclusions in parts (a) and (b), can you say anything about
lian | x]? Give reasons for your answer.
X400
. o xZsin(1/x), x <0
56. One-sided limits Let f(x) =
Vx, x > 0.

Find (a) lim+ f(x) and (b) lim f(x); then use limit definitions
X0 X0~

to verify your findings. (¢) Based on your conclusions in parts (a)

and (b), can you say anything about lim f(x)? Give reasons for

your answer. o

m Limits Involving Infinity; Asymptotes of Graphs

In this section we investigate the behavior of a function when the magnitude of the indepen-
dent variable x becomes increasingly large, or x — +o00. We further extend the concept of
limit to infinite limits. Infinite limits provide useful symbols and language for describing the
behavior of functions whose values become arbitrarily large in magnitude. We use these
ideas to analyze the graphs of functions having horizontal or vertical asymptotes.



FIGURE 2.35 The graphofy = 1/x
approaches 0 asx — oo orx — —oo.

No matter what
positive number ¢ is,
the graph enters

this band atx = 7
and stays.

-
N

No matter what
positive number ¢ is,
the graph enters

this band atx=— 7
and stays.

FIGURE 2.36 The geometry behind the

argument in Example 1.
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Finite Limits as x — +oo

The symbol for infinity (co) does not represent a real number. We use oo to describe the
behavior of a function when the values in its domain or range outgrow all finite bounds. For
example, the function f(x) = 1/x is defined for all x = O (Figure 2.35). When x is positive
and becomes increasingly large, 1/x becomes increasingly small. When x is negative and its
magnitude becomes increasingly large, 1/x again becomes small. We summarize these obser-
vations by saying that f(x) = 1/x has limitOasx — ooorx — —oo,or that 0 is a limit of
f(x) = 1/x at infinity and at negative infinity. Here are precise definitions for the limit of a
function whose domain contains positive or negative numbers of unbounded magnitude.

DEFINITIONS
1. We say that f(x) has the limit L as x approaches infinity and write
lim f(x) = L

if, for every number e > 0, there exists a corresponding number M such that
for all x in the domain of f

|f(x) — L] < e whenever x > M.
2. We say that f(x) has the limit L as x approaches negative infinity and write
lim f(x) =L

if, for every number € > 0, there exists a corresponding number N such that
for all x in the domain of f
If(x) — L < ¢

whenever x < N.

Intuitively, lim f(x) = L if, as x moves increasingly far from the origin in the positive
direction, f(x) gets arbitrarily close to L. Similarly, lim f(x) = L if, as x moves increas-

ingly far from the origin in the negative direction, f(x) gets arbitrarily close to L.

The strategy for calculating limits of functions as x — +ooorasx — —oo is similar
to the one for finite limits in Section 2.2. There we first found the limits of the constant and
identity functions y = k and y = x. We then extended these results to other functions by
applying Theorem 1 on limits of algebraic combinations. Here we do the same thing,
except that the starting functions are y = k and y = l/xinsteadof y = kandy = x.

The basic facts to be verified by applying the formal definition are

.1
lim — = 0. (1)

x—*oo X

lim kK = k and

x—+00

We prove the second result in Example 1, and leave the first to Exercises 93 and 94.

EXAMPLE 1 Show that
.1 . 1
(@ lim — =0 (b) lim — = 0.
x—00 X x——00 X
Solution

(a) Lete > 0 be given. We must find a number M such that

‘l — 0‘ = ‘l‘ <e whenever x> M.

X X

The implication will hold if M = 1/¢ or any larger positive number (Figure 2.36). This
proves lim (1/x) = 0.
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T2 NOTTOSCALE

FIGURE 2.37 The graph of the
function in Example 3a. The graph
approaches the line y = 5/3 as | x|
increases.

(b) Lete > 0 be given. We must find a number N such that

- — O‘ = ‘l‘ < e whenever x < N.
X X

The implication will hold if N = —1/¢ or any number less than —1/e (Figure 2.36).
This proves lim (1/x) = 0. |

Limits at infinity have properties similar to those of finite limits.

THEOREM 7

All the Limit Laws in Theorem 1 are true when we replace lim by lim or lim .

X—C X — 00 X——0C

That is, the variable x may approach a finite number ¢ or F-occ.

EXAMPLE 2 The properties in Theorem 7 are used to calculate limits in the same
way as when x approaches a finite number c.

(a) lim (5 + l) — lim 5 + lim 1 Sum Rule
X —00 X X—00 x—00 X
=54+0=5 Known limits
M) lim ”—*?: lim 73 - 1.1
xX——00 X X——00 X X
— lim 73 lim L. im 1 product Rule
X——00 xX——00 X xX——00 X
= 7T\/§ -0-0=0 Known limits |

Limits at Infinity of Rational Functions

To determine the limit of a rational function as x — oo, we first divide the numerator
and denominator by the highest power of x in the denominator. The result then depends on
the degrees of the polynomials involved.

EXAMPLE 3 These examples illustrate what happens when the degree of the numera-
tor is less than or equal to the degree of the denominator.

(a) lim 5x2 +8x —3 — lim 5+ (S/X) - (3/)62) Divide numerator and

o0 3x2 + 2 0o 3+ (2/)62) denominator by x2.

= 3+0-0 = B See Fig. 2.37.
34+0 3

. Ix+2 . (11/x2) + (2/)63) Divide numerator and

(b) xEI_IlQQ 2x3 — 1 - xl_linoo 2 _ (1/x3) denominator by x3.

_0+0 _ 0 See Fig. 2.38. |
2-0

Cases for which the degree of the numerator is greater than the degree of the denomi-
nator are illustrated in Examples 10 and 14.

Horizontal Asymptotes

If the distance between the graph of a function and some fixed line approaches zero as a
point on the graph moves increasingly far from the origin, we say that the graph approaches
the line asymptotically and that the line is an asymptote of the graph.



FIGURE 2.38 The graph of the
function in Example 3b. The graph
approaches the x-axis as | x| increases.

_ =2
\/f(x)f FE

FIGURE 2.39 The graph of the
function in Example 4 has two
horizontal asymptotes.

2.5 Limits Involving Infinity; Asymptotes of Graphs 109

Looking at f(x) = 1/x (see Figure 2.35), we observe that the x-axis is an asymptote
of the curve on the right because

limL =0
x—00 X
and on the left because
lim L — 0.
xX——00 X

We say that the x-axis is a horizontal asymptote of the graph of f(x) = 1/x.

DEFINITION A line y = b is a horizontal asymptote of the graph of a func-
tion y = f(x)if either

lim f(x) = b or lim f(x) = b.

X—00 X——00

The graph of a function can have zero, one, or two horizontal asymptotes, depending
on whether the function has limits as x — oo and as x — —o0.
The graph of the function

_ 5x2 4+ 8x—3
f(x)_73x2+2

sketched in Figure 2.37 (Example 3a) has the line y = 5/3 as a horizontal asymptote on
both the right and the left because

lim f(x) = 2 and  lim f(x) = %

x—00 3 X——00

EXAMPLE 4 Find the horizontal asymptotes of the graph of

x3 -2

J@ =TT

Solution We calculate the limits as x — +o0.

3 _ 3 1 — (2/x3
Forx > O: limxgizzlimx 2:limM:
x—oo | x|” + 1 x—oo x3 + 1 xaool—‘r(]/)ﬁ)
3 _ 3 1—(2/x3
Forx < O: 1imx372:11mx732:11mM:_
x——oo|x|” + 1 x——oc0 (—x)7 + 1 x——oco —1 + (1/x3)
The horizontal asymptotes are y = —1 and y = 1. The graph is displayed in Figure 2.39.
Notice that the graph crosses the horizontal asymptote y = —1 for a positive value of x. ll

EXAMPLE 5 The x-axis (the line y = 0) is a horizontal asymptote of the graph of
y = e* because
lim e* = 0.
To see this, we use the definition of a limit as x approaches —oco. So lete > 0 be given, but
arbitrary. We must find a constant N such that
lex — 0] < & whenever x < N.

Now |e* — 0] = e~, so the condition that needs to be satisfied whenever x < N is

e’ < e.
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T €
|
|

N=Ine

FIGURE 2.40 The graphof y = e*
approaches the x-axis as x — —oo
(Example 5).

y

AV

FIGURE 2.41 Theliney = lisa
horizontal asymptote of the function
graphed here (Example 6b).

y

1
0.8
y=e 0.6
0.4
02

|
-3 -2 -1 0]

FIGURE 2.42 The graphof y = e'/*
for x < 0 shows lirélie'/" =0
(Example 7). o

Let x = N be the number where e* = €. Since e¢* is an increasing function, if x < N,
then e¥ < . We find N by taking the natural logarithm of both sides of the equation
eV = g,s0 N = In¢ (see Figure 2.40). With this value of N the condition is satisfied,
and we conclude that lim e* = 0. [ |

X——00

Sometimes it is helpful to transform a limit in which x approaches co to a new limit by
setting t = 1/x and seeing what happens as ¢ approaches 0.

EXAMPLE 6 Find (a) lim sin(1/x) and (b) lirin xsin (1/x).
Solution

(a) We introduce the new variable t = 1/x. From Example 1, we know that t — 0 as
x — oo (see Figure 2.35). Therefore,

. .1 . .
lim sin— = lim sint = 0.
X—00 X t—0+t

(b) We calculate the limits as x — ocoand x — —o0:

. . . sint . . . sint
lim xsml = lim — =1 and lim xsml = lim — = 1.
X—00 X t—0t t X——00 X t—0- f
The graph is shown in Figure 2.41, and we see that the line y = 1 is a horizontal
asymptote. |

Similarly, we can investigate the behavior of y = f(1/x) as x — 0 by investigating
y = f(t)ast — oo, wheret = 1/x.

EXAMPLE 7 Find lim eV~

x—0"

Solution Weletr = 1/x. From Figure 2.35, we can see thatt — —ooasx — 0. (We
make this idea more precise further on.) Therefore,

lim e = lim e’ = 0

x—0— t——00

(Figure 2.42). [ |

Example 5

The Sandwich Theorem also holds for limits as x — Z4-00. You must be sure, though,
that the function whose limit you are trying to find stays between the bounding functions
for all very large x in the positive direction (if x — o0) or all very large x in the negative
direction (if x — —o0).

EXAMPLE 8 Using the Sandwich Theorem, find the horizontal asymptote of the curve

sin x
y=2+

Solution We are interested in the behavior as x — =+o0. Since

sin x

0<

<[
X X
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FIGURE 2.43 A curve may cross one of

its asymptotes infinitely often (Example 8).

The vertical distance
between curve and
line goes to zero as x —>+ oo

Oblique
T asymptote

FIGURE 2.44 The graph of the function
in Example 10 has an oblique asymptote.
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and lim |1/x| = 0,wehave lim (sinx)/x = 0 by the Sandwich Theorem. Hence,
x—Foo x—+oo
lim (2+Smx) —2+40=2,
x—+o00 X

and the line y = 2 is a horizontal asymptote of the curve on both left and right (Figure 2.43).
This example illustrates that a curve may cross one of its horizontal asymptotes many
times. ]

EXAMPLE9  Find lim (x — Vx2 + 16).

X—00

Solution Both of the terms x and v/x? + 16 approach infinity as x — o0, so what hap-
pens to the difference in the limit is unclear (we cannot subtract co from oo because the
symbol does not represent a real number). In this situation we can multiply the numerator
and the denominator by the conjugate radical expression to obtain an equivalent algebraic
expression:

[ 2 Multiply and
lim <x — Vx? + 16) = lim (x — Jx2 + 16)w divide by the
roee rmee X+ Vx? +16 conjugate.
2 _ 2 —
~ qim ¥ (x> +16) i 16

sox x4 X2 + 16 x4+ x2 + 16

As x — 00, the denominator in this last expression becomes arbitrarily large, while the
numerator remains constant, so we see that the limit is 0. We can also obtain this result by
a direct calculation using the Limit Laws:

_16
. —16 . X 0
lim ———————— = lim = =0
x=00 x 4 Afx2 + 16 xoe x2 | 16 1+~1+0
Py T N

Oblique Asymptotes

If the degree of the numerator of a rational function is 1 greater than the degree of the
denominator, the graph has an oblique or slant line asymptote. We find an equation for
the asymptote by dividing numerator by denominator to express f as a linear function plus
a remainder that goes to zero as x — =£oc.

EXAMPLE 10 Find the oblique asymptote of the graph of

x2 -3
2x — 4

fx) =

in Figure 2.44.

Solution We are interested in the behavior as x — Z£oo. We divide (2x — 4) into
(x2 —3):

X

5—5—1

2x—4)m
x? — 2x

2x — 3

2x — 4

1



112

Chapter 2 Limits and Continuity

y

You can get as high
as you want by
taking x close enough
to 0. No matter how
high B is, the graph

! |goes higher.

You can get as low as| ¢
you want by taking

= ——
<
Il
=l

No matter how
low —B is, the
graph goes lower.

» —B

x close enough to 0.

FIGURE 2.45 One-sided infinite limits:
.1 .1
lim = = o0 and lim — = —
x—0F X x—0" X
y

FIGURE 2.46

Near x = 1, the function

y = 1/(x — 1) behaves the way the

function y = 1/x behaves near x = 0.

Its graph is the graph

of y = 1/x shifted 1

unit to the right (Example 11).

This tells us that

f(x) =

r o (x ) ( : )
= | = 1

2x — 4 2+ +2x—4
—— —_—

linear g(x) remainder

As x — =00, the remainder, whose magnitude gives the vertical distance between the
graphs of f and g, goes to zero, making the slanted line

X
= — 1
g(x) > +

an asymptote of the graph of f (Figure 2.44). The line y = g(x) is an asymptote both to
the right and to the left. |

Notice in Example 10 that if the degree of the numerator in a rational function is
greater than the degree of the denominator, then the limit as | x| becomes large is 0o or
—o0, depending on the signs assumed by the numerator and denominator.

Infinite Limits

Let us look again at the function f(x) = 1/x.As x — 0%, the values of f grow without
bound, eventually reaching and surpassing every positive real number. That is, given any
positive real number B, however large, the values of f become larger still (Figure 2.45).

Thus, f has no limitas x — 0. It is nevertheless convenient to describe the behavior
of f by saying that f(x) approaches co as x — 0. We write

lim 1 = oQ.

lim f(x) =
x—0t f( ) x—0t x

In writing this equation, we are not saying that the limit exists. Nor are we saying that there

is a real number oo, for there is no such number. Rather, this expression is just a concise

way of saying that lim+ (1/x) does not exist because 1/x becomes arbitrarily large and
x—0

positive as x — 0.

As x — 07, the values of f(x) = 1/x become arbitrarily large and negative. Given
any negative real number —B, the values of f eventually lie below —B. (See Figure 2.45.)
We write

lim f(x) = lim + = —oc,
x—0~ x—0" X

Again, we are not saying that the limit exists and equals the number —oco. There is no real
number —oo. We are describing the behavior of a function whose limitas x — 0~ does not
exist because its values become arbitrarily large and negative.

EXAMPLE 11 Find lim

x—1t X —

and lim
x—1" X — l

Geometric Solution The graph of y = 1/(x — 1) is the graph of y = 1/x shifted 1 unit
to the right (Figure 2.46). Therefore, y = 1/(x — 1) behaves near 1 exactly the way
y = 1/x behaves near 0:

lim —— —

and =
x—1— X — 1

1 = o
xﬂ]*_x—l

—o0.
Analytic Solution Think about the number x — 1 and its reciprocal. As x — 1F, we
have (x —1) — 0% and 1/(x —1) — oco. As x — 17, we have (x —1) — 0~ and
/(x = 1) — —o0. [ |
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FIGURE 2.47 The graph of f(x) in

Example 12 approaches infinity as x — 0.
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EXAMPLE 12 Discuss the behavior of

f(x):L2 as x — 0.
X

Solution  As x approaches zero from either side, the values of 1/x? are positive and
become arbitrarily large (Figure 2.47). This means that

11m flx) = 11m 1 Q.
0 x2
The function y = 1/x shows no consistent behavior as x — 0. We have 1/x — oo if
x — 0, butl/x — —ooif x — 0. All we can say about lirré(l/x) is that it does not

exist. The function y = 1/x? is different. Its values approach infinity as x approaches zero
from either side, so we can say that lim (1/x2?) = oc. |
x—0

EXAMPLE 13 These examples illustrate that rational functions can behave in various
ways near zeros of the denominator.
(x 2)2 (x — 2)2 x 2 Can substitute 2 for x after

(a) lim ~—=%~ = lim = lim Z— = 0 algebraic manipulation
x—2 x2 — 4 =2 (x —2)(x + 2) x—=2Xx 4 2

eliminates division by 0.

Again substitute 2 for x

(b) lim 2 —= —2 _jim—*=2 gL _1
x—2x2 — 4 =2 (x — 2D)(x + 2) x—2x + 2 4

after algebraic manipulation
eliminates division by 0.

(c) lim x—3 lim x—3 0 The values are negative
w2t x2 — 4 a2t (x — 2)(x + 2) for x > 2, x near 2.
-3 . x—3 The values are positive
@ xligl x2 —4 xllgl— (x —2)(x +2) = > for x < 2, x near 2.
x—3 . x —3 . Limits from left and from
e) lim —— = lim —————— does not exist. _
(e) =2 x2 — 4 x—2(x —2)(x + 2) right differ.
Denominator is positive,
.2 —x o—(x —2 . — p
) lim ——— = hm(—) = lim ————— = —o0 so values are negative
3 3 2
=2 (x —2) =2 (x — 2) =2 (x —2) near x = 2.

In parts (a) and (b), the effect of the zero in the denominator at x = 2 is canceled
because the numerator is zero there also. Thus a finite limit exists. This is not true in part
(f), where cancellation still leaves a zero factor in the denominator. |

5 4
EXAMPLE 14 Find lim 22— 0" +1
x—-o00 3x2 4+ x—17

Solution We are asked to find the limit of a rational function as x — —o0, so we divide
the numerator and denominator by x2, the highest power of x in the denominator:

X5 — 6xd 3 Gy2 -2
lim 6x% + 1 — lim 2x 6x2 + x
x——00 3x2+x—7 x——o0 3 4 x 1 — Tx2
— lim 2x2(x —3) 4+ x2
= lim
x——00 34 x 1 —7x2

= —0Q, x " —0,x—3— -

because the numerator tends to —oo while the denominator approaches 3 asx — —oo. W
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y=f()

[y R ———

c—90 c+46

FIGURE 2.48 Forc — 6 < x < ¢ + 0,
the graph of f(x) lies above the line
y = B.

\ =5 c+6 /
\ / X

y=fx)

O S

—
—_—

FIGURE 2.49 Forc —6 < x < c¢ + 6,
the graph of f(x) lies below the line
y = —B.

Precise Definitions of Infinite Limits

Instead of requiring f(x) to lie arbitrarily close to a finite number L for all x sufficiently close
to ¢, the definitions of infinite limits require f(x) to lie arbitrarily far from zero. Except for
this change, the language is very similar to what we have seen before. Figures 2.48 and 2.49
accompany these definitions.

DEFINITIONS
1. We say that f(x) approaches infinity as x approaches ¢, and write

lim f(x) = oo,

if for every positive real number B there exists a corresponding 6 > 0 such
that
f(x) > B whenever 0 < |x —c| <.

2. We say that f(x) approaches negative infinity as x approaches ¢, and write

lim f(x) = —o0,

X—cC
if for every negative real number —B there exists a corresponding 6 > 0

such that
f(x) < =B whenever 0 < |x —c| < 6.

The precise definitions of one-sided infinite limits at ¢ are similar and are stated in the
exercises.

EXAMPLE 15 Prove that lim — = oc,

x—0 X

Solution Given B > 0, we want to find 6 > 0 such that

1 S B whenever 0 <|x—=0] <.

X2
Now,

L B ifandonlyif x? < %

or, equivalently,

1
< —.
BN
Thus, choosing 6 = 1/ ~/B (or any smaller positive number), we see that
if0 <|xl <6 then %>6i223.

Therefore, by definition,



Vertical asymptote

Horizontal
asymptote

—_—

FIGURE 2.50 The coordinate axes are
asymptotes of both branches of the hyper-

bolay = I/x.

Vertical
asymptote,
x==2

Horizontal
asymptote,
y=1

Vertical asymptote,

= =

=5 —4 =3\

FIGURE 2.51 The lines y = 1and
x = —2 are asymptotes of the curve in

Example 16.
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Vertical Asymptotes

Notice that the distance between a point on the graph of f(x) = 1/x and the y-axis
approaches zero as the point moves nearly vertically along the graph and away from the
origin (Figure 2.50). The function f(x) = 1/x is unbounded as x approaches 0 because

1 1

Iim — = © and lim — = —o0.
x—0t Xx x—0" X

We say that the line x = 0 (the y-axis) is a vertical asymptote of the graph of f(x) = 1/x.
Observe that the denominator is zero at x = 0 and the function is undefined there.

DEFINITION A line x = a is a vertical asymptote of the graph of a function
y = f(x)if either

lim+ f(x) = +© or lim f(x) = oo

X—a

EXAMPLE 16 Find the horizontal and vertical asymptotes of the curve

:x—|—3
x+2

Solution We are interested in the behavior as x — =400 and the behavior as x — —2,

where the denominator is zero.
The asymptotes are revealed if we recast the rational function as a polynomial with a

remainder, by dividing (x + 2) into (x + 3):

1
x+2)x+3
x+ 2
1

This result enables us to rewrite y as

=1+ .

Y x+2
We see that the curve in question is the graph of f(x) = 1/x shifted 1 unit up and
2 units left (Figure 2.51). The asymptotes, instead of being the coordinate axes, are now the
linesy = land x = —2. As x — =00, the curve approaches the horizontal asymptote
y = l;asx — —2, the curve approaches the vertical asymptote x = —2. ]

EXAMPLE 17 Find the horizontal and vertical asymptotes of the graph of

8
X) = ——.
f) = ———
Solution We are interested in the behavior as x — 400 and as x — +2, where the
denominator is zero. Notice that f is an even function of x, so its graph is symmetric with
respect to the y-axis.
(@) The behavior as x — Z+oo. Since lim f(x) = 0, the line y = 0 is a horizontal

X—00

asymptote of the graph to the right. By symmetry it is an asymptote to the left as well
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y
y=- 8
x2—4
Vertical
Vertical asymptote, x =2
asymptote, Horizontal
x=-2

asymptote, y =0

—3-2-10] 1 2 3

FIGURE 2.52 Graph of the function

in Example 17. Notice that the curve
approaches the x-axis from only one side.
Asymptotes do not have to be two-sided.

FIGURE 2.53 The vertical linex = 0
is a vertical asymptote of the natural
logarithm function (Example 18).

(Figure 2.52). Notice that the curve approaches the x-axis from only the negative side
(or from below). Also, f(0) = 2.

(b) The behavior as x — =+2. Since
lirn+ f(x) = —o0 and lim f(x) = oo,
x—2 x—27
the line x = 2 is a vertical asymptote both from the right and from the left. By sym-
metry, the line x = —2 is also a vertical asymptote.

There are no other asymptotes because f has a finite limit at all other points. |

EXAMPLE 18 The graph of the natural logarithm function has the y-axis (the line
x = 0) as a vertical asymptote. We see this from the graph sketched in Figure 2.53 (which
is the reflection of the graph of the natural exponential function across the line y = x) and
the fact that the x-axis is a horizontal asymptote of y = e* (Example 5). Thus,

lim Inx = —o0.
x—0t
The same result is true for y = log, x whenevera > 1. |
EXAMPLE 19 The curves
sin x
y = secx = and y = tanx =
cos x cos x

both have vertical asymptotes at odd-integer multiples of 7/2, which are the points where
cosx = O (Figure 2.54).

y=secx y=tanx

—_
T

t5
=
Pl
Q.
(98]
]
)
g
3
=
To
3
3
5]
E|

FIGURE 2.54 The graphs of secx and tanx have infinitely many vertical asymptotes
(Example 19). |

Dominant Terms
In Example 10 we saw that by using long division, we can rewrite the function

x2 -3
2x — 4

fx) =

as a linear function plus a remainder term:

fo = (§+1)+(2x1—4).
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FIGURE 2.55 The graphs of f
and g are (a) distinct for | x| small,
and (b) nearly identical for | x| large
(Example 20).
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This tells us immediately that

For x large: flx) ~ % + 1 ﬁ is near 0.

1
—4

For x near 2:

f) =

This term is very large in absolute value.
2x
If we want to know how f behaves, this is one possible way to find out. It behaves like
y = (x/2) + 1 when |x| is large and the contribution of 1/(2x — 4) to the total value
of f is insignificant. It behaves like 1/(2x — 4) when x is so close to 2 that 1/(2x — 4)
makes the dominant contribution.

We say that (x/2) + 1 dominates when x approaches oo or —oo, and we say that
1/(2x — 4) dominates when x approaches 2. Dominant terms like these help us predict a
function’s behavior.

EXAMPLE 20 Let f(x) = 3x* — 2x3 + 3x2 — 5x + 6 and g(x) = 3x*. Show
that although f and g are quite different for numerically small values of x, they behave sim-
ilarly for very large | x|, in the sense that their ratios approach 1 asx — coorx — —oo.

Solution The graphs of f and g behave quite differently near the origin (Figure 2.55a),
but appear as virtually identical on a larger scale (Figure 2.55b).

We can test that the term 3x* in f, represented graphically by g, dominates the polyno-
mial f for numerically large values of x by examining the ratio of the two functions as
x — =oo. We find that

4 _ 9,3 2
lim f(x) — lim 3x 2x3 + 3x 5x + 6
x—to0 g(x)  x—ioo 3x*
. 2 1 5 2
— fim (1- 2+ 1L 3 —)
i 3x  x2  3x3 0 x¢
= 1’

which means that f and g appear nearly identical when | x| is large.

DGR 2.5

Finding Limits y
1. For the function f whose graph is given, determine the following
limits. Write co or —oo where appropriate. 3
L . i

a. lim f(x) b. lim f(x) _/ f

c. lim f(x) d. lim f(x) —6 —5 —4 Z/l_l \/2 3456
e. xlir(r)l+ f(x) f. Xlg(?— f(x) L,

2. 1irr(1) f(x) h. lim f(x) —3

. li{n fx)
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2. For the function f whose graph is given, determine the following
limits. Write co or —oo where appropriate.
b. xlirgl+ f(x)

a. lim /(x) e lim f(x)

d. lim f(x) e. lim f(x) f. lim f(x)

g lim f(x) h. lim f(x) io lim f(x)

Ji lim f(x) k. lim f(x) L lim f(x)
v

{73 -

In Exercises 3-8, find the limit of each function (a) as x — oo and
(b) as x — —oo. (You may wish to visualize your answer with a
graphing calculator or computer.)

2 2
3. fx)y ==-3 4. f(x) =7 - =
X X
5. g(x) = ——— 6. g(x) = —
2+ (1x) 8 — (5/x2)
-5+ (7/x) 3 —(2/x)
7. h = — 8. h = - T
R F REEACAT
Find the limits in Exercises 9—12.
9. lim S12% 10. lim <0
X—00 X O——oc0 39
1. lim 2 tFsin? 12. lim — - S7

t——co I + cost r—cc2r + 7 — S5sinr

Limits of Rational Functions

In Exercises 13-22, find the limit of each rational function (a) as
x — oo and (b) as x — —oo. Write co or —oo where appropriate.

13 () = 253 14. [(x) = %
15, f) = S 16. f(x) = 247

17. () = % 18 1) = 5 +9);12+_xx +6
19, g0y = 10X XL gy, g xHTat 22

21 f(x) = % 22. h(x) = %

Limitsasx — occorx — —oo
The process by which we determine limits of rational functions applies
equally well to ratios containing noninteger or negative powers of x.

Divide numerator and denominator by the highest power of x in the
denominator and proceed from there. Find the limits in Exercises
23-36. Write co or —oo where appropriate.

2 _ 2 _ 1\
23. lim 32 =3 24. lim (L"l)
X—00 2x2 + x xX——00 8.X2 — 3
oy3 ) 2 _
25. lim (—1 x ) 26. lim (|- — %
x——oo\ X2 4+ Tx x—oo VX3 4+ x —2

—1
27, fim 2 A x! 28, 1im 2+ VX
oo 3x — 7 x—o 2 — Vx
. = Rx ox b4 x
S LN Rl ")
2x33 — x¥3 47 . x —5x+3
3. lim 2 - — X+ 32 lim X —2X 0
g x¥5 + 3x + Vx i 2x + x¥ — 4
2 2
33, lim Y"1 34, lim Y +1
X—00 x+l X——00 x+1
. -3 .4 3x3
35, lim —=2—=2 36. lim 2 —2%
x—oo/4x2 + 25 x=—00/x0 + 9

Infinite Limits
Find the limits in Exercises 37—48. Write oo or —oc where appropriate.

| 5
7. lim L lim =
3 xi%lJr 3X 38 Vir(l)’l’ 2.X
. 3 .
39. lim 40. lim
x—2-x — 2 =3t x —3
41. 2x 42. lim —%
x——8t X + 8 x——5-2x + 10
43, lim —+ 44, lim ———
=7 (x —7) —0xZ(x +1)

. 2 .
45. a. xlir(?+ EYTEl b. xli%l— 3
.2 2
oo lim IR SE
4 1
s 48

Find the limits in Exercises 49—-52. Write co or —oc where appropriate.

49. lim tanx 50. lim secx
x—(m)2)” x—(=m/2)*

51. elir(r)li (1 + csch) 52. lim (2 — cot )

6—0

Find the limits in Exercises 53—58. Write oo or —oc where appropriate.

53. lim as
x2 —
a.x — 2F b.x — 2-
c.x — =2+ d.x —» —2-

54. lim —~— as
x2 —1

a.x — 1+ b.x — 1~

c.x — —1F d.x —» —1-



2
s5. 1im(’“7 . l) as

X
ax — 0 b.x — 0~
cx— 2 dx — —1

56. lim ;;;i as
a. x — —2% b. x — =2~
c.x — 1t dx — 0~

57.limw as

x3 — 2x?
ax — 0F b.x — 27
c.x — 2° dx — 2

e. What, if anything, can be said about the limitas x — 07?

2 _
58.lim% as
a.x — 2F b. x — =2+
c.x — 0~ d.x — 1t

e. What, if anything, can be said about the limit as x — 07?

Find the limits in Exercises 59-62. Write oo or —oc where appropriate.

59. lim(2 — t%) as

a.t — 0F b.t — 0~

60. lim(# + 7) as

a.t — 0F b.t — 0~

. 1 2
61. llm(w + m) as

a.x — 0t b.x — 0~

c.x — 1F d.x — 1~

. 1 1
62.11m(m7m) as

a.x — 0F b.x — 0~

c.x — 1F d.x — 1~

Graphing Simple Rational Functions
Graph the rational functions in Exercises 63—68. Include the graphs
and equations of the asymptotes and dominant terms.

1 1
63. y = 64. y =
Y x —1 Y x +1
1 -3
65. y = 66. y =
Y 2x + 4 Y x—3
3 2x
67.y = X T 68. v — — =X
Y x+ 2 Y x + 1

Domains and Asymptotes
Determine the domain of each function in Exercises 69—74. Then use
various limits to find the asymptotes.

3x2 2x

69.y = 4 70. v =
Y +x2+1 Y x2 —1
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8 — e 4e* + e?*
7.y = ——— Ty = T
Y 2+ e Y eX + e
/2 3
73.y:x7—|—4 74. y = 3x
X x3 =8

Inventing Graphs and Functions

In Exercises 75-78, sketch the graph of a function y = f(x) that sat-
isfies the given conditions. No formulas are required—just label the
coordinate axes and sketch an appropriate graph. (The answers are not
unique, so your graphs may not be exactly like those in the answer
section.)

75. f(0) = 0, f() = 2, f(=1) = =2, lim f(x) = —1,and
lim f(x) = 1 A

76. f(0) = O, lirin f(x) =0, lirél+ f(x) = 2, and
lir(l)l f(x) = =2

77. f(0) = 0, lim f(x) = 0, lim f(x) = lim_f(x) = o,

lirP+ f(x) = —o0, and 1irr}7 f(x) = —0

78. f(2) = 1.f(=1) = 0, lim f(x) = 0, lim f(x) = ox,

111})17 f(x) = —oo,and lim f(x) =1

In Exercises 79-82, find a function that satisfies the given conditions
and sketch its graph. (The answers here are not unique. Any function
that satisfies the conditions is acceptable. Feel free to use formulas
defined in pieces if that will help.)

79. lim f(x) = 0, lirgli f(x) = oo, and lirgl+ f(x) = o0

x—=+o0

80. ligl g(x) = 0, lilgl g(x) = —o0, and lil?+ g(x) = o0

81. lim h(x) = —1 lim h(x) = 1. lim h(x) = —1,and

X——00

)611‘1(’1)1+ h(x) =1
82. ’lirin k(x) =1, lirﬁ k(x) = oo, and liIPA k(x) = —0

83. Suppose that f(x) and g(x) are polynomials in x and that
lim (f(x)/g(x)) = 2. Can you conclude anything about

lim ; (f(x)/g(x))? Give reasons for your answer.

84. Suppose that f(x) and g(x) are polynomials in x. Can the graph of
f(x)/g(x) have an asymptote if g(x) is never zero? Give reasons
for your answer.

85. How many horizontal asymptotes can the graph of a given rational
function have? Give reasons for your answer.

Finding Limits of Differences When x — +oo
Find the limits in Exercises 86-92. (Hint: Try multiplying and dividing
by the conjugate.)

86. lim (Vx + 9 — Vx + 4)

X—00

87. lim (Vx? + 25 — v/x? — 1)

88. ]iIP (x/x2 + 3+ x)
89. ’lirin (2x + V4x? 4+ 3x — 2)
90. lim (Vox> — x — 3x)
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91. lim (\/x2 + 3x — Vx2 — 2x>

X—00

92. lim (\/x2 +x — Vx2 — x)

X—00

Using the Formal Definitions
Use the formal definitions of limits as x — o0 to establish the limits
in Exercises 93 and 94.

93. If f has the constant value f(x) = k,then lim f(x) = k.

94. If f has the constant value f(x) = k, then ‘lim fx) = k.

Use formal definitions to prove the limit statements in Exercises 95-98.

=1 96. lim - = oo

95. lim— = —o0
x—0 x2 x—0 | x|
. -2 - . 1 o
97. lim ———— = —o0 98. lim —— = o©
x—3 (x — 3) x—=5 (X + 5)2

99. Here is the definition of infinite right-hand limit.

Suppose that an interval (¢, d) lies in the domain of f. We
say that f(x) approaches infinity as x approaches ¢ from the
right, and write

lim f(x) = oo,

if, for every positive real number B, there exists a corre-
sponding number § > 0 such that

f(x) > B whenever ¢ < x < ¢+ 6.

Modify the definition to cover the following cases.

a. lim f(x) = o

b. lim+ f(x) = —0
c. lim f(x) = —x

xX—co

Use the formal definitions from Exercise 99 to prove the limit state-
ments in Exercises 100-104.

101, 1im + = —
x—0~" X

.1
lim — =
x—0t X

100.

102. lim —— — oo 103. lim 0
x—2-x — 2 x—2+t x —

104. lim —— =
x—1" — x2

Oblique Asymptotes
Graph the rational functions in Exercises 105-110. Include the graphs
and equations of the asymptotes.

2 2
105. y — =X 106, y — =t 1
x —1 x —1
2 _ 2 _
107. y = X =4 108 y — X —1
x —1 2x + 4
2 _ 3
109, y — <=1 1o, y = > +1
X X

Additional Graphing Exercises
Graph the curves in Exercises 111-114. Explain the relationship
between the curve’s formula and what you see.

—1
1.y = —* 112, y = ———
y V4 — x? Y V4 — x?
113.)1:)62/3—i-le/3 114. y = sin x27r+1)

Graph the functions in Exercises 115 and 116. Then answer the fol-
lowing questions.

a. How does the graph behave asx — 01?
b. How does the graph behave as x — 400?

c¢. How does the graph behave nearx = landx = —17?

Give reasons for your answers.

3 1 2/3
115. y = —( - —)
Y 2 . X
3 X 2/3
116. y = —( )
) PP

m Continuity
y When we plot function values generated in a laboratory or collected in the field, we often
connect the plotted points with an unbroken curve to show what the function’s values are
250 % likely to have been at the points we did not measure (Figure 2.56). In doing so, we are
0; assuming that we are working with a continuous function, so its outputs vary regularly and
125 0, consistently with the inputs, and do not jump abruptly from one value to another without
4l [ taking on the values in between. Intuitively, any function y = f(x) whose graph can be

0 5

FIGURE 2.56 Connecting plotted points.

sketched over its domain in one unbroken motion is an example of a continuous function.
Such functions play an important role in the study of calculus and its applications.

Continuity at a Point

To understand continuity, it helps to consider a function like that in Figure 2.57, whose
limits we investigated in Example 1 in the last section.



0 1 2 3 4

FIGURE 2.57 The function is not
continuousatx = 1, x = 2, and x = 4
(Example 1).
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EXAMPLE 1 At which numbers does the function f in Figure 2.57 appear to be not
continuous? Explain why. What occurs at other numbers in the domain?

Solution First we observe that the domain of the function is the closed interval [O, 4], SO
we will be considering the numbers x within that interval. From the figure, we notice right
away that there are breaks in the graph at the numbers x = 1, x = 2, and x = 4. The
break at x = 1 appears as a jump, which we identify later as a “jump discontinuity.” The
break at x = 2 is called a “removable discontinuity” since by changing the function defi-
nition at that one point, we can create a new function that is continuous at x = 2. Simi-
larly, x = 4 is a removable discontinuity.

Numbers at which the graph of f has breaks:
At the interior point x = 1, the function fails to have a limit. It does have both a left-
hand limit, hm f(x) = 0, as well as a right-hand limit, hm f(x) = 1, but the limit val-

ues are dlfferent resulting in a jump in the graph. The functlon is not continuous at x = 1.
However, the function value f(1) = 1 is equal to the limit from the right, so the function is
continuous from the right at x = 1.

At x = 2, the function does have a limit, lim f(x) = 1, but the value of the function
is f(2) = 2. The limit and function values are 1210t the same, so there is a break in the
graph and f is not continuous at x = 2.

Atx = 4, the function does have a left-hand limit at this right endpoint, lirili fx) =1,

but again the value of the function f(4) = 1 differs from the value of the limit. We see
again a break in the graph of the function at this endpoint and the function is not continu-
ous from the left.

Numbers at which the graph of f has no breaks:
At x = 3, the function has a limit, lirr; f(x) = 2. Moreover, the limit is the same

value as the function there, f(3) = 2. ThéV Function is continuous at x = 3.

At x = 0, the function has a right-hand limit at this left endpoint, lim+ flx) =1,

x—0

and the value of the function is the same, f(0) = 1. The function is continuous from the
right at x = 0. Because x = 0 is a left endpoint of the function’s domain, we have that
1iII(1) f(x) = 1 and so fis continuous at x = 0.

At all other numbers x = c in the domain, the function has a limit equal to the value
of the function, so hm f(x) = f(c). For example, hm fx) = f(5/2) = 3/2. No

breaks appear in the graph of the function at any of these numbers and the function is con-
tinuous at each of them. |

The following definitions capture the continuity ideas we observed in Example 1.

DEFINITIONS Let ¢ be a real number that is either an interior point or an end-
point of an interval in the domain of f.

The function f is continuous at ¢ if
lim f(x) = f(c).
The function f is right-continuous at ¢ (or continuous from the right) if
lim f(x) = f(c).
The function f is left-continuous at ¢ (or continuous from the left) if

lim f(x) = f(o).
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Continuity Two-sided
from the right ~ continuity

—y from the left
m

y=f

Continuity

I
| | |
I I I
I I I
I I I
L L L X
a c b

FIGURE 2.58 Continuity at points a, b,
and c.

FIGURE 2.59 A function that
is continuous over its domain
(Example 2).

y=Ux)

or

FIGURE 2.60 A function that has
a jump discontinuity at the origin

(Example 3).
y
4+ —
3 —0
y=lx
2+ *—0
I e—o
I I I I X
-1 1 2 3 4
—
—_— 2
FIGURE 2.61 The greatest integer

function is continuous at every noninte-
ger point. It is right-continuous, but not
left-continuous, at every integer point
(Example 4).

The function f in Example 1 is continuous at every x in [0, 4] except x = 1, 2, and 4.
It is right-continuous but not left-continuous at x = 1, neither right- nor left-continuous at
x = 2, and not left-continuous at x = 4.

From Theorem 5, it follows immediately that a function f is continuous at an interior
point ¢ of an interval in its domain if and only if it is both right-continuous and left-continuous
at ¢ (Figure 2.58). We say that a function is continuous over a closed interval [a, b] if
it is right-continuous at a, left-continuous at b, and continuous at all interior points of the
interval. This definition applies to the infinite closed intervals [a, c0) and (— oo, b] as well,
but only one endpoint is involved. If a function is not continuous at point ¢ of its domain,
we say that f is discontinuous at ¢ and that f has a discontinuity at c¢. Note that a function
f can be continuous, right-continuous, or left-continuous only at a point ¢ for which f(c)
is defined.

EXAMPLE 2 The function f(x) = ~4 — x?2 is continuous over its domain [—2, 2]
(Figure 2.59). It is continuous at all points of this interval, including the endpoints x = —2
andx = 2. |
EXAMPLE 3 The unit step function U(x), graphed in Figure 2.60, is right-continuous

atx = 0, but is neither left-continuous nor continuous there. It has a jump discontinuity at
x = 0. |

At an interior point or an endpoint of an interval in its domain, a function is continuous
at points where it passes the following test.

Continuity Test

A function f(x) is continuous at a point x
three conditions.
1. f(c) exists

2.

3.

c if and only if it meets the following

(c lies in the domain of f').
lim f(x) exists (fhas alimitas x — c).

lim £(x) = f(©)

(the limit equals the function value).

For one-sided continuity, the limits in parts 2 and 3 of the test should be replaced by
the appropriate one-sided limits.

EXAMPLE 4 The function y = [ x| introduced in Section 1.1 is graphed in Figure 2.61.
It is discontinuous at every integer n, because the left-hand and right-hand limits are not
equal asx — n:

lim|x]=n—-1 and lim (x| = n.
x—n— x—nt
Since |n] = n, the greatest integer function is right-continuous at every integer n (but not

left-continuous).
The greatest integer function is continuous at every real number other than the integers.
For example,
lim [x] =1 = [1.5].

x—1.5
In general, if » — 1 < ¢ < n, n an integer, then

limlx] =n-—1 lcl. [ |

X—C
Figure 2.62 displays several common ways in which a function can fail to be continuous.

The function in Figure 2.62a is continuous at x = 0. The function in Figure 2.62b does
not contain x = 0 in its domain. It would be continuous if its domain were extended so



y

FIGURE 2.63 The function f(x) = 1/x
is continuous over its natural domain. It is
not defined at the origin, so it is not con-
tinuous on any interval containing x = 0
(Example 5).
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that £(0) = 1. The function in Figure 2.62¢c would be continuous if f(0) were 1 instead of
2. The discontinuity in Figure 2.62c¢ is removable. The function has a limit as x — 0, and
we can remove the discontinuity by setting f(0) equal to this limit.

The discontinuities in Figure 2.62d through f are more serious: )1(111(1) f(x) does not

exist, and there is no way to improve the situation by appropriately defining f at 0. The step
function in Figure 2.62d has a jump discontinuity: The one-sided limits exist but have
different values. The function f(x) = 1/x? in Figure 2.62e has an infinite discontinuity.
The function in Figure 2.62f has an oscillating discontinuity: It oscillates so much that its
values approach each number in [—1,1] as x — 0. Since it does not approach a single
number, it does not have a limit as x approaches 0.

2
y=fx) =) y=fx)
y=5x)

A A
A Ve IVe °

(a) (b) (© (d)

y y )
1 y=sin —
y=f(x)=; 1
. 0 X
o x
_l_

©) ()

FIGURE 2.62 The function in (a) is continuous at x = 0; the functions in (b) through (f) are not.

Continuous Functions

We now describe the continuity behavior of a function throughout its entire domain, not
only at a single point. We define a continuous function to be one that is continuous at
every point in its domain. This is a property of the function. A function always has a speci-
fied domain, so if we change the domain, then we change the function, and this may change
its continuity property as well. If a function is discontinuous at one or more points of its
domain, we say it is a discontinuous function.

EXAMPLE 5

(a) The function f(x) = 1/x (Figure 2.63) is a continuous function because it is continu-
ous at every point of its domain. The point x = 0 is not in the domain of the function
/. so f is not continuous on any interval containing x = 0. Moreover, there is no way
to extend f to a new function that is defined and continuous at x = 0. The function f
does not have a removable discontinuity at x = 0.

(b) The identity function f(x) = x and constant functions are continuous everywhere by
Example 3, Section 2.3. n

Algebraic combinations of continuous functions are continuous wherever they are
defined.
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THEOREM 8 —Properties of Continuous Functions
If the functions f and g are continuous at x = c, then the following algebraic
combinations are continuous at x = c.

1. Sums: f+g

2. Differences: f—g

3. Constant multiples: k - f, for any number k

4. Products: f-g

5. Quotients: f/g. provided g(c) = 0

6. Powers: f", napositive integer

7. Roots: 2/f, provided it is defined on an interval

containing ¢, where 7 is a positive integer

Most of the results in Theorem 8 follow from the limit rules in Theorem 1, Section 2.2.
For instance, to prove the sum property we have

£ini(f + g)x) = }Cing(f(x) + g(x))
= lim f(x) + lim g(x) Sum Rule, Theorem 1

= f(c) + glo) Continuity of f, g at ¢
= (f + 8.

This shows that f + g is continuous.

EXAMPLE 6

(a) Every polynomial P(x) = a,x" + a,_;x"' +--- 4+ a, is continuous because
lim P(x) = P(c) by Theorem 2, Section 2.2.

(b) If P(x) and Q(x) are polynomials, then the rational function P(x)/Q(x) is continuous
wherever it is defined (Q(c) = 0) by Theorem 3, Section 2.2. [ |

EXAMPLE 7 The function f(x) = |x| is continuous. If x > 0, we have f(x) = x,
a polynomial. If x < 0, we have f(x) = —x, another polynomial. Finally, at the origin,
liII(l)le =0 =10l |

The functions y = sinx and y = cos x are continuous at x = 0 by Example 12 of
Section 2.2. Both functions are continuous everywhere (see Exercise 76). It follows from
Theorem 8 that all six trigonometric functions are continuous wherever they are defined.
For example, y = tan x is continuous on --- U (—m/2,7/2) U (7/2,37/2) U ---.

Inverse Functions and Continuity

When a continuous function defined on an interval has an inverse, the inverse function is
itself a continuous function over its own domain. This result is suggested by the observa-
tion that the graph of f~!, being the reflection of the graph of f across the line y = x,
cannot have any breaks in it when the graph of f has no breaks. A rigorous proof that f !
is continuous whenever f is continuous on an interval is given in more advanced texts. As
an example, the inverse trigonometric functions are all continuous over their domains.
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We defined the exponential function y = a~* in Section 1.4 informally. The graph was
obtained from the graph of y = a* for x, a rational number, by “filling in the holes” at the
irrational points x, so as to make the function y = a* continuous over the entire real line.
The inverse function y = log, x is also continuous. In particular, the natural exponential
function y = e~ and the natural logarithm function y = In x are both continuous over
their domains. Proofs of continuity for these functions will be given in Chapter 7.

Continuity of Compositions of Functions

Functions obtained by composing continuous functions are continuous. If f(x) is continu-
ous at x = ¢ and g(x) is continuous at x = f(c), then g o f is also continuous atx = ¢
(Figure 2.64). In this case, the limitof g o fasx — cis g(f(c)).

g f

Continuous at ¢

f
Continuous Continuous
atc _ at f(c)

c () 2(f(c)

FIGURE 2.64 Compositions of continuous functions are continuous.

THEOREM 9 —Compositions of Continuous Functions
If f is continuous at ¢, and g is continuous at f(c), then the composition g o f is
continuous at c.

Intuitively, Theorem 9 is reasonable because if x is close to ¢, then f(x) is close to
f(c), and since g is continuous at f(c), it follows that g(f(x)) is close to g(f(c)).

The continuity of compositions holds for any finite number of compositions of func-
tions. The only requirement is that each function be continuous where it is applied. An
outline of a proof of Theorem 9 is given in Exercise 6 in Appendix A.6.

EXAMPLE 8 Show that the following functions are continuous on their natural domains.
23

=Vx2—2x—5 b) y = >

@y x x (b) y T
x —2 xsinx

= d = |—
@y = 5= @y =575
Solution

(a) The square root function is continuous on [0, o) because it is a root of the continu-
ous identity function f(x) = x (Part 7, Theorem 8). The given function is then the
composition of the polynomial f(x) = x? — 2x — 5 with the square root function
g(t) = ~t, and is continuous on its natural domain.

(b) The numerator is the cube root of the identity function squared; the denominator is an
everywhere-positive polynomial. Therefore, the quotient is continuous.

(¢) The quotient (x — 2)/(x2 — 2) is continuous for all x = j:\/i, and the function
is the composition of this quotient with the continuous absolute value function
(Example 7).
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=27 -7 0 T 2

FIGURE 2.65 The graph suggests that
y = |(xsinx)/(x2 + 2)|is continuous
(Example 8d).

We sometimes denote e* by exp(u)
when u is a complicated mathematical

expression.

(d) Because the sine function is everywhere-continuous (Exercise 76), the numerator term
xsin x is the product of continuous functions, and the denominator term x2 + 2 is an
everywhere-positive polynomial. The given function is the composition of a quotient
of continuous functions with the continuous absolute value function (Figure 2.65). H

Theorem 9 is actually a consequence of a more general result, which we now prove. It
states that if the limit of f(x) as x approaches c is equal to b, then the limit of the composi-
tion function g o f as x approaches c is equal to g(b).

THEOREM 10—Limits of Continuous Functions
Iflim f(x) = b and g is continuous at the point b, then

lim g(f(x)) = g(b).

Proof Lete > 0 be given. Since g is continuous at b, there exists a number 6, > 0
such that
lim g(y) = g(b) since g is
lg(y) — g(b)l < € whenever 0 < |y — b| < 9, y—b
continuous at y = b.

Note thatif |y — b|] = 0, so that y = b, then the inequality | g(y) — g(b)| < ¢ holds for
any positive ¢, and therefore we have

lg(y) — g(b)l < € whenever |y — b| < 6. (D)

Since lim f(x) = b, there exists aé > 0 such that

X—c

| f(x) — b < 61 whenever 0 < |x — ¢| < 6. Definition of lim f(x) = b

X —C

If welety = f(x), we then have that
ly — bl < 6, whenever 0 < |x —c| <9,

which implies from Equation (1) that |g(y) — g(b)| = |g(f(x)) — g(b)] < & whenever
0 < |x — ¢| < 6. From the definition of limit, it follows that lim g(f(x)) = g(b). This

gives the proof for the case where c is an interior point of the domain of f. The case where
¢ is an endpoint of the domain is entirely similar, using an appropriate one-sided limit in
place of a two-sided limit. ]

EXAMPLE 9 As an application of Theorem 10, we have the following calculations.

(a) lim cos(2x + sm(% + x)) = cos( lim 2x + lim sin(377T + x)

x—m/2 x—mf2 x—m/2
= cos(7r + sin27) = cosm = —1.
L 1 —x
(b) lim sin~! (— = hm Arcsine is contiuous.
Xl 1 — x2 -1l — x?
= sin~ ( ) Cancel common factor (1 — x).
x—11
1
=sin"'= = —.
2 6

(© limvx + 1e™* = lim~x + 1 - exp(lim tan x) exp is continuous.
x—0

x—0 x—0

=1-e% =1. [ |

Intermediate Value Theorem for Continuous Functions

A function is said to have the Intermediate Value Property if whenever it takes on two
values, it also takes on all the values in between.



y
3+ *r—0
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0 1 2 3 4

FIGURE 2.66 The function
2x —2, 1<x<?2
3, 2<x<4
does not take on all values between
f() = 0 and f(4) = 3; it misses all the
values between 2 and 3.

fx) =
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THEOREM 11 —The Intermediate Value Theorem for Continuous Functions
If f is a continuous function on a closed interval [a, b], and if y, is any value
between f(a) and f(b), then y, = f(c) for some c in [a, b].

y

y=fx)

fb)

Yo

fa)

Theorem 11 says that continuous functions over finite closed intervals have the Inter-
mediate Value Property. Geometrically, the Intermediate Value Theorem says that any hori-
zontal line y = y, crossing the y-axis between the numbers f(a) and f(b) will cross the
curve y = f(x) at least once over the interval [a, b].

The proof of the Intermediate Value Theorem depends on the completeness property
of the real number system. The completeness property implies that the real numbers have
no holes or gaps. In contrast, the rational numbers do not satisfy the completeness prop-
erty, and a function defined only on the rationals would not satisfy the Intermediate Value
Theorem. See Appendix A.9 for a discussion and examples.

The continuity of f on the interval is essential to Theorem 11. If f fails to be continu-
ous at even one point of the interval, the theorem’s conclusion may fail, as it does for the
function graphed in Figure 2.66 (choose y, as any number between 2 and 3).

A Consequence for Graphing: Connectedness Theorem 11 implies that the graph of
a function that is continuous on an interval cannot have any breaks over the interval. It will
be connected—a single, unbroken curve. It will not have jumps such as the ones found in
the graph of the greatest integer function (Figure 2.61), or separate branches as found in
the graph of 1/x (Figure 2.63).

A Consequence for Root Finding We call a solution of the equation f(x) = 0 a root
of the equation or a zero of the function f. The Intermediate Value Theorem tells us that if
f is continuous, then any interval on which f changes sign contains a zero of the function.
Somewhere between a point where a continuous function is positive and a second point
where it is negative, the function must be equal to zero.

In practical terms, when we see the graph of a continuous function cross the horizontal
axis on a computer screen, we know it is not stepping across. There really is a point where
the function’s value is zero.

EXAMPLE 10 Show that there is a root of the equation x> — x — 1 = 0 between 1
and 2.

Solution Let f(x) =x3—x—1. Since f1) =1—-1—-1=-1<0 and
f(2) =23 —-2—-1=5 >0, we see that y, = 0 is a value between f(1) and f(2).
Since f is a polynomial, it is continuous, and the Intermediate Value Theorem says there is
a zero of f between 1 and 2. Figure 2.67 shows the result of zooming in to locate a root
nearx = 1.32. ]
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5 1
1 L L L L L J 16
! '/'\F/' —
) -1
(a) (b)

0.02 0.003
1.320 L L L L 111.330 1.3240 : . L—=1|1.3248

-0.02 —0.003

(c) (d)

FIGURE 2.67 Zooming in on a zero of the function f(x) = x* — x — 1. The zero is
near x = 1.3247 (Example 10).

Y EXAMPLE 11 Use the Intermediate Value Theorem to prove that the equation
ya- VXTS5 —4-x
/;_ has a solution (Figure 2.68).
o } Solution  We rewrite the equation as
y=V2x+5 | i V2x +5+x2 -4 =0,
3 . and set f(x) = V2x + 5 4+ x2 — 4. Now g(x) = \/2x + 5 is continuous on the inter-
0 c 2 val [—5/2,00) since it is formed as the composition of two continuous functions, the

FIGURE 2.68 The curves

y = ~2x + 5andy = 4 — x?have
the same value at the number x = ¢
whereV2x +5 +x2 -4 =0
(Example 11).

square root function with the nonnegative linear function y = 2x + 5. Then f is the sum
of the function g and the quadratic function y = x? — 4, and the quadratic function is
continuous for all values of x. It follows that f(x) = ~2x + 5 + x2 — 4 is continuous
on the interval [—5/ 2, oo). By trial and error, we find the function values
f0) = V5 -4 ~ —1.76 and f2) = V9 = 3. Note that f is continuous on the finite
closed interval [0, 2], which is a subset of the domain [—5/2, c0). Since the value y, = 0
is between the numbers f(0) = —1.76 and f(2) = 3, by the Intermediate Value Theorem
there is a number ¢ € [0, 2] such that f(c¢) = 0. We have found a number ¢ that solves the

original equation.

Continuous Extension to a Point

Sometimes the formula that describes a function f does not make sense at a point x =

It might nevertheless be possible to extend the domain of f to include x = ¢, creating a
new function that is continuous atx = c¢. Forexample, the functiony = f(x) = (sinx)/x
is continuous at every point except x = 0, since x = 0 is not in its domain. Since
y = (sinx)/x has a finite limit as x — 0 (Theorem 6), we can extend the function’s
domain to include the point x = 0 in such a way that the extended function is continuous

at x = 0. We define the new function

sin x
F(x) = X
1, x = 0. Value at domain point x = 0

s

x = 0 Same as original function for x = 0
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-1 0 1 2 3 4
(@)
}7
x+3
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(b)

FIGURE 2.70 (a) The graph
of f(x) and (b) the graph of
its continuous extension F(x)
(Example 12).
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The new function F(x) is continuous at x = 0 because
. sinx

lim

x—0 X

= F(0),

so it meets the requirements for continuity (Figure 2.69).

(@) (b)

FIGURE 2.69 (a) The graph of f(x) = (sin x)/x for —m/2 < x < /2 does not include
the point (0, 1) because the function is not defined at x = 0. (b) We can extend the domain
to include x = 0 by defining the new function F(x) with F(0) = 1and F(x) = f(x)
everywhere else. Note that F(0) = )1(111(1) f(x) and F(x) is a continuous function at x = 0.

More generally, a function (such as a rational function) may have a limit at a point
where it is not defined. If f(c) is not defined, but lim f(x) = L exists, we can define a
new function F(x) by the rule e

f(x), if x is in the domain of f

F(x) =
) L, ifx = c.

The function F is continuous at x = c. It is called the continuous extension of ftox = c.
For rational functions f, continuous extensions are often found by canceling common fac-
tors in the numerator and denominator.

EXAMPLE 12 Show that

2 —
f(x):Lx6 X =2
X

has a continuous extension to x = 2, and find that extension.
Solution Although f(2) is not defined, if x = 2 we have

f(x):x2+x—6:(x—2)(x—|—3):x+3
x2 —4 (x —2)(x +2) x+2

The new function

x+3

F(x):x+2

is equal to f(x) for x = 2, but is continuous at x = 2, having there the value of 5/4.
Thus F is the continuous extension of f tox = 2, and

x4+ x—-6 . _ 5
iin% x2 —4 1l_>nif(x) T4

The graph of f is shown in Figure 2.70. The continuous extension F has the same graph
except with no hole at (2, 5/ 4). Effectively, F is the function f extended across the missing
domain point at x = 2 so as to give a continuous function over the larger domain. |
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Continuity from Graphs
In Exercises 14, say whether the function graphed is continuous on
[—1,3]. If not, where does it fail to be continuous and why?

1 2.
y y
y=fx) y=g(x)
2 2
/\/ /\;
/ - AT
1 1 1 1 x 1 1 1 1
-1 0 1 2 3 -1 0 1 2 3
3. 4
y y
y=h(x) y=k(x)
N T
1F 1 7/
I I I Ly / & | L 5y
-1 0 1 2 3 -1 0 1 2 3

Exercises 5-10 refer to the function

x2 -1, —-1<x<0
2x, 0<x<l1
fx) = 1, x =1
—2x + 4, l<x<?2
0, 2<x<3

graphed in the accompanying figure.
y
y=fx)

y=x2—1

. Does f(—1) exist?

. Does lim+ f(x) exist?
x——1

=ai-

. Does lin}+ fx) = f(=1D?
X——

. Is f continuous at x = —1?

. Does f(1) exist?

. Does lin} f(x) exist?
—

Ty R e

. Does lin} fx) = fQ)?
. Is f continuous at x = 1?
. Is f defined at x = 2? (Look at the definition of f.)

. Is f continuous at x = 27?

N
T Oy R e

8. At what values of x is f continuous?

9. What value should be assigned to f(2) to make the extended func-
tion continuous at x = 27?

10. To what new value should f(1) be changed to remove the
discontinuity?

Applying the Continuity Test

At which points do the functions in Exercises 11 and 12 fail to be
continuous? At which points, if any, are the discontinuities removable?
Not removable? Give reasons for your answers.

11. The function defined in Exercise 1, Section 2.4

12. The function defined in Exercise 2, Section 2.4

At what points are the functions in Exercises 13-32 continuous?
1 1

13. y = -3 4.y =———+4
Y x—2 * Y (x+2)2+
1 x + 3
15y = —*+1 6.y = — Xt5
Y x2 —4x+3 Y x2 —3x —10
17.y = lx — 1| + sinx 18y L X
x| + 1 2
19. y = S95X 2.y = X+2
X cos x
21. y = csc2x 22.y:tan%
4
23,y — Xtanx 24,y = AT
x2 41 1+ sin?x
25.y = V2x + 3 26.y = V3x —1
27.y = 2x — D3 28.y = (2 -0
¥ -x—6 x =3
29. g(x) = x-3
5, x=3
3 _
x2 i, X = 2,x = =2
X2 —
30. =
J@ =13, x=2
4, x = -2
1— x, x <0
31. f(x) =1{e", 0<x<1
x2 + 2, > 1
3. for) = X+3
2 — e~

Limits Involving Trigonometric Functions

Find the limits in Exercises 33—40. Are the functions continuous at the
point being approached?

33. lim sin(x — sin x) 34. lim sin(gcos(tan t))

X—7 t—0

35. lin} sec(ysec?y — tan?y — 1)
Y

36. lim tan(%cos(sin x1/3))

xX—

37. lim cos 38. lim \/CSCZX + 5v/3 tan x

T
1—0 19 — 3sec 2t x—m/6



40. lim cos ' (Inv/x)

x—

39. lim sin(zeﬂ)
+ 2

x—

41. lim sec

x—0

e’ + ﬂtan[

7l'
4secx] B
T + tan x
[tanx — 2secx]

42. lim sin
x—0

43. lim tan(l - SI—HZ)
t—0 t

44. lim cos[ ,ﬂe ]
9—0 sin 0
Continuous Extensions

45. Define g(3) in a way that extends g(x) = (x2 — 9)/(x — 3) to
be continuous at x = 3.

46. Define i(2) in a way that extends h(r) = (2 + 3r — 10)/(r — 2)
to be continuous att = 2.

47. Define f(1) in a way that extends f(s) = (s3> — 1)/(s? — 1)tobe
continuous ats = 1.

48. Define g(4) in a way that extends
g(x) = (x2 —16)/(x? — 3x — 4)
to be continuous at x = 4.
49. For what value of a is
x2—1, x <3
2ax, x >3

fx) = {
continuous at every x?

50. For what value of b is

X, x < =2
glx) = bx2, x

continuous at every x?

Y
|
)

51. For what values of a is

) a’x —2a, x > 2
x =
12, x <2
continuous at every x?
52. For what values of b is
x—b

, <0
g(x): b+1 =

x24+b, x>0

continuous at every x?

53. For what values of @ and b is

-2, x < —1
f(x) =4qax —b, -1 <x <1
3, x>1

continuous at every x?

54. For what values of a and b is

ax + 2b, x <0
gx) =1x>+3a—-b, 0<x<2
3x — 5, x> 2

continuous at every x?
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In Exercises 55-58, graph the function f to see whether it appears to

have a continuous extension to x = 0. If it does, use Trace and Zoom
to find a good candidate for the extended function’s value at x = 0.
If the function does not appear to have a continuous extension, can it
be extended to be continuous at x = 0 from the right or from the left?
If so, what do you think the extended function’s value(s) should be?

55, f(x) = 10* — 1 56, f(x) = 100 1
57. f(x) = Slinlx 58. f(x) = (I + 2x)¥
X

Theory and Examples

59. A continuous function y = f(x) is known to be negative at
x = 0 and positive at x = 1. Why does the equation f(x) = 0
have at least one solution between x = 0 and x = 17 Illustrate
with a sketch.

60. Explain why the equation cos x = x has at least one solution.

61. Roots of a cubic Show that the equation x* — 15x +1 =0
has three solutions in the interval [—4,4].

62. A function value Show that the function F(x) = (x — a)>.
(x — b)? + x takes on the value (a + b)/2 for some value of x.

63. Solving an equation If f(x) = x3 — 8x + 10, show that there
are values ¢ for which f(c¢) equals (a) m; (b) —/3; (¢) 5,000,000.

64. Explain why the following five statements ask for the same
information.

a. Find the roots of f(x) = x3 — 3x — 1.

b. Find the x-coordinates of the points where the curve y = x3
crosses the liney = 3x + 1.

c¢. Find all the values of x for which x3 — 3x = 1.

d. Find the x-coordinates of the points where the cubic curve
y = x3 — 3xcrosses the liney = 1.

e. Solve the equation x> — 3x — 1 = 0.

65. Removable discontinuity Give an example of a function f(x)
that is continuous for all values of x except x = 2, where it has a
removable discontinuity. Explain how you know that f is discontin-
uous at x = 2, and how you know the discontinuity is removable.

66. Nonremovable discontinuity Give an example of a function
g(x) that is continuous for all values of x except x = —1, where
it has a nonremovable discontinuity. Explain how you know that g
is discontinuous there and why the discontinuity is not removable.

67. A function discontinuous at every point
a. Use the fact that every nonempty interval of real numbers

contains both rational and irrational numbers to show that the
function

1, if x is rational

fx) =

0, if x is irrational
is discontinuous at every point.
b. Is f right-continuous or left-continuous at any point?

68. If functions f(x) and g(x) are continuous for 0 < x < 1, could
f(x)/g(x) possibly be discontinuous at a point of [0,1]? Give
reasons for your answer.

69. If the product function h(x) = f(x) - g(x) is continuous at

x = 0, must f(x) and g(x) be continuous at x = 0? Give rea-
sons for your answer.
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70.

71.

72.

73.

74.
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Discontinuous compositions of continuous functions Give
an example of functions f and g, both continuous at x = 0, for
which the composition f o g is discontinuous at x = 0. Does
this contradict Theorem 9? Give reasons for your answer.

Never-zero continuous functions Is it true that a continuous
function that is never zero on an interval never changes sign on
that interval? Give reasons for your answer.

Stretching a rubber band Is it true that if you stretch a rubber
band by moving one end to the right and the other to the left, some
point of the band will end up in its original position? That is, if x
is a position on the rubber band before stretching and f(x) is the
position of that point after stretching, must there be some x such
that f(x) = x? Give reasons for your answer.

A fixed point theorem Suppose that a function f is continuous
on the closed interval [0,1] and that 0 < f(x) < 1for every x in
[0,1]. Show that there must exist a number ¢ in [0, 1] such that
f(c) = c (cis called a fixed point of f).

The sign-preserving property of continuous functions Let
f be defined on an interval (a,b) and suppose that f(c) = 0
at some ¢ where f is continuous. Show that there is an interval
(¢ = 6,¢ + 6)about ¢ where f has the same sign as f(c).

75

76

. Prove that f is continuous at ¢ if and only if
},iné flc+ h) = f(o).

. Use Exercise 75 together with the identities
sin(h + ¢) = sinhcosc + coshsinc,

cos(h + c¢) = coshcosc — sinhsinc

to prove that both f(x) = sin x and g(x) = cos x are continuous
at every pointx = c.

Solving Equations Graphically

Us

e the Intermediate Value Theorem in Exercises 77-84 to prove that

each equation has a solution. Then use a graphing calculator or com-
puter grapher to solve the equations.

71
79
81
82
83
84

. x3=3x—-1=0 78.2x3 —2x2 —2x+1=0

. x(x — 1) = I (one root) 80. x* = 2

Nx+ T+ x =4

. x3 — 15x + 1 = 0 (three roots)

. cos x = x (one root). Make sure you are using radian mode.

. 2sin x = x (three roots). Make sure you are using radian mode.

W Questions to Guide Your Review

1.

10.

What is the average rate of change of the function g(¢) over the
interval from¢ = atotr = b? How is it related to a secant line?

. What limit must be calculated to find the rate of change of a func-

tion g(¢) att = t¢,?

. Give an informal or intuitive definition of the limit

lim f(x) = L.

Why is the definition “informal”? Give examples.

. Does the existence and value of the limit of a function f(x) as x

approaches ¢ ever depend on what happens at x = ¢? Explain
and give examples.

. What function behaviors might occur for which the limit may fail

to exist? Give examples.

. What theorems are available for calculating limits? Give exam-

ples of how the theorems are used.

. How are one-sided limits related to limits? How can this relation-

ship sometimes be used to calculate a limit or prove it does not
exist? Give examples.

. What is the value of %im ((sin 0)/60)? Does it matter whether 6 is
-0

measured in degrees or radians? Explain.

. What exactly does lim f(x) = L mean? Give an example in

which you find6 > 0 foragiven f, L, c,ande > 0 in the precise
definition of limit.

Give precise definitions of the following statements.
a. li11217 fx)y =5 b. liI§1+ fx) =5

C. lirr;f(x) = 00 d. lin;f(x) = —0

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. What conditions must be satisfied by a function if it is to be con-
tinuous at an interior point of its domain? At an endpoint?

How can looking at the graph of a function help you tell where the
function is continuous?

What does it mean for a function to be right-continuous at a point?
Left-continuous? How are continuity and one-sided continuity
related?

What does it mean for a function to be continuous on an interval?
Give examples to illustrate the fact that a function that is not con-
tinuous on its entire domain may still be continuous on selected
intervals within the domain.

What are the basic types of discontinuity? Give an example of
each. What is a removable discontinuity? Give an example.

What does it mean for a function to have the Intermediate Value
Property? What conditions guarantee that a function has this prop-
erty over an interval? What are the consequences for graphing and
solving the equation f(x) = 07?

Under what circumstances can you extend a function f(x) to be
continuous at a point x = ¢? Give an example.

What exactly do lim f(x) = L and lim f(x) = L mean? Give
examples. e A

What are lim

x—Foo
extend these results to other functions? Give examples.

k (k a constant) and lirin (1/x)? How do you

How do you find the limit of a rational function as x — $o0?
Give examples.

What are horizontal and vertical asymptotes? Give examples.
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Chapter 2 Practice Exercises

—m Practice Exercises

Limits and Continuity

1.

4.

Graph the function

1, x < —1
—X, -1<x<0
fx) = 1, x=20
—X, 0<x<l1
1, x > 1.

Then discuss, in detail, limits, one-sided limits, continuity, and
one-sided continuity of fatx = —1,0, and 1. Are any of the dis-
continuities removable? Explain.

. Repeat the instructions of Exercise 1 for

0, x < —1
I/x, 0<lxl <1
fx) = 0. x—1
1, x > 1.

. Suppose that f(z) and f(t) are defined for all ¢ and that

lim f(t) = —7 and lim g(¢t) = 0. Find the limit as t — ¢, of the

t—to t—1g
following functions.

a. 3f(1) b. (f(1))?

) f(0)
c. f(1)-g@) d. 0 =7
e. cos(g(1) f. | f(0)
g f( + g h. /()

Suppose the functions f(x) and g(x) are defined for all x and that
liII(l) f(x) = 1/2 and lir% g(x) = ~/2. Find the limits as x — 0

of the following functions.

a. —g(x) b. g(x) - f(x)

¢ f(x) + g(x) d. 1/f(x)

e. x + f(x) 7f(x) cosx
x —1

In Exercises 5 and 6, find the value that lim g (x) must have if the
given limit statements hold. 0

5. lim(m) — 6. lim (xlim g(x)) = 2
x—0 X x——4 x—0

7. On what intervals are the following functions continuous?
a. f(x) = x'3 b. g(x) = x¥*
c. h(x) = x % d. k(x) = x7 /¢

8. On what intervals are the following functions continuous?
a. f(x) = tanx b. g(x) = cscx
e h(x) = —2 d k(x) = 225

Finding Limits

In Exercises 9-28, find the limit or explain why it does not exist.

9.

x2 —4x + 4
x3 4+ 5x2 — 14x
a.asx — 0

lim

b. asx — 2

2
10. 1i Xt tx
1 x5 4+ 2x* 4 X3
a.asx — 0 b.asx — —1
1. tim L= Y%
=1 1 —x
. x%2—aqa?
L —
13 1imw
i h
14, 1im CE ) = 27
: x—0 h
1 1
-5 3
15. lim 2t x 2 16. lim 2+t —8
x—0 X x—0 X
. /3 _ 1 . x2/3 _ 16
17. lim & 18. lim = —=2
XILI}\/;—I J\Ln614\/;—8
2
19. lin(l)%x; 20. lim cscx
xX— an (mx X—mT
21. lim sin(% + sin x) 22. lim cos?(x — tan x)
23. lim—3% 24, 1im 822 — 1
x—03sinx — x x—0  sinx
25. lim In(z - 3) 26. lim 21n (2 — Vi)
1— t—
1/z
27. lim ~/@ e<os(x/%) 28, lim —2¢7°_
0—0+ 0+ ez +1

In Exercises 29-32, find the limit of g(x) as x approaches the indi-
cated value.

29.

31.

. i 1
| 4 [TE ) 30. lim ———— =2
lim (4g(x) SET g
) _ y2
lim 322+ 1 32. lim 2= — 0

x—1

=2 Jg(x)

g(x)

Roots

33.

34.

Let f(x) = x3 — x — 1.

a. Use the Intermediate Value Theorem to show that f has a
zero between —1 and 2.

b. Solve the equation f(x) = 0 graphically with an error of
magnitude at most 108,

c¢. It can be shown that the exact value of the solution in part (b) is

e -

18 2 18
Evaluate this exact answer and compare it with the value you
found in part (b).

Let f(0) = 63 — 20 + 2.

a. Use the Intermediate Value Theorem to show that f has a
zero between —2 and 0.
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b. Solve the equation f(0) = 0 graphically with an error of
magnitude at most 104

c. It can be shown that the exact value of the solution in part (b) is

13 13
4/1971] 7[1/Q+1] .
27 27

Evaluate this exact answer and compare it with the value you
found in part (b).

Continuous Extension

35. Can f(x) = x(x2 —1)/]x? — 1| be extended to be continuous
at x = 1 or —1? Give reasons for your answers. (Graph the
function—you will find the graph interesting.)

36. Explain why the function f(x) = sin(1/x) has no continuous
extensiontox = 0.

In Exercises 3740, graph the function to see whether it appears to

have a continuous extension to the given point a. If it does, use Trace
and Zoom to find a good candidate for the extended function’s value at
a. If the function does not appear to have a continuous extension, can it
be extended to be continuous from the right or left? If so, what do you
think the extended function’s value should be?

x —1

37.f(x):x7é/;, a=1
5cosf

. -7 = 7/2

B8O =g 4=

39. h(t) = (1 +1HY, a =0

40. k(x) = ﬁ a=0

Limits at Infinity
Find the limits in Exercises 41-54.

2
41. lim 2X+3 42, lim 2 +3
x—o0 Sx + 7 x——005x2 + 7
2 _
43. lim 2 —4x+8 44, lim —1
X——00 3)63 X—00 x2 — Tx + 1

2 _ 4 3
45. lim . —7x 46. lim X"

x——00 X + 1 X—00 12)63 + 128
47. lim sin x (If you have a grapher, try graphing the function

x—oo | X|

for—5 < x <5)

(If you have a grapher, try graphing

48. lim cost —1 f(x) = x(cos(l/x) — 1) near the origin to
boo 0 “see” the limit at infinity.)
i Vx 23 —1
49. lim w 50. lim XA x
xoco X + sinx x—o00 x 43 + cos?x

51. lim e cost 52. lim ln(l n %)

X—00 X t—00
53. lim tan—' x 54. lim e¥ sin*l(l)
X——00 f——00 t

Horizontal and Vertical Asymptotes

55. Use limits to determine the equations for all vertical asymptotes.

x> 44 x2—x—-2
Ly = — b. = = & =
Ay x—3 fx x2 —2x +1
_ x24+x-—-6
“r= x2 +2x -8
56. Use limits to determine the equations for all horizontal asymptotes.
1 — x? Vx 14
ay = —— b. f(x) =
oy I =05
[2 2
coglx) = YX2+4 d_y:/x_+9
X 9x% +1
V16 — x?

57. Determine the domain and range of y = 5
x —
58. Assume that constants a and b are positive. Find equations
for all horizontal and vertical asymptotes for the graph of
_ Nax? + 4
x—b

Additional and Advanced Exercises

1. Assigning a value to 0° The rules of exponents tell us that

a® = lif ais any number different from zero. They also tell us that
07 = 0 if n is any positive number.

If we tried to extend these rules to include the case 0°, we
would get conflicting results. The first rule would say 0° = 1,
whereas the second would say 0° = 0.

We are not dealing with a question of right or wrong here.
Neither rule applies as it stands, so there is no contradiction. We
could, in fact, define 0° to have any value we wanted as long as we
could persuade others to agree.

What value would you like 0° to have? Here is an example
that might help you to decide. (See Exercise 2 below for another
example.)

a. Calculate x* forx = 0.1,0.01,0.001, and so on as far as your
calculator can go. Record the values you get. What pattern do
you see?

b. Graph the functiony = x*for0 < x < 1.Even though the
function is not defined for x < 0, the graph will approach the
y-axis from the right. Toward what y-value does it seem to be
headed? Zoom in to further support your idea.

2. A reason you might want 0° to be something other than 0 or 1

As the number x increases through positive values, the numbers 1/x
and 1/(In x) both approach zero. What happens to the number
1 1/(In x)
o = ()
X
as x increases? Here are two ways to find out.
a. Evaluate f forx = 10,100, 1000, and so on as far as your
calculator can reasonably go. What pattern do you see?
b. Graph f in a variety of graphing windows, including windows
that contain the origin. What do you see? Trace the y-values
along the graph. What do you find?



3. Lorentz contraction In relativity theory, the length of an object,

say a rocket, appears to an observer to depend on the speed at which
the object is traveling with respect to the observer. If the observer
measures the rocket’s length as L at rest, then at speed v the length

will appear to be
'U2
c

This equation is the Lorentz contraction formula. Here, c is the speed
of light in a vacuum, about 3 x 10® m/s. What happens to L as v
increases? Find lim L. Why was the left-hand limit needed?

. Controlling the flow from a draining tank Torricelli’s law says
that if you drain a tank like the one in the figure shown, the rate y at
which water runs out is a constant times the square root of the water’s
depth x. The constant depends on the size and shape of the exit valve.

Exit rate y m%/h l

Suppose that y = ~/x / 2 for a certain tank. You are trying to
maintain a fairly constant exit rate by adding water to the tank with
a hose from time to time. How deep must you keep the water if you
want to maintain the exit rate

a. within 0.2 m3/h of the rate y, = 1m3/h?
b. within 0.1m3/h of the rate y, = 1m3/h?

. Thermal expansion in precise equipment As you may know,
most metals expand when heated and contract when cooled. The
dimensions of a piece of laboratory equipment are sometimes so
critical that the shop where the equipment is made must be held at
the same temperature as the laboratory where the equipment is to be
used. A typical aluminum bar that is 10 cm wide at 20°C will be

y =10+ 2(t — 20) x 10~

Centimeters wide at a nearby temperature ¢. Suppose that you are
using a bar like this in a gravity wave detector, where its width must
stay within 0.0005 cm of the ideal 10 cm. How close to 7, = 20°C
must you maintain the temperature to ensure that this tolerance is
not exceeded?

. Stripes on a measuring cup The interior of a typical 1-L mea-
suring cup is a right circular cylinder of radius 6 cm (see accompa-
nying figure). The volume of water we put in the cup is therefore a
function of the level & to which the cup is filled, the formula being

V = w62h = 367h.

How closely must we measure & to measure out 1 L of water
(1000 cm?) with an error of no more than 1% (10 cm?3)?
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Stripes
about

1 mm
wide

Liquid volume
V=36mh

(b)

A 1-L measuring cup (a), modeled as a right circular cylinder (b)
of radiusr = 6cm

Precise Definition of Limit
In Exercises 7-10, use the formal definition of limit to prove that the
function is continuous at c.

7. f(x) = x2 -7, ¢c=1 8. g(x) = 1/(2x), ¢ = 1/4

9. h(x) =V2x =3, ¢ =2 10. Fx) =~9—x, ¢ =5

11. Uniqueness of limits Show that a function cannot have two
different limits at the same point. That is, if lim f(x) = L, and
lim f(x) = L,,thenL, = L,. e

12. Prove the limit Constant Multiple Rule:
lim kf(x) = klim f(x) for any constant k.

13. One-sided limits If lirél+ f(x) = Aand 111(1)17 f(x) = B, find

a. lim f(x = x) b. lim f(x* — x)
e lim f(x? — x) d. lim f(x> —x*)

14. Limits and continuity Which of the following statements are
true, and which are false? If true, say whys; if false, give a counter-
example (that is, an example confirming the falsehood).

a. If liim f(x) exists but lim g(x) does not exist, then
l‘im (f(x) + g(x)) does not exist.
b. If neither lim f(x) nor lim g (x) exists, then

lim (f(x) + g(x))does not exist.
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c. If fis continuous at x, then so is | f].

d. If | f] is continuous at ¢, then so is f.

In Exercises 15 and 16, use the formal definition of limit to prove that
the function has a continuous extension to the given value of x.

15.

16.
17.

18.

19.

20.

21.

22,

23.

x?2 —1
xX) = , x = —1
f@) x+1
x2 —2x—3
X)) =—7""—"—, x =3
8(x) I
A function continuous at only one point Let
x if x is rational
F) = 0 if x is irrational.

a. Show that f is continuous at x = 0.

b. Use the fact that every nonempty open interval of real num-
bers contains both rational and irrational numbers to show that
f is not continuous at any nonzero value of x.
The Dirichlet ruler function If x is a rational number, then
x can be written in a unique way as a quotient of integers m/n,
where n > 0 and m and n have no common factors greater than 1.
(We say that such a fraction is in lowest terms. For example, 6/4
written in lowest terms is 3/2.) Let f(x) be defined for all x in the
interval [0, 1] by

I/n if x = m/n is a rational number is lowest terms
fx) = e
0  if x is irrational.

For instance, f(0) = f(1) = 1, f(1/2) = 1/2, f(1/3) =
f(2/3) = 1/3, f(1/4) = f(3/4) = 1/4, and so on.
a. Show that f is discontinuous at every rational number in [0, 1].

b. Show that f is continuous at every irrational number in [0, 1].
(Hint: If € is a given positive number, show that there are only
finitely many rational numbers r in [0, 1] such that f(r) > €.)

c. Sketch the graph of f. Why do you think f is called the “ruler
function™?

Antipodal points Is there any reason to believe that there

is always a pair of antipodal (diametrically opposite) points on

Earth’s equator where the temperatures are the same? Explain.

If im(f(x) + g(x)) = 3 and lim (f(x) — g(x)) = —1, find

lim f(x)g(x).

Roots of a quadratic equation that is almost linear The equa-
tion ax?> + 2x — 1 = 0, where a is a constant, has two roots if
a > —landa = 0, one positive and one negative:
—1+~Nl+a l1-~Nl+a

a ’ a ’

r.(a) = r(a) = —

a. What happenstor, (a)asa — 0? Asa — —1*?
b. What happens tor (a) asa — 0? Asa — —17?

¢. Support your conclusions by graphing r, (a) and r_(a) as
functions of a. Describe what you see.

d. For added support, graph f(x) = ax? + 2x — 1 simultane-
ously fora = 1,0.5,0.2, 0.1, and 0.05.

Root of an equation Show that the equation x + 2cosx = 0
has at least one solution.

Bounded functions A real-valued function f is bounded from
above on a set D if there exists a number N such that f(x) < N
for all x in D. We call N, when it exists, an upper bound for f on
D and say that f is bounded from above by N. In a similar man-
ner, we say that f is bounded from below on D if there exists a
number M such that f(x) > M for all x in D. We call M, when it

24.

exists, a lower bound for f on D and say that f is bounded from

below by M. We say that f is bounded on D if it is bounded from

both above and below.

a. Show that f is bounded on D if and only if there exists a num-
ber B such that | f(x)| < B for all xin D.

b. Suppose that f is bounded from above by N. Show that if
lim f(x) = L,then L < N.

c¢. Suppose that f is bounded from below by M. Show that if
lim f(x) = L,then L > M.
Max {a, b} and min {a, b}
a. Show that the expression
b  |a— b|
b} = a+b  |a—b
max{a,b} 5 + 5

equals aifa > b and equals b if b > a. In other words,
max{a, b} gives the larger of the two numbers a and b.

b. Find a similar expression for min{a, b}, the smaller of a
and b.

Generalized Limits Involving %

The formula })iné(sin 6)/0 = 1 can be generalized. If lim f(x) = 0

x—c

and f(x) is never zero in an open interval containing the point x = c,
except possibly at c itself, then

. sin f(x)
lim =1
e f(x)
Here are several examples.
i 2
a. lim o = |
x—0 x?2
1 2 1 2 2
b. lim = lim “——lim*- = 1.0 = 0
x—0 X x—0 X x—0 X
. osin(x? —x —2)
c. im —
x—-—1 x + 1
H 2 _ _ 2 _ —
— 1im sin(x x—2) i (x x —2)
x——1 (Xz - X — 2) x——1 x + 1
— 1. lim (X+1)(x—2):_3
x——1 x + 1
d. lim sin(l — \/;) — lIm sin(l — \/;) 1 —Vx
-l ox—1 = 1=-<x x-1
. (1= ~x)(1+ Vx)
= lim
=1 (x — D(1+ vVx)
— lm—t=x 1
=1 (x — D(1 + Vx) 2
Find the limits in Exercises 25-30.
25. lim S0 = €08 X) 26. lim —2%
x—0 X x—0* Sln\/;
o s
27, Jim S008I0 X) 28, fim S+ 0
x—0 X x—0 X
in(x2 — 4 in(vVx —
29, lim 3007 — 1) 30, lim S0 = 3)
x—2 x =2 x—9 X — 9

Trigonometric Limits
Find the limits in Exercises 31-38.

31.

. sin x .
Iim —— 32. lim
x—02x2 — x x—0 2x

3x — tan7x



Chapter 2 Technology Application Projects 137

3.1 sinr 4. 1i sin(sin 0) Limits on Arbitrary Domains
- an2r g e 0 The definition of the limit of a function at x = ¢ extends to functions
4tan2 6 + tanf + 1 whose domains near ¢ are more complicated than intervals.
35. lim
0—(m/2)" tan2 0 4+ 5
36. I 1 —2cot? 0 General Definition of Limit
' 91%5 5cot2f — Tcoth — 8 Suppose every open interval containing ¢ contains a point
¥ sin x 1 — cosd other than ¢ in the domain of f. We say that lim f(x) = L
37. )lclf(l) 2 — 2cosx 38. }9:11(1) 02 if, for every number ¢ > 0, there exists a correspond-
ing number 6 > 0 such that for all x in the domain of f,
Show how to extend the functions in Exercises 39 and 40 to be con- | f(x) — L| < € whenever0 < |x — ¢| < 6.
tinuous at the origin.
tan(tan x) tan(tan x)
39. g(x) = tan x 40. f(x) = sin(sin x) For the functions in Exercises 49-52,
a. Find the domain.
Oblique Asymptotes b. Show that at ¢ = 0 the domain has the property described
Find all possible oblique asymptotes in Exercises 41-44. above.
2x32 +2x =3 .1 ;
41, vy = 242 T 7 D 42. vy = x + xsin— c. Evaluate lim f(x).
SN U 0
49. The function f is defined as follows: f(x) = xif x = 1/n where
3.y = Va2 41 4.y = a2 4+ 2x n is a positive integer, and f(0) = 1.

50. The function f is defined as follows: f(x) = 1 — x if x = 1/n

Showing an Equation Is Solvable ” s
where n is a positive integer, and f(0) = 1.

1 .
45. Assume that 1 < a < b and £ + x = . Show that this Y
equation is solvable for x. x—b 51 f(x) = Jasin(l/x)
52. f(x) = /In(sin(1/x))
More Limits . . . .
46. Find constants a and b so that each of the following limits is true. 53. Letgbea fuznctlon with domain the rational numbers, defined by
= fi ional x.
X lim\/a"——bx —1 ) g(x) P or rational x
x=0 X a. Sketch the graph of g as well as you can, keeping in mind that
b 1i tan(ax —a) + b — 2 3 g is defined only at rational points.
. lim =
x—1 x—1 b. Use the general definition of a limit to prove that
¥ 1 lim g(x) = 2.
47. Evaluate lim ek x—0
S B 2 c. Prove that g is continuous at the point x = 0 by showing that
x| — the limit in part (b) equals g(0).
48. Evaluate lim M . p (b) q g( ) . '
x—0 X d. Is g continuous at other points of its domain?

—m Technology Application Projects

Mathematica/Maple Projects
Projects can be found within MyLab Math.

o Take It to the Limit
Part I
Part II (Zero Raised to the Power Zero: What Does It Mean?)
Part III (One-Sided Limits)
Visualize and interpret the limit concept through graphical and numerical explorations.
Part IV (What a Difference a Power Makes)
See how sensitive limits can be with various powers of x.

* Going to Infinity
Part I (Exploring Function Behavior as x — ocoorx — —o0)
This module provides four examples to explore the behavior of a function as x — coorx — —oo.
Part II (Rates of Growth)
Observe graphs that appear to be continuous, yet the function is not continuous. Several issues of continuity are explored to obtain results that
you may find surprising.



Derivatives

OVERVIEW In Chapter 2 we discussed how to determine the slope of a curve at a point
and how to measure the rate at which a function changes. Now that we have studied limits,
we can make these notions precise and see that both are interpretations of the derivative of
a function at a point. We then extend this concept from a single point to the derivative function,
and we develop rules for finding this derivative function easily, without having to calculate
limits directly. These rules are used to find derivatives of most of the common functions
reviewed in Chapter 1, as well as combinations of them.

m Tangent Lines and the Derivative at a Point

y =)
Qxg + h, flxg+ h))

[ fxo + 1) = flxg)

\
[
[
!
0 X0 Xo+th

FIGURE 3.1 The slope of the tangent

f(xg +h) = fxy)
Y .

line at P is lim
h—0

138

In this section we define the slope and tangent line to a curve at a point, and the derivative
of a function at a point. The derivative gives a way to find both the slope of a graph and the
instantaneous rate of change of a function.

Finding a Tangent Line to the Graph of a Function

To find a tangent line to an arbitrary curve y = f(x) at a point P(x,, f(x,)), we use the
procedure introduced in Section 2.1. We calculate the slope of the secant line through P
and a nearby point Q(x, + &, f(x, + h)). We then investigate the limit of the slope as
h — 0 (Figure 3.1). If the limit exists, we call it the slope of the curve at P and define the
tangent line at P to be the line through P having this slope.

DEFINITIONS The slope of the curve y = f(x) at the point P(x,, f(x,)) is
the number

llm f(xo + h) — f(-x())

(provided the limit exists).
h—0 h

The tangent line to the curve at P is the line through P with this slope.

In Section 2.1, Example 3, we applied these definitions to find the slope of the parabola
f(x) = x? at the point P(2,4) and the tangent line to the parabola at P. Let’s look at
another example.



1
Y=x

Slope is 7%
a

/

Slope is —1
atx = —1

FIGURE 3.2 The tangent lines are
steep when x is close to 0, and they
become less steep as the point of tan-
gency moves away (Example 1).

Slope is —%

Slope is *i

FIGURE 3.3 The two tangent lines to
y = 1/x having slope —1/4 (Example 1).

The notation f’(x,) is read “f prime
of .7
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EXAMPLE 1

(a) Find the slope of the curve y = 1/x at any point x = a = 0. What is the slope at the
pointx = —17?

(b) Where does the slope equal —1/4?
(c) What happens to the tangent line to the curve at the point (a, 1/a) as a changes?
Solution

(a) Here f(x) = 1/x. The slope at (a, 1/a) is

1 1
h—0 h h—0 h h—0h ala+ h)
—h —1 1

lim —————— = lim = ——.
h—0 ha(a + h) h—0a(a + h) a?
Notice how we had to keep writing },iné ” before each fraction until the stage at which

we could evaluate the limit by substituting 7 = 0. The number a may be positive or
negative, but not 0. When a = —1, the slope is — 1/(— D? = -1 (Figure 3.2).

(b) The slope of y = 1/x at the point where x = a is —1/a2 It will be —1/4, provided that

This equation is equivalent to a> = 4, s0a = 2 or a = —2. The curve has slope
—1/4 at the two points (2,1/2) and (-2, —1/2) (Figure 3.3).

(c) The slope —1/a? is always negative if a = 0. Asa — 07, the slope approaches —oo
and the tangent line becomes increasingly steep (Figure 3.2). We see this situation again
asa — 0. As a moves away from x = 0 in either direction, the slope approaches 0
and the tangent line levels off, becoming closer and closer to a horizontal line. |

Rates of Change: Derivative at a Point

The expression

[l e = ft) g

is called the difference quotient of f at x, with increment £. If the difference quotient
has a limit as & approaches zero, that limit is given a special name and notation.

DEFINITION The derivative of a function f at a point x, denoted f'(x,), is

f(xg +h) = fxp)
b )

/ — 1
f(xo) hlf(l)

provided this limit exists.

The derivative has more than one meaning, depending on what problem we are consid-
ering. The formula for the derivative is the same as the formula for the slope of the curve
y = f(x)ata point. If we interpret the difference quotient as the slope of a secant line, then
the derivative gives the slope of the curve y = f(x) at the point P(x,, f(x,)). If we inter-
pret the difference quotient as an average rate of change (Section 2.1), then the derivative
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gives the function’s instantaneous rate of change with respect to x at the point x = x,. We
study this interpretation in Section 3.4.

EXAMPLE 2 In Examples 1 and 2 in Section 2.1, we studied the speed of a rock falling
freely from rest near the surface of the earth. We knew that the rock fell y = 4.9¢2 meters dur-
ing the first  seconds, and we used a sequence of average rates over increasingly short intervals
to estimate the rock’s speed at the instant = 1. What was the rock’s exact speed at this time?

Solution We let f(r) = 4.9¢2. The average speed of the rock over the interval between
t=1andt =1+ h seconds, for 2 > 0, was found to be

fA+h) — f) 490+ h)> =49 _ 4.9(h® + 2h)

= 4.9(h + 2).
i N i (h+2)
The rock’s speed at the instant # = 1 is then
[y = }in(1)4.9(h +2) =490 + 2) = 9.8 m/s.
Our original estimate of 9.8 m/s in Section 2.1 was right. |

Summary

We have been discussing slopes of curves, lines tangent to a curve, the rate of change of a
function, and the derivative of a function at a point. All of these ideas are based on the
same limit.

All of the following are interpretations for the limit of the difference quotient

lim flxg +h) — f(xo).

h—0 h

1. The slope of the graph of y = f(x)atx = x,

2. The slope of the tangent line to the curve y = f(x)atx = x,
3. The rate of change of f(x) with respecttoxatx = x,

4. The derivative f/(x,)atx = x,

In the next sections, we allow the point x,, to vary across the domain of the function f.

EXERCISES M

Slopes and Tangent Lines 3. 4.
In Exercises 1-4, use the grid and a straight edge to make a rough y y
estimate of the slope of the curve (in y-units per x-unit) at the points
P, and P,. pasi RN
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In Exercises 5-10, find an equation for the tangent line to the curve at
the given point. Then sketch the curve and tangent line together.

5.y =4-x2 (-13) 6.y =(x—-D"+1, (1,1)
7.y = 2%, (1,2) 8.y =, (~1L1)
X
- 1 1
9.y =x3 (-2,-8) 10. y = —, |-2,—
X 8

In Exercises 11-18, find the slope of the function’s graph at the given
point. Then find an equation for the line tangent to the graph there.

1L f(x) = x2 + 1, (2,5) 12 f(x) = x — 2x2, (1,—1)

13. g(x) = ﬁ (3.3)

15. h(r) = 3, (2,8)
17. f(x) = Vx, (4,2)

14. g(x) = xi (2,2)

2
16. h(r) = 13 + 31, (1,4)
18. f(x) = vx + 1, (8,3)
In Exercises 19-22, find the slope of the curve at the point indicated.
19.y = 5x —3x%, x=1 20,y = x3 —2x+7, x=-2

1
x —1

, x =23 22.y:x71,x:0

21. y =
Y x + 1

Interpreting Derivative Values

23. Growth of yeast cells In a controlled laboratory experiment,
yeast cells are grown in an automated cell culture system that
counts the number P of cells present at hourly intervals. The num-
ber after ¢ hours is shown in the accompanying figure.

p

250
200
150
100

50

L
0 1 234567

a. Explain what is meant by the derivative P’(5). What are its
units?

b. Which is larger, P/(2) or P’(3)? Give a reason for your answer.

c. The quadratic curve capturing the trend of the data points (see
Appendix A.2) is given by P(1) = 6.10t%> — 9.28¢ + 16.43.
Find the instantaneous rate of growth when ¢ = 5 hours.

24. Effectiveness of a drug On a scale from 0 to 1, the effectiveness
E of a pain-killing drug ¢ hours after entering the bloodstream is
displayed in the accompanying figure.

E

1.0
0.8
0.6
0.4
0.2
t

o 1 2 3 4 5

a. At what times does the effectiveness appear to be increasing?
What is true about the derivative at those times?

b. At what time would you estimate that the drug reaches its
maximum effectiveness? What is true about the derivative at
that time? What is true about the derivative as time increases
in the 1 hour before your estimated time?
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At what points do the graphs of the functions in Exercises 25 and 26

have horizontal tangent lines?

25. f(x) = x? + 4x — 1 26. g(x) = x3 — 3x

27. Find equations of all lines having slope —1 that are tangent to the
curve y = 1/(x — ).

28. Find an equation of the straight line having slope 1/4 that is tan-
gent to the curve y = ~/x.

Rates of Change

29. Object dropped from a tower An object is dropped from the
top of a 100-m-high tower. Its height above ground after #s is
100 — 4.9¢2 m. How fast is it falling 2's after it is dropped?

30. Speed of a rocket At 7 seconds after liftoff, the height of a
rocket is 372 m. How fast is the rocket climbing 10 s after liftoff?

31. Disk’s changing area What is the rate of change of the area of
a disk (A = 7r?) with respect to the radius when the radius is
r = 3?

32. Ball’s changing volume What is the rate of change of the vol-
ume of aball (V = (4/3)nr3) with respect to the radius when the
radius is r = 27

33. Show that the line y = mx + b is its own tangent line at any
point (x,, mx, + b).

34. Find the slope of the tangent line to the curve y = l/ x at the
point where x = 4.

Testing for Tangent Lines

35. Does the graph of

x2sin(l/x), x =0

f(X)—|07 =0

have a tangent line at the origin? Give reasons for your answer.
36. Does the graph of

~|xsin(l/x), x =0
gx) = 0, =0

have a tangent line at the origin? Give reasons for your answer.

Vertical Tangent Lines
We say that a continuous curve y = f(x) has a vertical tangent line
at the point where x = x, if the limit of the difference quotient is oo or
—o0. For example, y = x"3 has a vertical tangent line at x = 0 (see
accompanying figure):

lim SO+ h) = fO) _ 1imhl/3 -0

h—0 h h—0 h

= 1imL = o0
n—0 B3 ’

VERTICAL TANGENT LINE AT ORIGIN
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However, y = x?%3 has no vertical tangent line at x = 0 (see next
figure):

_ 23 _
limg(OJr h) — g0) _ limh/ 0
h—0 h h—0 h
= th
n—0 b3

does not exist, because the limit is co from the right and —oo from the
left.

X

0f

NO VERTICAL TANGENT LINE AT ORIGIN

37. Does the graph of

-1, x <
flx) = 0, x=20
I, x>0

have a vertical tangent line at the origin? Give reasons for your
answer.

38. Does the graph of

0, x<©0

Ux) =
@=11 1>0

have a vertical tangent line at the point (0,1)? Give reasons for
your answer.

m The Derivative as a Function

Graph the curves in Exercises 39-48.

a. Where do the graphs appear to have vertical tangent lines?

b. Confirm your findings in part (a) with limit calculations. But
before you do, read the introduction to Exercises 37 and 38.

39.y = x% 40. y = x*P

41. y = x¥ 2.y =x"

43.y = 4x7° — 2x 4.y = xP — 5x7
45y = 2P —(x =DV 46y =¥+ (x— DV
47,y = \/_;/F’iig 48. y = \i4 —xl

COMPUTER EXPLORATIONS
Use a CAS to perform the following steps for the functions in Exer-
cises 49-52:

a. Plot y = f(x)over the interval (x, — 1/2) < x < (x, + 3).
b. Holding x,, fixed, the difference quotient

f(xg + h) = flxy)
h

qh) =

at x, becomes a function of the step size 4. Enter this function
into your CAS workspace.

c. Find the limitof gash — 0.

d. Define the secant lines y = f(x,) + ¢-(x — x,) for
h = 3,2, and 1. Graph them, together with f and the tangent
line, over the interval in part (a).

49. f(x) = x3 +2x, x, =0
50. f(x) = x + i, xo =1
X

51. f(x) = x + sin(2x), x, = 7/2
52. f(x) = cosx + 4sin(2x), x, = 7

In the last section we defined the derivative of y = f(x) at the point x = x, to be the limit

HISTORICAL ESSAY

The Derivative

To read this essay, visit the companion
Website.

f(xq +h) = fxy)
7 .

/ — i
f(xo) hlir(l)

We now investigate the derivative as a function derived from f by considering the limit at
each point x in the domain of f.

DEFINITION The derivative of the function f(x) with respect to the variable x
is the function f’ whose value at x is

provided the limit exists.

f/(x) — }lli% f(x + hh) — f(x)7

We use the notation f/(x) in the definition, rather than f/(x) as before, to emphasize
that f” is a function of the independent variable x with respect to which the derivative func-
tion f’(x) is being defined. The domain of f’ is the set of points in the domain of f for
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FIGURE 3.4 Two forms for the differ-
ence quotient.

Derivative of the Reciprocal Function

d(]) 1
a4y L 0
dx\x x2 e

3.2 The Derivative as a Function

143

which the limit exists, which means that the domain may be the same as or smaller than the
domain of f. If f” exists at a particular x, we say that f is differentiable (has a derivative)
atx. If f/ exists at every point in the domain of f, we call f differentiable.

Ifwewritez = x + h,thenh = z — xand h approaches O if and only if z approaches
x. Therefore, an equivalent definition of the derivative is as follows (see Figure 3.4). This
formula is sometimes more convenient to use when finding a derivative function, and it
focuses on the point z that approaches x.

Alternative Formula for the Derivative

f/(x) = lim f(z) — f(X)

=X Z— X

Calculating Derivatives from the Definition

The process of calculating a derivative is called differentiation. To emphasize the idea that

differentiation is an operation performed on a function y = f(x), we use the notation

d
Ef(x)

as another way to denote the derivative f/(x). Example 1 of Section 3.1 illustrated the dif-
ferentiation process for the function y = 1/x when x = a. For x representing any point in
the domain, we get the formula

Here are two more examples in which we allow x to be any point in the domain of f.

EXAMPLE 1

Solution

Differentiate f(x) =
X

i(l) 1
dx\x x2

X

-1

and then subtract f(x) to obtain the numerator in the difference quotient. We have

fx) =

flx) =

lim
h

—

X (x + h)
d h) = N
— and f(x + h) (erh)flSO

fx+h) — fx) Definition

h

x+h  x

xX+h—-1 x-—1 Substitute.

h
l.(xqth)(xfl)*X(XJFh*l) a ¢ _ad—ch
h (x+h—-Dx-1 bod bd
l . —h Simplify.
h (x+h—-Dx-1

—1 —1

— llm - 2
—0(x +h—1)(x—1) (x —1)

EXAMPLE 2

(a) Find the derivative of f(x) = /x forx > 0.
(b) Find the tangent line to the curve y = Vx at x = 4.

Cancel & = 0 and evaluate.

We use the definition of derivative, which requires us to calculate f(x + h)



144

Chapter 3 Derivatives

Derivative of the Square Root
Function

d /- 1
i = —, 0
FERR Wil
y
y=211x+1
\
\
4.2 y=Vx
—H
L L L L L x
0 4

FIGURE 3.5 The curve y = x and its
tangent line at (4, 2). The tangent line’s
slope is found by evaluating the derivative
atx = 4 (Example 2).

y
Slope 0
A 1 =/
Slope —1
10
B Slope —él
3 E
c =8
5 D
Slope 0/
=~ 4 x-units
X
0 5 10 15
(a)
Slope
4
3 y=rf ’(X)/
2+ E
1=
4 D .
M 3 10 15
-1 q’
B
—2F Vertical coordinate — 1

(d)

FIGURE 3.6 We made the graph of

y = f'(x) in (b) by plotting slopes from
the graph of y = f(x) in (a). The vertical
coordinate of B’ is the slope at B, and

so on. The slope at E is approximately
8/4 = 2.1In (b) we see that the rate of
change of f is negative for x between A’
and D’; the rate of change is positive for x
to the right of D’.

Solution

(a) We use the alternative formula to calculate f”:

f’(x) — lim f@) — fx)
Zz—X — X
lim Vo - x
Z—X zZ— X
iox (N2 = Vx)(Vz + Vx)  a—br (@ bjatb)
= lim 1 = 1 Cancel and evaluate
lim \/Z n N NS f aluate.
(b) The slope of the curve at x = 4 is
1 1
@ = =1
Fe) N4 4

~—

The tangent line is the line through the point (4, 2) with slope 1/4 (Figure 3.5):

1
V—2+— —4
(x )

1
e 1. |
4x+

<
Il

Notation

There are many ways to denote the derivative of a function y = f(x), where the indepen-
dent variable is x and the dependent variable is y. Some common alternative notations for
the derivative are
Fo =y =2 =4 Lo — iy = D f)
x  dx dx

The symbols d/dx and D indicate the operation of differentiation. We read dy/dx as “the
derivative of y with respect to x,” and df /dx and (d/dx) f(x) as “the derivative of f with
respect to x.” The “prime” notations y” and f’ originate with Newton. The d/dx notations
are similar to those used by Leibniz. The symbol dy/dx should not be regarded as a ratio;
it simply denotes a derivative.

To indicate the value of a derivative at a specified number x = a, we use the notation

dy df d
/ _ «y T -«
f (a) N dxly—q dxly—q dx f(x) x=a
For instance, in Example 2,
d 1 1 1
/4 = —\/_ = —F - = = —.
S RN N i

Graphing the Derivative

We can often make an approximate plot of the derivative of y = f(x) by estimating the
slopes on the graph of f. That is, we plot the points (x, f’(x)) in the xy-plane and connect
them with a curve that represents y = f/(x).

EXAMPLE 3 Graph the derivative of the function y = f(x) in Figure 3.6a.

Solution We sketch the tangent lines to the graph of f at frequent intervals and use their
slopes to estimate the values of f/(x) at these points. We plot the corresponding (x, f/(x))
pairs and connect them with a curve as sketched in Figure 3.6b. ]



Slope =

lim }‘(b + h; —f®)
Slope = =0
lim fla+h) = f(a)
0" h

FIGURE 3.7 Derivatives at endpoints of
a closed interval are one-sided limits.

y' not defined at x = 0:
right-hand derivative
# left-hand derivative

FIGURE 3.8 The functiony = |x|
is not differentiable at the origin where
the graph has a “corner” (Example 4).
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What can we learn from the graph of y = f/(x)? At a glance we can see

1. where the rate of change of f is positive, negative, or zero;
2. the rough size of the growth rate at any x;

3. where the rate of change itself is increasing or decreasing.

Differentiability on an Interval; One-Sided Derivatives

A function y = f(x) is differentiable on an open interval (finite or infinite) if it has a
derivative at each point of the interval. It is differentiable on a closed interval [a, b] if it
is differentiable on the interior (a, b) and if the limits

i fla+h) — f@

Right-hand derivative at a

h—0+ h
hlir(l} fb+ hh) mAC) Left-hand derivative at b

exist at the endpoints (Figure 3.7).

Right-hand and left-hand derivatives may or may not be defined at any point of a func-
tion’s domain. Because of Theorem 5, Section 2.4, a function has a derivative at an interior
point if and only if it has left-hand and right-hand derivatives there, and these one-sided
derivatives are equal.

EXAMPLE 4  Show that the function y = |x| is differentiable on (—o0,0) and on
(0, 00) but has no derivative at x = 0.

Solution  The graph of the functiony = mx + b is a straight line with slope m. Thus, to
the right of the origin, when x > 0,

%UXD = %(x) = di;(l.x) = 1. | x| = xsince x > 0, %(m.whl m
To the left, when x < 0,
dd_x(lxl) = %(—X) = %(—1-)6) = —1 x| = —xsincex <0

(Figure 3.8). The two branches of the graph come together at an angle at the origin, forming
a non-smooth corner. There is no derivative at the origin because the one-sided derivatives
differ there:

0+ hl—|0 h
hmwzlimu

Right-hand derivative of | x| at zero =
h—0+t h h—0t h

= lim % |hl = h when h > 0

h—0+
=liml=1
h—0+
0+ h —|0 h
Left-hand derivative of | x| at zero = lim [0+ A =10] = lim L
h—0~ h =0~ h

. —h
= lim — |l = —h whenh <0
h—0— h

= lim —1 = —1. n
h—0~
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Y EXAMPLE 5 In Example 2 we found that for x > 0,
2~ d \/— 1
—Vx = —=.
dx 2Vx
y=Vax We apply the definition to examine whether the derivative exists at x = O:
1+
. No+h—-~O .1
lim —— = lim —— = oc.
h—0+ h -0+
0 '1 '2 * Since the (right-hand) limit is not finite, there is no derivative at x = 0. Since the slopes
of the secant lines joining the origin to the points (h, vh ) on a graph of y = ~/x approach
FIGURE 3.9 The square root function oo, the graph has a vertical tangent line at the origin. (See Figure 3.9 and Exercises 37 and
is not differentiable at x = 0, where 38 in Section 3.1.) u
the graph of the function has a vertical
tangent line. When Does a Function Not Have a Derivative at a Point?

A function has a derivative at a point x,, if the slopes of the secant lines through P (x,, f(x,))
and a nearby point Q on the graph approach a finite limit as Q approaches P. Thus differentia-
bility is a “‘smoothness” condition on the graph of f. A function can fail to have a derivative at
a point for many reasons, including the existence of points where the graph has

P
1. a corner, where the one-sided 2. a cusp, where the slope 3. avertical tangent line, where
derivatives differ of PQ approaches co the slope of PQ approaches co
from one side and —oco from both sides or approaches
from the other —oo from both sides (here, it

approaches — o)

4. a discontinuity (two examples shown) 5. wild oscillation

The last example shows a function that is continuous at x = 0, but whose graph oscil-
lates wildly up and down as it approaches x = 0. The slopes of the secant lines through 0
oscillate between —1 and 1 as x approaches 0, and do not have a limit at x = 0.
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Differentiable Functions Are Continuous

A function is continuous at every point where it has a derivative.

THEOREM 1 —Differentiable Implies Continuous If f has a derivative at
x = c, then fis continuous at x = c.

Proof

Given that f/(c) exists, we must show that lim f(x) = f(c), or, equivalently,

that}lin(l) f(c+ h) = f(c).If h = 0, then

flc+ h)= flc)+ (f(c+ h)— f(c)
PR ACE U (ORY

Add and subtract f(c).

n Divide and multiply by A.

Now take limits as 7 — 0. By Theorem 1 of Section 2.2,

li h) =1 li
i 7o + B = g £ + i

h

h—0

= fle) + f(c) - O

= fle)+0

= f(o). [ ]

Similar arguments with one-sided limits show that if f has a derivative from one side
(right or left) at x = c, then f is continuous from that side at x = c.

Theorem 1 says that if a function has a discontinuity at a point (for instance, a jump
discontinuity), then it cannot be differentiable there. The greatest integer function y = [ x|
fails to be differentiable at every integer x = n (Example 4, Section 2.6).

Caution The converse of Theorem 1 is false. A function need not have a derivative at a
point where it is continuous, as we saw with the absolute value function in Example 4. ®

Finding Derivative Functions and Values
Using the definition, calculate the derivatives of the functions in Exer-
cises 1-6. Then find the values of the derivatives as specified.

L f(x) =4 —x%  fl(=3). /0, f'(1)
2.F(x) = (x = D> + L, F'(=1),F'(0),F'(2)

3.5 = tiz; g'=1.£'2),¢'(3)
4. k(z) = 1;—Zz; K'(—1), K'(1), k' (V2)

5. p(O) = ~30; p'(1), p'3), p'(2/3)
6. r(s) = V2s + 1; r'(0),r'(1),r'(1/2)

In Exercises 7—12, find the indicated derivatives.

7.d_y if y=2x3 S.Q if r=s3—2s243
dx ds
9.4 4 - ! 0.2 5 -1
dt 2t + 1 dt t
dp . dz . 1
11. == if = g¥? 12. — if = =
aq " P01 aw U C T e

Slopes and Tangent Lines
In Exercises 13—16, differentiate the functions and find the slope of the
tangent line at the given value of the independent variable.

B f) = x+2, x= -3 14 k(x) = ——,
X + x
3

x =2

2
5.5 =15 —¢2, 1=-1 16.y=23FT2 - 2
1 —x

In Exercises 17-18, differentiate the functions. Then find an equation
of the tangent line at the indicated point on the graph of the function.

17y = f() = 7= (x) = (6.4)
18.w =gk =1+v4—2z, (z,w) =(3,2)

In Exercises 19-22, find the values of the derivatives.

ds . dy 1
19. — f =1-3¢2 20. = f =1--
dtl—— s dx|y=v3 ty X
dr . 2 dw
21. &£ if r= 22, &% if w=z4++z
dflo=o N4 — 0 dz =4
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Using the Alternative Formula for Derivatives
Use the formula

f’(x) — lim f(Z) — f(x)
Z— X

z—x

to find the derivative of the functions in Exercises 23-26.

23.f<x):xi2 24, f(x) = x> —3x + 4
25. g(x) = —= 1 26. g(x) = 1 + Vx

.
Graphs

Match the functions graphed in Exercises 27-30 with the derivatives
graphed in the accompanying figures (a)—(d).

’ ’

y y
0 ————> X
0 X
(a) (b)
Y Y

(c) (d

27. 28.

y=hA y=5H®

29. 30.

NN

y= f4(xy
\/ ) N

~—

31. Consider the function f graphed here. The domain of f is the
interval [—4, 6] and its graph is made of line segments joined end
to end.

a. At which points of the domain interval is f’ not defined?
Give reasons for your answer.

b. Graph the derivative of f.
The graph should show a step function.

32. Recovering a function from its derivative

a. Use the following information to graph the function f over the
closed interval [—2,5].

i) The graph of f is made of closed line segments joined end
to end.

ii) The graph starts at the point (—2,3).

iii) The derivative of f is the step function in the figure shown
here.

b. Repeat part (a), assuming that the graph starts at (—2,0)
instead of (—2,3).

33. Growth in the economy The graph in the accompanying figure
shows the average annual percentage change y = f(¢) in the
U.S. gross national product (GNP) for the years 2005-2011.
Graph dy/dt (where defined).

7%
6
5
4
3
2
1
0

2005 2006 2007 2008 2009 2010 2011

34. Fruit flies (Continuation of Example 4, Section 2.1.) Populations
starting out in closed environments grow slowly at first, when there
are relatively few members, then more rapidly as the number of
reproducing individuals increases and resources are still abundant,
then slowly again as the population reaches the carrying capacity
of the environment.



a. Use the graphical technique of Example 3 to graph the deriva-
tive of the fruit fly population as a function of time (in days).
The graph of the population is reproduced here.

p

350
300
250
200
150
100

50

Number of flies

0 10 20 30 40 50
Time (days)

b. During what days does the population seem to be increasing
fastest? Slowest?

35. Temperature The given graph shows the temperature 7 in °C
between 6 A.M. and 6 P.M.

T
25
20
15
10

Temperature (°C)

5

0 3 6 9 12
6 AM. 9AM. 12NOON 3 PM. 6 PM.

Time (h)
a. Estimate the rate of temperature change at the times

i) 7 Am. ii) 9 A.m. iii) 2 p.M. iv) 4 p.M.

b. At what time does the temperature increase most rapidly?
Decrease most rapidly? What is the rate for each of those
times?

c. Use the graphical technique of Example 3 to graph the
derivative of temperature 7 versus time .

36. Average single-family home prices P (in thousands of dollars) in
Sacramento, California, are shown in the accompanying figure
from the beginning of 2006 through the end of 2015.

P

390

310

230

150

2007 2009 2011 2013 2015

a. During what years did home prices decrease? increase?
b. Estimate home prices at the end of
i) 2007 ii) 2012 iii) 2015
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c. Estimate the rate of change of home prices at the beginning of
i) 2007 ii) 2010 iii) 2014

d. During what year did home prices drop most rapidly and
what is an estimate of this rate?

e. During what year did home prices rise most rapidly and what
is an estimate of this rate?

f. Use the graphical technique of Example 3 to graph the
derivative of home price P versus time 7.

One-Sided Derivatives
Compute the right-hand and left-hand derivatives as limits to show that
the functions in Exercises 3740 are not differentiable at the point P.

37. 38.
y y
y=f
y=x2 y=/ y=2x
y=2 5
i x P(1,2)
1_
L L
P(0,0) * o 1 2 *
39. 40.
y y
y=fx y=f
y=2x—1 P(1, 1) ,
L y=1
1+ P(1, 1) i X
Vi y=s
0 1 *

In Exercises 4144, determine whether the piecewise-defined function
is differentiable at x = 0.

1 2x — 1, x>0
S = x24+2x+7, x<0
xB, x

42. = B
8(x) AP, x <
3 2x 4+ tanx, x > 0
. f(x) =
S x2, x <0
2x —x3—1, x>0
44. o(x) =
8(x) _L, <0
x + 1

Differentiability and Continuity on an Interval
Each figure in Exercises 45-50 shows the graph of a function over a
closed interval D. At what domain points does the function appear to be

a. differentiable?
b. continuous but not differentiable?
c¢. neither continuous nor differentiable?

Give reasons for your answers.
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49.

46.
_ y
y=ro v =/
2_D~73—x—2 ol D 2=x=3
1+ 1+
-2 —1 0o1/2 3
-1
72_
48.
y
y=fx
D: 2=x=3
30~
[ ]
1
| | I W
-2 -1 0] 1 2 3
50.
y yoy=f0
y=f) D: —3=x=3
D: —1=x=2 4

Theory and Examples
In Exercises 51-54,

51.
53.
55.

56.

57.

58.

a. Find the derivative f/(x) of the given function y = f(x).

b. Graphy = f(x)and y = f’(x) side by side using separate
sets of coordinate axes, and answer the following questions.

c. For what values of x, if any, is f’ positive? Zero? Negative?

d. Over what intervals of x-values, if any, does the function
y = f(x)increase as x increases? Decrease as x increases?
How is this related to what you found in part (c)? (We will
say more about this relationship in Section 4.3.)

y = 7x2 52. y = 71/)6
y = x3/3 54. y = x*/4
Tangent line to a parabola Does the parabola y =

2x% — 13x + 5 have a tangent line whose slope is —1? If so, find
an equation for the line and the point of tangency. If not, why not?

Tangent line to y = vx Does any tangent line to the curve
y = ~/x cross the x-axis at x = —1? If so, find an equation for
the line and the point of tangency. If not, why not?

Derivative of —f Does knowing that a function f(x) is differ-
entiable at x = x tell you anything about the differentiability of
the function —f at x = x,? Give reasons for your answer.

Derivative of multiples Does knowing that a function g(¢) is
differentiable at# = 7 tell you anything about the differentiability
of the function 3g att = 77 Give reasons for your answer.

59.

60.

61.

62.

63.

64.

Limit of a quotient Suppose that functions g(¢) and h(z)

are defined for all values of 7 and g(0) = h(0) = 0. Can

ling g(0)/h(r) exist? If it does exist, must it equal zero? Give

;gasons for your answers.

a. Let f(x) be a function satisfying | f(x)| < x2?for —1 < x <.
Show that f is differentiable at x = 0 and find f'(0).

b. Show that

.1
x%sin—, x = 0

= X

0,

S(x)
x =0

is differentiable at x = 0 and find f7(0).

Graph y = 1/( 2\/;) in a window that has 0 < x < 2. Then, on
the same screen, graph

_ Nx+ b= Vx
h
forh = 1,0.5,0.1. Then try h = —1,—0.5,—0.1. Explain what
is going on.
Graph y = 3x?in a window thathas —2 < x < 2,0 < y < 3.
Then, on the same screen, graph

_ (xth) =y
h
for h = 2,1,0.2. Then try h = —2,—1,—0.2. Explain what is
going on.
Derivativeof y = |x| Graph the derivative of f(x) = |x|.Then
graphy = (|x| — 0)/(x — 0) = |x|/x. What can you conclude?

Weierstrass’s nowhere differentiable continuous function
The sum of the first eight terms of the Weierstrass function

fx) = 27;0(2/3)"003(9"7rx)is
g(x) = cos(mx) + (2/3)' cos(9mx) + (2/3) cos(927x)
+(2/3) cos(937x) + -+ + (2/3)7 cos(97mx).

Graph this sum. Zoom in several times. How wiggly and bumpy
is this graph? Specify a viewing window in which the displayed
portion of the graph is smooth.

COMPUTER EXPLORATIONS
Use a CAS to perform the following steps for the functions in Exer-
cises 65-70.

a. Plot y = f(x) to see that function’s global behavior.

b. Define the difference quotient ¢ at a general point x, with
general step size h.

c. Take the limit as # — 0. What formula does this give?

d. Substitute the value x = x, and plot the function y = f(x)
together with its tangent line at that point.

e. Substitute various values for x larger and smaller than x,, into
the formula obtained in part (c). Do the numbers make sense
with your picture?

f. Graph the formula obtained in part (c). What does it mean when
its values are negative? Zero? Positive? Does this make sense
with your plot from part (a)? Give reasons for your answer.



65. f(x) = x3 +x2 —x, x4 =
66. f(x) = x* + x%3, x, =1
4x

67. fx) = xz—Jrl’

Xy =2

m Differentiation Rules

1
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—1
68. f(x) = 3;627“ x, = —1

69. f(x) = sin2x, x, = 7/2
70. f(x) = x2cosx, x, = 7w/4

c (x,‘c) (x+ h,0)

+-———————

=

[
[
[
[
[
[
!
0 X

=

FIGURE 3.10 The rule (d/dx)(c)
is another way to say that the values
constant functions never change and

=0
of
that

the slope of a horizontal line is zero at

every point.

HISTORICAL BIOGRAPHY
Richard Courant

(1888-1972)

Courant obtained a PhD from Géttingen in

1910. He founded Gottingen’s Mathem:

atics

Institute and was its director from 1920
until 1933. His research work focused on

mathematical physics.

To know more, visit the companion Wel

bsite.

This section introduces several rules that allow us to differentiate constant functions, power
functions, polynomials, exponential functions, rational functions, and certain combina-
tions of them, simply and directly, without having to take limits each time.

Powers, Multiples, Sums, and Differences

A basic rule of differentiation is that the derivative of every constant function is zero.

Derivative of a Constant Function
If f has the constant value f(x) = c, then

a _d . _
dx dx(c) 0.

Proof We apply the definition of the derivative to f(x) = c, the function whose outputs
have the constant value ¢ (Figure 3.10). At every value of x, we find that

f’(x):}lirl(l)f(x+hh)_f(x):limuzlimOZO. n

h—0 h h—0
We now consider powers of x. From Section 3.1, we know that

i(l)__L A1y = _y2
x\x) T e Ot dx(x )=
From Example 2 of the last section we also know that
OV N doopy_ L op
dx( x) INCA dx(x ) 2t

These two examples illustrate a general rule for differentiating a power x". We first prove
the rule when 7 is a positive integer.

Derivative of a Positive Integer Power
If n is a positive integer, then
d

—x" = nx" 1,

dx

Proof of the Positive Integer Power Rule The formula
2t —x" =z = x0)(2" g e zxn  xn )

can be verified by multiplying out the right-hand side. Then, from the alternative formula
for the definition of the derivative,

£ = lim LD =S, 2 = X
z—X —X z—x I — X
=lim(z" " 4+ 2" 2x + -+ zx" 2 + x* 1) nterms
—X

= nx"1, u
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Applying the Power Rule
Subtract 1 from the exponent and multi-

ply the result by the original exponent.

The Power Rule is actually valid for all real numbers 7, not just for positive integers.
We have seen examples for a negative integer and fractional power, but n could be an irra-
tional number as well. Here we state the general version of the rule, but postpone its proof
until Section 3.8.

Power Rule (General Version)

If n is any real number, then
d

—x" = nx" 1,

dx

for all x where the powers x" and x”~! are defined.

EXAMPLE 1 Differentiate the following powers of x.
(a) x° (b) x7? (c) x2 (d % (e) x~ (f) Vx>t
X
Solution
d 3y _ 3,31 _ 3.2
(@ —(x3) = 3x31 = 3x
dx
d 2 2
b) L(x23) — 24231 — Z4-13
(b) ) = 3% 3"
(c) %(xﬁ) = J2x¥2-1
d(1 d 4
d —(—):— ) = 4yt = 45 = 3
( )dx x4 dx(x ) * * x>
) %()ﬂ/z) _ _%x—wa)—l _ A
0 L(Va77) = L) = (14 D)ermt = 2o g mda o

The next rule says that when a differentiable function is multiplied by a constant, its
derivative is multiplied by the same constant.

Derivative Constant Multiple Rule
If u is a differentiable function of x, and ¢ is a constant, then
d du

—(cu) = c—.

dx dx

Proof
icu = lim cu(x + h) — cu(x) Derivative definition
dx h—0 h with f(x) = cu(x)
=c }llrn0 w Constant Multiple Rule for Limits
du

c u is differentiable. [ |
dx
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y = 3x?
Slope = 3(2x)

/ = 6x
3+ (1,3) =6(1)=6

\
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} Slope = 2x
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FIGURE 3.11 The graphs of y = x?

and y = 3x2. Tripling the y-coordinate
triples the slope (Example 2).

Denoting Functions by z and v

-

The functions we are working with when
we need a differentiation formula are
likely to be denoted by letters like f and
g. We do not want to use these same let-
ters when stating general differentiation
rules, so instead we use letters like # and
v that are not likely to be already in use.
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EXAMPLE 2

(a) The derivative formula
4 3x2) = 3.2x = 6x
dx

says that if we rescale the graph of y = x? by multiplying each y-coordinate by 3, then
we multiply the slope at each point by 3 (Figure 3.11).

(b) Negative of a function
The derivative of the negative of a differentiable function « is the negative of the func-

tion’s derivative. The Constant Multiple Rule with c = —1 gives
d d d du
—(— = —(— l . = — 1 - —_ = ——. .
dx (=) dx ( “ dx @) dx

The next rule says that the derivative of the sum of two differentiable functions is the
sum of their derivatives.

Derivative Sum Rule
If u and v are differentiable functions of x, then their sum u# + v is differentiable
at every point where u and v are both differentiable. At such points,

_du, dv

d
dx(u v dx  dx’

Proof We apply the definition of the derivative to f(x) = u(x) + v(x):

(u(x + h) + vix + h)] — [ulx) + v(x)]

9 1) + o) = lim
h—0

dx h
— lim [+ h) —u(x) | vlx 4 h) = v(x)
h—0 h h
— im XX ) | v ) e duy dv g
=0 h k=0 h dx = dx

Combining the Sum Rule with the Constant Multiple Rule gives the Difference Rule,
which says that the derivative of a difference of differentiable functions is the difference of
their derivatives:

d d du dv _ du dv
—u—v) = — —1 = — —H)— = ——-—.
dx(u v dx[u (=Dl dx o )dx dx  dx
The Sum Rule also extends to finite sums of more than two functions. If u,, u,, ..., u,
are differentiable at x, then sois u, + u, + -~ + u,, and
d _du;, | du, du,
dx(u1+u2+ ) = dx+dx+ +dx'

A proof by mathematical induction for any finite number of terms is given in Appendix A.3.
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yooy=xt—2x+2

©.2)

1
(-1, 1 (1, 1)

I I X
-1 0 1

FIGURE 3.12 The curve in Example 4
and its horizontal tangent lines.

EXAMPLE 3 Find the derivative of the polynomial y = x3 + %xz —5x + 1.
Solution Z—i} = %)ﬁ + %(%xz) - %(5){) + a%(l) Sum and Difference Rules
:3x2+§~2x—5+0:3x2+§x—5 m

We can differentiate any polynomial term by term, the way we differentiated the poly-
nomial in Example 3. All polynomials are differentiable at all values of x.

EXAMPLE 4
If so, where?

Does the curve y = x* — 2x2 + 2 have any horizontal tangent lines?

Solution  The horizontal tangent lines, if any, occur where the slope dy/dx is zero. We have

% = %()c4 —2x%2 4+ 2) = 4x3 — 4x.
. dy
Now solve the equatlond— = 0 for x:
X
4x3 —4x =0
4x(x2 —-1)=0
x = 0,1,—-1.

The curve y = x* — 2x2 + 2 has horizontal tangent lines at x = 0, 1, and — 1. The cor-
responding points on the curve are (0,2),(1,1), and (— 1, 1). See Figure 3.12. |

Derivatives of Exponential Functions

We briefly reviewed exponential functions in Section 1.4. When we apply the definition of
the derivative to f(x) = a*, we get

d . ax+h — aX
d—(a") = lim Derivative definition
X h—0

Factoring out a*

=a* - lim a”* is constant as h — 0.

= (1im 2=} 4, M
[im =)

h—0

b
a fixed number L

Thus we see that the derivative of a* is a constant multiple L of a*. The constant L is a limit
we have not encountered before. Note, however, that it equals the derivative of f(x) = a*
atx = 0:

h _ 40
£1(0) = lim&—%
h—0 h



FIGURE 3.13 The position of the curve
y = (a" —1)/h,a > 0, varies continu-
ously with a. The limit Lof yash — 0
changes with different values of a. The
number for which L = lash — 0 is the
number e betweena = 2 anda = 3.

y
6 y=e*
4_
2 Ta, e
—_— | ‘
‘ X
-1 a

FIGURE 3.14 The line through the
origin is tangent to the graph of y = e*
when a = 1 (Example 5).
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The limit L is therefore the slope of the graph of f(x) = a* where it crosses the y-axis.
In Chapter 7, where we carefully develop the logarithmic and exponential functions, we
prove that the limit L exists and has the value Ina. For now we investigate values of L by
graphing the function y = (a" — 1)/h and studying its behavior as & approaches 0.

Figure 3.13 shows the graphs of y = (a” — 1)/h for four different values of a. The
limit L is approximately 0.69 if @ = 2, about 0.92 if a = 2.5, and about 1.1 ifa = 3. It
appears that the value of L is 1 at some number a chosen between 2.5 and 3. That number
isgivenbya = e ~ 2.718281828. With this choice of base we obtain the natural expo-
nential function f(x) = e~ as in Section 1.4, and see that it satisfies the property

eh —1

£(0) = lim =1 (@)
h—0

because it is the exponential function whose graph has slope 1 when it crosses the y-axis.

That the limit is 1 implies an important relationship between the natural exponential func-

tion e* and its derivative:

h __
dd—x(ex) = };Lmo(e A 1) -e* Eq.(1) witha=ce
=1-e% = e". Eq. (2)

Therefore the natural exponential function is its own derivative.

Derivative of the Natural Exponential Function

Ler) = e

EXAMPLE 5 Find an equation for a line that is tangent to the graph of y = e~ and
goes through the origin.

Solution Since the line passes through the origin, its equation is of the form y = mux,
where m is the slope. If it is tangent to the graph at the point (a,e?), the slope is
m = (e4 — O)/(a — 0). The slope of the natural exponential at x = a is e“. Because
these slopes are the same, we then have that e = e“/a. It follows thata = landm = e,
so the equation of the tangent line is y = ex. See Figure 3.14. |

We might ask if there are functions other than the natural exponential function that are
their own derivatives. The answer is that the only functions that satisfy the property that
f'(x) = f(x) are functions that are constant multiples of the natural exponential function,
f(x) = c - e, c any constant. We prove this fact in Section 7.2. Note from the Constant
Multiple Rule that indeed

i(c.e)c):c.i

Ir dx(e):c~e.

Products and Quotients

While the derivative of the sum of two functions is the sum of their derivatives, the deriva-
tive of the product of two functions is not the product of their derivatives. For instance,

%(x x) = %(ﬁ) — 2x,  while %(x) : j—x(x) —1-1=1.

The derivative of a product of two functions is the sum of two products, as we now explain.
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Picturing the Product Rule

-

Suppose u(x) and v(x) are positive and
increase when x increases, and 2 > 0.
v(x + h)
Av u(x + h) Av
v(x)
u(x)v(x) Auv(x)
0 Au
u(x) u(x + h)

Then the change in the product uv is

the difference in areas of the larger and

smaller “boxes,” which is the sum of

the areas of the upper and right-hand

reddish-shaded rectangles. That is,

Auv) = u(x + hv(x + h) — u(x)v(x)
= u(x + h)Av + Auv(x).

Division by & gives

A(uv) Av | Au
= u(x + h) 7 + Y v(x).

The limit as 7 — O yields the Product
Rule.

Derivative Product Rule
If u and v are differentiable at x, then so is their product uv, and
d dv | du

—Wv) = u— + —w.

dx dx dx

The derivative of the product uv is u times the derivative of v plus the derivative of u
times v. In prime notation, (uv)’ = uv’ + uw’v. In function notation,

L f(g)] = f@F@ + 080, o (g = &+ f'g. 3)
EXAMPLE 6 Find the derivative of (a) y = %(x2 +e*),(b)y = e?~.
Solution

(a) We apply the Product Rule withu = 1/xandv = x? + e*:

j—x[i()ﬂ +e¥)| = i(Zx + e¥) + (—x%)(xz + e*) (;i_(uz'J = u((i; + iﬁiz'und
_ ﬁ e ﬁ d({1\ 1
_2+x 1 X2 m[r)* X2
=l+x-D 5.
X
(b) %(62’() - %(ex er) = e ~%(e") t ey e —2erer —2e m

Proof of the Derivative Product Rule

d L
o) = lim

u(x + hv(x + h) — u(x)v(x)
h

To change this fraction into an equivalent one that contains difference quotients for the
derivatives of u and v, we subtract and add u(x 4+ h)wv(x) in the numerator:

i(uv) — lim u(x + hv(x + h) —u(x + h)v(x) + u(x + h)v(x) — u(x)v(x)
dx h—0 h
_ }g% w(x + h)v(x + hh) — v(x) n u(x + hh) — u(x)v(x)
= limu(x + h) - [m 2D v | uxt h) —u) o
h—0 h—0 h h—0 h

As h approaches zero, u(x + h) approaches u(x) because u, being differentiable at x, is
continuous at x. The two fractions approach the values of dv/dx at x and du/dx at x.
Therefore,

d dv | du

a4 — &= 4 22 [ |
dx(uv) udx + dxv
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The derivative of the quotient of two functions is given by the Quotient Rule.

Derivative Quotient Rule

If u and v are differentiable at x and if v(x) = 0, then the quotient u/v is differ-
entiable at x, and

Jdu _dv
i(ﬂ) _ _dx _dx
dx\v 2 ’
In function notation,
dlf@)| _ e0)f ) = f(0g'(x)
dx| g(x) g% (x)

2 _
EXAMPLE 7  Find the derivative of (a) y — ﬁ b))y = e

Solution

(a) We apply the Quotient Rule withu = ¢t?> — landv = 3 + [

dy (3 +1)-2t — (l‘2 —1)- 3t2 d(u\ _ v(dujdt) — u(dv/dt)
dr (13 + 1) zlz(z"f
214 + 2t — 3% + 312
(17 +1)°
e e e )
B+

)
v2

d d(1 ex-0—1-e* —1
b—*":—(—):—:—:f*x n
( )dx(e ) dx\e* (e*)? ex ¢

Proof of the Derivative Quotient Rule

u(x +h)  ulx)
i(z):lim vix + h)  wvlx)
v

dx h—0 h
~ lim v(x)u(x + h) — u(x)v(x + h)
TS0 ho(x + h)v(x)

To change the last fraction into an equivalent one that contains the difference quotients for
the derivatives of # and v, we subtract and add v (x) u(x) in the numerator. We then get

i(ﬂ) ~ lim vxX)u(x + h) — v(x)u(x) + v(x)ulx) — u(x)v(x + h)
dx

v h—0 hv(x + h)v(x)
U(x)u(x +h) —ulx) u(x)v(x + h) — v(x)
= lim h h
h—0 v(x + h)v(x)

Taking the limits in the numerator and denominator now gives the Quotient Rule. Exercise 76
outlines another proof. |

The choice of which rules to use in solving a differentiation problem can make a dif-
ference in how much work you have to do. Here is an example.
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HISTORICAL BIOGRAPHY

Maria Gaetana Agnesi

(1718-1799)

Agnesi was a well-published scientist by
age 20 and an honorary faculty member of

the University of Bologna by age 30. Today,
Agnesi is remembered chiefly for a bell-

shaped curve called the “Witch of Agnesi.”
To know more, visit the companion Website.

How to Read the Symbols for
Derivatives

/

y “y prime”

y"  “ydouble prime”

d?y

T “d squared y by dx squared”
X

y"  “ytriple prime”

y®  “ysupern”
dry
dx"
D" “dtothen”

“d to the n of y by dx to the n”

EXAMPLE 8 Find the derivative of

(x — D(x?2 — 2x
y = (x4 ) *
Solution  Using the Quotient Rule here will result in a complicated expression with many
terms. Instead, use some algebra to simplify the expression. First expand the numerator and
divide by x*:
(x— D(x% —2x)  x3 —3x%2 4+ 2x
N x4 N x4

= x ! —3x2 4+ 2x3.

Then use the Sum, Constant Multiple, and Power Rules:

4y _ —x72 = 3(=2)x3 + 2(=3)x*
dx
1 6 6
=TT T -

Second- and Higher-Order Derivatives

If y = f(x) is a differentiable function, then its derivative f’(x) is also a function. If f’ is
also differentiable, then we can differentiate f/ to get a new function of x denoted by f”. So
f" = (f"). The function f” is called the second derivative of f because it is the deriva-
tive of the first derivative. It is written in several ways:

d?y d (dy) dy'

My = LY = 44\ _ 4 _ o _ p2 — D2 f(x).

fra =05 =R ==y (f)x) = D f(x)

The symbol D? means that the operation of differentiation is performed twice.
If y = x9 then y = 6x° and we have

dy' d
"= = = —(6x°) = 30x*
Y dx dx( **) *
Thus D2(x%) = 30x*.

If y” is differentiable, its derivative, y” = dy”/dx = d3y/dx?, is the third derivative
of y with respect to x. The names continue as you imagine, with

_av

dx" Y

— yn= D
denoting the nth derivative of y with respect to x for any positive integer 7.

We can interpret the second derivative as the rate of change of the slope of the tangent
line to the graph of y = f(x) at each point. You will see in the next chapter that the second
derivative reveals whether the graph bends upward or downward from the tangent line as
we move off the point of tangency. In the next section, we interpret both the second and
third derivatives in terms of motion along a straight line.

EXAMPLE 9 The first four derivatives of y = x3 — 3x2 + 2 are

First derivative: y = 3x? — 6x
Second derivative: y' = 6x—6
Third derivative: y" =6

Fourth derivative: ~ y® = 0.

All polynomial functions have derivatives of all orders. In this example, the fifth and later
derivatives are all zero. ]
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Derivative Calculations
In Exercises 1-12, find the first and second derivatives.

1.y =—x?>+3 2.y =x2+x+38
3.5 = 5t3 — 3t 4. w = 377 — 773 + 2172
4x3 x3 x?

5.y = — — 2e* 6. y = — + — -
y 3 x + 2e y 3+2+e
7.w:3z’2—l 8.s:—2!*1—i-i

b4 t?
9.y = 6x* — 10x — 5x72 10. y = 4 — 2x — x 73
1 5 12 4 1
11.r = — — — 12 r = 2 - = 4
352 2s A B

In Exercises 13-16, find y’ (a) by applying the Product Rule and

(b) by multiplying the factors to produce a sum of simpler terms to

differentiate.

B.y =@ —x)(x? —x+1) M4 y = (2x + 3)(5x* — 4x)

15.y = (x2 + 1)(x+ 5+ l) 16. y = (1 + x2) (x¥* —x73)
X

Find the derivatives of the functions in Exercises 17-40.

2x + 5 4 — 3x
17. y = 18. 7 = —— 2~
Y 3x — 2 ¢ 3x2 + x
24 12 —1
19. =X 20. f(r) = ——-—
$0) =05 =50
2. v = (1 — 6)(1 + 12)™! 22.w=Qx -1 ' (x+5)
Vs —1 S5x +1
23. s) = 24. u =
1) Vs 41 2/x
25.U:w 26.,,:2(L+\/§)
x N
1 (x +Dx+2)
27.y = 28, vy = &2 T A2 T &)
YT o rxr ) Y T - bhax - 2)
2 x
20,y = 2er 4 e 30, y = L 3
2% — x
3.y = x’e* 32. w= re’
33y = x¥ e 3.y = x5 + 732
1 s
35. 5 = 2t¥? + 32 36. = — 4+ —
s ¢ w Z1,4 \/E
37.y = Ux? — xe 38. y = Yx%6 4 2¢13
§ 1
39.r =& 4. r = 0(— 9*#/2)
r e r 4 92 +
Find the derivatives of all orders of the functions in Exercises 41-44.
4 3 XS
41,y = L 22 = 2.y =2
L T M YT 120

43. y = (x —1)(x +2)(x+3) 4d. y = (4x> +3)(2 — x)x

Find the first and second derivatives of the functions in Exercises
45-52.

3 2 _
45,y = % +7 46, s — 2S5t —1

x 12

— 2 2 2 _
47, — @ -DO*+0+1) 48, 4 = X2+ 0(x x+1)

03 x4

9> +3
(g—1°+(qg+1)°
52.w =ei(z—D(z2+ 1)

50. p =

49. w — (—1 + 32)(3 — D
3z

51. w = 3z2%e%

53. Suppose u and v are functions of x that are differentiable atx = 0
and that

w(0) =5, u'0) = -3, v0)=—1, 2/(0) = 2.

Find the values of the following derivatives at x = 0.

a. Lww b i(ﬁ) c. i(ﬁ) a. L7302
dx dx\v dx\u dx

54. Suppose u and v are differentiable functions of x and that
ul) =2, W) =0, vl) =5 (1) = -1

Find the values of the following derivatives at x = 1.

a. ix(m;) b. i(ﬂ) c d(ﬁ)

d
. — d. —(7v — 2
d dx\v dx\u dx( v “

Slopes and Tangent Lines

55. a. Normal line to a curve Find an equation for the line perpen-
dicular to the tangent line to the curve y = x3 — 4x + 1 at
the point (2,1).
b. Smallest slope What is the smallest slope on the curve? At
what point on the curve does the curve have this slope?

c. Tangent lines having specified slope Find equations for the
tangent lines to the curve at the points where the slope of the
curve is 8.

56. a. Horizontal tangent lines Find equations for the horizontal
tangent lines to the curve y = x3 — 3x — 2. Also find equa-
tions for the lines that are perpendicular to these tangent lines
at the points of tangency.

b. Smallest slope What is the smallest slope on the curve? At
what point on the curve does the curve have this slope? Find
an equation for the line that is perpendicular to the curve’s
tangent line at this point.

57. Find the tangent lines to Newton’s serpentine (graphed here) at the
origin and the point (1,2).

(1,2

(=)
—_
N -
) =
Ny .

58. Find the tangent line to the Witch of Agnesi (graphed here) at the
point (2,1).
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59.

60.

61.
62.
63.

64.

65.

66.

67.

T b.
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Quadratic tangent to identity function The curve y = ax? +
bx + c passes through the point (1,2) and is tangent to the line
y = x at the origin. Find a, b, and c.

Quadratics having a common tangent line The curves y =
x>+ ax + band y = cx — x? have a common tangent line at
the point (1, 0). Find a, b, and c.

Find all points (x, y) on the graph of f(x) = 3x? — 4x with tan-
gent lines parallel to the liney = 8x + 5.

Find all points (x,y) on the graph of g(x) = 1x3
with tangent lines parallel to the line 8x — 2y = 1.

—3x2 +1

Find all points (x, y) on the graph of y = x/(x — 2) with tangent
lines perpendicular to the line y = 2x + 3.

Find all points (x, y) on the graph of f(x) = x?2with tangent lines
passing through the point (3,8).

10 -

Assume that functions f and g are differentiable with f(1) = 2,
f'() = —3,g(1) = 4, and g’(1) = —2. Find the equation of the
line tangent to the graph of F(x) = f(x)g(x)atx = 1.
Assume that functions f and g are differentiable with f(2) = 3,
f'2) = —1,g2) = —4, and g'(2) = 1. Find an equation
of the line perpendicular to the line tangent to the graph of
Py = LSO +3 00— 2

x — g(x)
a. Find an equation for the line that is tangent to the curve y =
x3 — x at the point (—1,0).
Graph the curve and tangent line together. The tangent line
intersects the curve at another point. Use Zoom and Trace to
estimate the point’s coordinates.

. Confirm your estimates of the coordinates of the second
intersection point by solving the equations for the curve and
tangent line simultaneously.

. a. Find an equation for the line that is tangent to the curve y =

x3 — 6x2 4 5x at the origin.

. Graph the curve and tangent line together. The tangent line
intersects the curve at another point. Use Zoom and Trace to
estimate the point’s coordinates.

. Confirm your estimates of the coordinates of the second
intersection point by solving the equations for the curve and
tangent line simultaneously.

Theory and Examples
For Exercises 69 and 70, evaluate each limit by first converting each to
a derivative at a particular x-value.

69.

50 _ 29 _
lim* —1 70. lim X —1
x + 1

x—1 X — x——1

71.

72.

73.

74.

75.

76.

77.

78.

Find the value of a that makes the following function differentiable

for all x-values.
ax,
g(x) =

x2 — 3x,

ifx <0
ifx >0

Find the values of a and b that make the following function dif-
ferentiable for all x-values.

- ax + b,
flx) = bt _ 3,

x> -1
x < —1
The general polynomial of degree n has the form
P(x) = a,x" + a, (x"' + -+ a,x? + ax + a,,
where a, = 0.Find P/(x).

The body’s reaction to medicine The reaction of the body to a
dose of medicine can sometimes be represented by an equation of
the form

where C is a positive constant and M is the amount of medicine
absorbed in the blood. If the reaction is a change in blood pres-
sure, R is measured in millimeters of mercury. If the reaction is a
change in temperature, R is measured in degrees, and so on.

Find dR/dM . This derivative, as a function of M, is called the
sensitivity of the body to the medicine. In Section 4.6, we will see
how to find the amount of medicine to which the body is most
sensitive.

Suppose that the function v in the Derivative Product Rule has a
constant value c. What does the Derivative Product Rule then say?
What does this say about the Derivative Constant Multiple Rule?

The Reciprocal Rule

a. The Reciprocal Rule says that at any point where the function
v(x) is differentiable and different from zero,

i(l) = _1ldv
dx\v
Show that the Reciprocal Rule is a special case of the Deriva-

v2dx’
tive Quotient Rule.

b. Show that the Reciprocal Rule and the Derivative Product
Rule together imply the Derivative Quotient Rule.

Generalizing the Product Rule The Derivative Product Rule
gives the formula

for the derivative of the product uv of two differentiable functions
of x.

a. What is the analogous formula for the derivative of the product
uvw of three differentiable functions of x?

b. What is the formula for the derivative of the product u,u,uu,
of four differentiable functions of x?

c. What is the formula for the derivative of a product u,u,u; - u
of a finite number 7 of differentiable functions of x?

n

Power Rule for negative integers Use the Derivative Quotient

Rule to prove the Power Rule for negative integers, that is,
i(xfm) — _mx—m—l

dx
where m is a positive integer.
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79. Cylinder pressure If gas in a cylinder is maintained at a con- 80. The best quantity to order One of the formulas for inventory
stant temperature 7, the pressure P is related to the volume V by a management says that the average weekly cost of ordering, pay-
formula of the form ing for, and holding merchandise is

- _NRT ,ﬂ, A(q):k_m+cm+ﬂ,
V—nb V2 q 2
in which a, b, n, and R are constants. Find dP/dV . (See accom- where ¢ is the quantity you order when things run low (shoes,
panying figure.) TVs, brooms, or whatever the item might be); & is the cost of plac-

ing an order (the same, no matter how often you order); c is the
cost of one item (a constant); m is the number of items sold each
week (a constant); and & is the weekly holding cost per item (a
constant that takes into account things such as space, utilities,
insurance, and security). Find dA/dq and d>A/dq*.

m The Derivative as a Rate of Change

In this section we study applications where derivatives model the rates at which things
change. It is natural to think of a quantity changing with respect to time, but other variables
can be treated in the same way. For example, an economist may want to study how the cost
of producing steel varies with the number of tons produced, or an engineer may want to
know how the power output of a generator varies with its temperature.

Instantaneous Rates of Change

If we interpret the difference quotient ( f(x + h) — f(x))/h as the average rate of change
in f over the interval from x to x + h, we can interpret its limit as 7 — 0 as the instanta-
neous rate at which f is changing at the point x. This gives an important interpretation of
the derivative.

DEFINITION The instantaneous rate of change of f with respect to x at x,, is
the derivative

f(xg +h) — fxp)
b )

, T
f(xo)—}llf(l)

provided the limit exists.

Thus, instantaneous rates are limits of average rates.

It is conventional to use the word instantaneous even when x does not represent time.
The word is, however, frequently omitted. When we say rate of change, we mean instanta-
neous rate of change.

EXAMPLE 1 The area A of a circle is related to its diameter by the equation

A=T1p2
4

How fast does the area change with respect to the diameter when the diameter is 10 m?
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Position at time 7 ... and at time 7 + At
} As - }

s ==f(t) s+ As ==f(t + Ar)

=
-

FIGURE 3.15 The positions of a body
moving along a coordinate line at time ¢
and shortly later at time ¢ + Az. Here the
coordinate line is horizontal.

(a) s increasing:
positive slope so
moving upward

(b) s decreasing:
negative slope so
moving downward

FIGURE 3.16 For motions = f(¢)
along a straight line (the vertical axis),

v = ds/dt is (a) positive when s increases
and (b) negative when s decreases.

Solution The rate of change of the area with respect to the diameter is

dA _ 1 5 _ 1D

dD 4 2
When D = 10 m, the area is changing with respect to the diameter at the rate of
(7/2)10 = S7m?/m ~ 15.71 m?/m. u
Motion Along a Line: Displacement, Velocity, Speed,
Acceleration, and Jerk

Suppose that an object (or body, considered as a whole mass) is moving along a coordinate
line (an s-axis), usually horizontal or vertical, so that we know its position s on that line as
a function of time #:

s = f(1).
The displacement of the object over the time interval from ¢ to r + Ar (Figure 3.15) is
As = f(t + At) — f(1),
and the average velocity of the object over that time interval is

_ displacement _ As _ f(t + Ap) — f(n)
travel time At At '

av

To find the body’s velocity at the exact instant #, we take the limit of the average veloc-
ity over the interval from 7 to t + At as At approaches zero. This limit is the derivative
of f with respect to .

DEFINITION Velocity (instantaneous velocity) is the derivative of position
with respect to time. If a body’s position at time 7 is s = f(7), then the body’s
velocity at time ¢ is

o Ja 4+ A = f)
o AI}TO At ’

ds
1 ==
u(1) o

Besides telling how fast an object is moving along the horizontal line in Figure 3.15,
its velocity tells the direction of motion. When the object is moving forward (s increasing),
the velocity is positive; when the object is moving backward (s decreasing), the velocity is
negative. If the coordinate line is vertical, the object moves upward for positive velocity and
downward for negative velocity. The blue curves in Figure 3.16 represent position along the
line over time; they do not portray the path of motion, which lies along the vertical s-axis.

If we drive to a friend’s house and back at 50 km/h, say, the speedometer will show 50
on the way over but it will not show —50 on the way back, even though our distance from
home is decreasing. The speedometer always shows speed, which is the absolute value of
velocity. Speed measures the rate of progress regardless of direction.

DEFINITION Speed is the absolute value of velocity.

Speed = |v(f)| = |%‘

EXAMPLE 2 Figure 3.17 shows the graph of the velocity v = f/(¢) of a particle
moving along a horizontal line as in Figure 3.15 (as opposed to the graph of a position
function s = f(¢), such as in Figure 3.16). In the graph of the velocity function, it’s not the
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FIGURE 3.17 The velocity graph of a particle moving along a horizontal line,
discussed in Example 2.

slope of the curve that tells us whether the particle is moving forward or backward along
the line (which is not shown in the figure), but rather the sign of the velocity. Figure 3.17
shows that the particle moves forward for the first 3 s (when the velocity is positive),
moves backward for the next 2 s (the velocity is negative), stands motionless for a full sec-
ond, and then moves forward again. The particle is speeding up when its positive velocity
increases during the first second, moves at a steady speed during the next second, and
then slows down as the velocity decreases to zero during the third second. It stops for
an instant at + = 3s (when the velocity is zero) and reverses direction as the velocity
starts to become negative. The particle is now moving backward and gaining in speed
until + = 4 s, at which time it achieves its greatest speed during its backward motion.
Continuing its backward motion at time ¢t = 4, the particle starts to slow down again until
it finally stops at time + = 5 (when the velocity is once again zero). The particle now
remains motionless for one full second, and then moves forward again att = 6, speeding
up during the final second of the forward motion indicated in the velocity graph. |

The rate at which a body’s velocity changes is the body’s acceleration. The acceleration
measures how quickly the body picks up or loses speed. In Chapter 12 we will study motion in
the plane and in space, where acceleration of an object may also lead to a change in direction.

A sudden change in acceleration is called a jerk. When a ride in a car or a bus is jerky,
it is not that the accelerations involved are necessarily large but that the changes in accel-
eration are abrupt.

DEFINITIONS Acceleration is the derivative of velocity with respect to time.
If a body’s position at time 7is s = f(#), then the body’s acceleration at time ¢ is

dv _ d>s
a(t) = == = ==,
® dt  drt?
Jerk is the derivative of acceleration with respect to time:
3
jioy = da _ ds

T oAt drd
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t (seconds) s (meters)
t=0 @ O
r=1 ) 5

- 10
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t=2 1 k20
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t=3 ) |45

FIGURE 3.18 A ball bearing falling
from rest (Example 3).

Near the surface of Earth, all bodies fall with the same constant acceleration. Galileo’s
experiments with free fall (see Section 2.1) lead to the equation

1
s = —gt?,
28

where s is the distance fallen and g is the acceleration due to Earth’s gravity. This equation
holds in a vacuum, where there is no air resistance, and closely models the fall of dense,
heavy objects, such as rocks or steel tools, for the first few seconds of their fall, before the
effects of air resistance are significant.

The value of g in the equation s = (1/2)gr? depends on the units used to measure
t and s. With 7 in seconds (the usual unit), the value of g determined by measurement at sea
level is approximately 9.8 m/s? (meters per second squared) in metric units. (This
gravitational constant depends on the distance from Earth’s center of mass, and is slightly
lower on top of Mt. Everest, for example.)

The jerk associated with the constant acceleration of gravity (g = 9.8 m/s?) is zero:

. d
= — = O.
J dt(g)

An object does not exhibit jerkiness during free fall.

EXAMPLE 3 Figure 3.18 shows the free fall of a heavy ball bearing released from
restattime s = Os.

(a) How many meters does the ball fall in the first 3 s?

(b) What are its velocity, speed, and acceleration whent = 3?

Solution

(a) The metric free-fall equation is s = 4.972 During the first 3 s, the ball falls
s(3) = 4.9(3)* = 44.1m.

(b) At any time ¢, velocity is the derivative of position:
d
1) = s'(t) = —(4.9r?) = 9.8t.
v() = 510 = - t( )

Att = 3, the velocity is
v(3) = 29.4m/s

in the downward (increasing s) direction. The speed att = 3 is
speed = |v(3)| = 29.4 m/s.

The acceleration at any time ¢ is
a(t) = V(1) = s"(t) = 9.8 m/s”.

Att = 3, the acceleration is 9.8 m/sz. |

EXAMPLE 4 A dynamite blast blows a heavy rock straight up with a launch
velocity of 49 m/s (176.4 km/h) (Figure 3.19a). It reaches a height of s = 49t — 4.9¢2 m
after 7 seconds.

(a) How high does the rock go?

(b) What are the velocity and speed of the rock when it is 78.4 m above the ground on the
way up? On the way down?

(c) What is the acceleration of the rock at any time # during its flight (after the blast)?
(d) When does the rock hit the ground again?
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FIGURE 3.19 (a) The rock in Example 4.

(b) The graphs of s and v as functions of
time; s is largest when v = ds/dt = 0.
The graph of s is not the path of the rock:
It is a plot of height versus time. The slope
of the plot is the rock’s velocity, graphed
here as a straight line.
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Solution

(a) In the coordinate system we have chosen, s measures height from the ground up, so the

velocity is positive on the way up and negative on the way down. The instant the rock
is at its highest point is the one instant during the flight when the velocity is 0. To find
the maximum height, all we need to do is to find when v = 0 and evaluate s at this time.
At any time ¢ during the rock’s motion, its velocity is

v = ds _ i(49t —4.9t2) = 49 — 9.8t m/s.

dt dt
The velocity is zero when
49 - 98 =0 or t =S5s.

The rock’s height at r = 5 s is
s = s(5) = 49(5) — 4.9(5)% = 245 —122.5 = 122.5 m.

max

See Figure 3.19b.

(b) To find the rock’s velocity at 78.4 m on the way up and again on the way down, we first

(0

find the two values of ¢ for which
s(t) = 49t — 4.9t> = 78.4.
To solve this equation, we write
4.9t —49r + 784 = 0
4.9(t> — 10t +16) = 0
(-2t -8 =0
t = 2s,t = 8s.
The rock is 78.4 m above the ground 2 s after the explosion and again 8 s after the
explosion. The rock’s velocities at these times are
v(2) = 49 — 9.8(2) = 49 —19.6 = 29.4 m/s.
v(@) = 49 — 9.8(8) = 49 — 78.4 = —29.4 m/s.

At both instants, the rock’s speed is 29.4 m/s. Since v(2) > 0, the rock is moving
upward (s is increasing) at ¢ = 2s; it is moving downward (s is decreasing) at t = 8
because v(8) < 0.

At any time during its flight following the explosion, the rock’s acceleration is a
constant
a=Y = du9 98y = 98mys>.
dt dt
The acceleration is always downward and is the effect of gravity on the rock. As the
rock rises, it slows down; as it falls, it speeds up.

(d) The rock hits the ground at the positive time ¢ for which s = 0. The equation

49t — 4.9¢2 = 0 factors to give 4.97 (10 — f) = 0, so it has solutions = 0 and 7 = 10.
At t = 0, the blast occurred and the rock was thrown upward. It returns to the
ground 10 s later. |

Derivatives in Economics and Biology

Economists have a specialized vocabulary for rates of change and derivatives. They call
them marginals. In a manufacturing operation, the cost of production c(x) is a function of
X, the number of units produced. The marginal cost of production is the rate of change of
cost with respect to level of production, so it is dc/dx.
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FIGURE 3.20 Weekly steel production:

c¢(x) is the cost of producing x tons per
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FIGURE 3.21 The marginal cost dc/dx

is approximately the extra cost Ac of
producing Ax = 1 more unit.

Suppose that c(x) represents the dollars needed to produce x tons of steel in one week.
It costs more to produce x + & tons per week, and the cost difference, divided by #, is the
average cost of producing each additional ton:

c(x + h) — c(x) _ average cost of each of the additional
h ~ h tons of steel produced.

The limit of this ratio as 7 — 0 is the marginal cost of producing more steel per week
when the current weekly production is x tons (Figure 3.20):

de _ lim c(x + h) — clx)

= marginal cost of production.
dx h—0 h

Sometimes the marginal cost of production is loosely defined to be the extra cost of
producing one additional unit:

Ac _c(x + 1) — c(x)

Ax 1

which is approximated by the value of dc/dx at x. This approximation is acceptable if the
slope of the graph of ¢ does not change quickly near x. Then the difference quotient will
be close to its limit dc/dx, which is the rise in the tangent line if Ax = 1 (Figure 3.21). The
approximation often works well for large values of x.

Economists often represent a total cost function by a cubic polynomial

c(x) = ax3 + Bx% + yx + 6,

where ¢ represents fixed costs, such as rent, heat, equipment capitalization, and manage-
ment costs. The other terms represent variable costs, such as the costs of raw materials,
taxes, and labor. Fixed costs are independent of the number of units produced, whereas
variable costs depend on the quantity produced. A cubic polynomial is usually adequate to
capture the cost behavior on a realistic quantity interval.

EXAMPLE 5 Suppose that it costs
c(x) = x3 — 6x2 + 15x
dollars to produce x radiators when 8 to 30 radiators are produced and that
r(x) = x3 — 3x%2 + 12x

gives the dollar revenue from selling x radiators. Your shop currently produces 10 radiators
a day. About how much extra will it cost to produce one more radiator a day, and what is
your estimated increase in revenue and increase in profit for selling 11 radiators a day?

Solution The cost of producing one more radiator a day when 10 are produced is about
c'(10):
(x) = di(x3 —6x? 4 15x) = 3x? — 12x + 15
by
c'(10) = 3(100) — 12(10) + 15 = 195.

The additional cost will be about $195. The marginal revenue is
r'(x) = di(x3 —3x2 + 12x) = 3x2 — 6x + 12.
X

The marginal revenue function estimates the increase in revenue that will result from sell-
ing one additional unit. If you currently sell 10 radiators a day, you can expect your reve-
nue to increase by about

r'(10) = 3(100) — 6(10) + 12 = $252

if you increase sales to 11 radiators a day. The estimated increase in profit is obtained by
subtracting the increased cost of $195 from the increased revenue, leading to an estimated
profit increase of $252 — $195 = $57. |
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EXAMPLE 6 Marginal rates frequently arise in discussions of tax rates. If your mar-
ginal income tax rate is 28% and your income increases by $1000, you can expect to pay
an extra $280 in taxes. This does not mean that you pay 28% of your entire income in
taxes. It just means that at your current income level I, the rate of increase of taxes 7 with
respect to income is d7/dI = 0.28. You will pay $0.28 in taxes out of every extra dollar
you earn. As your income increases, you may land in a higher tax bracket, and your mar-
ginal rate will increase. n

Sensitivity to Change

=2p — p?
e When a small change in x produces a large change in the value of a function f(x), we say that

» the function is sensitive to changes in x. The derivative f’(x) is a measure of this sensitivity. The
function is more sensitive when | f/(x)| is larger (when the slope of the graph of f is steeper).

(=]
—_

a
© EXAMPLE 7 Genetic Data and Sensitivity to Change
The Austrian monk Gregor Johann Mendel (1822-1884), working with garden peas and
2 other plants, provided the first scientific explanation of hybridization.
His careful records showed that if p (a number between 0 and 1) is the frequency of the
dy gene for smooth skin in peas (dominant) and (1 — p) is the frequency of the gene for wrinkled
- 2-2p skin in peas, then the proportion of smooth-skin peas in the next generation will be

dy/dp

y=2p(l—p)+ p*=2p—p~

The graph of y versus p in Figure 3.22a suggests that the value of y is more sensitive
0 1 p to a change in p when p is small than when p is large. Indeed, this fact is borne out by the
derivative graph in Figure 3.22b, which shows that dy/dp is close to 2 when p is near 0 and
close to O when p is near 1.

(b)

FIGURE 3.22 (a) The graph of The implication for genetics is that introducing a few more smooth skin genes into a

y = 2p — p?, describing the proportion of ~ population where the frequency of wrinkled-skin peas is large will have a more dramatic

smooth-skin peas in the next generation. effect on later generations than will a similar increase when the population has a large pro-

(b) The graph of dy/dp (Example 7). portion of smooth-skin peas. |
EXERCISES R

Motion Along a Coordinate Line 8. Particle motion At time ¢ > 0, the velocity of a body moving

Exercises 1-6 give the positions s = f(t) of a body moving on a coor- along the horizontal s-axisisv = > — 4¢ + 3.

dinate line, with s in meters and 7 in seconds. a. Find the body’s acceleration each time the velocity is zero.

a. Find the body’s displacement and average velocity for the given

b. When is the body moving forward? Backward?
time interval.

c. When is the body’s velocity increasing? Decreasing?
b. Find the body’s speed and acceleration at the endpoints of the

interval. Free-Fall Applications
c. When, if ever, during the interval does the body change direction? 9. Free fall on Mars and Jupiter The equations for free fall at
the surfaces of Mars and Jupiter (s in meters, 7 in seconds) are
Ls=1=-3+2 0<1<2 s = 1.86t% on Mars and s = 11.44¢2 on Jupiter. How long does
2.5 =66 —12, 0<t<6 it take a rock falling from rest to reach a velocity of 27.8 m/s
about 100 km/h) on each planet?
B.s=-10+32 -3, 0<1<3 ¢ /b P .

. s ) 10. Lunar projectile motion A rock thrown vertically upward from
4dos = (1Hf4) - +12, 0<1<3 the surface of the moon at a velocity of 24 m/s (about 86 km/h)
S.s:%fé, 1<1<5 65— 25 L 4<1<0 reaches a height of s = 24¢r — 0.8/>min ¢s.

t t t+5 a. Find the rock’s velocity and acceleration at time ¢. (The accel-
7. Particle motion At time ¢, the position of a body moving along eration in this case is the acceleration of gravity on the moon.)

the s-axisis s = 13 — 612 + 9rm. . How long does it take the rock to reach its highest point?

a. Find the body’s acceleration each time the velocity is zero. How high does the rock go?

e o =

b. Find the body’s speed each time the acceleration is zero. . How long does it take the rock to reach half its maximum height?

c. Find the total distance traveled by the body from? = Otor = 2. e. How long is the rock aloft?
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11.

12.

13.

14.
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Finding g on a small airless planet Explorers on a small airless
planet used a spring gun to launch a ball bearing vertically upward
from the surface at a launch velocity of 15 m/s. Because the accel-
eration of gravity at the planet’s surface was g, m/s2, the explorers
expected the ball bearing toreach aheightof s = 157 — (1/2)g,#?>m
t s later. The ball bearing reached its maximum height 20 s after being
launched. What was the value of g ?

Speeding bullet A 45-caliber bullet shot straight up from the
surface of the moon would reach a height of s = 250 — 0.8/>m
after ¢ seconds. On Earth, in the absence of air, its height would be
s = 250t — 4.9t m after ¢ seconds. How long will the bullet be
aloft in each case? How high will the bullet go?

Free fall from the Tower of Pisa Had Galileo dropped a
cannonball from the Tower of Pisa, 56 m above the ground, the
ball’s height above the ground ¢ seconds into the fall would have
beens = 56 — 4.9¢2.

a. What would have been the ball’s velocity, speed, and accel-
eration at time ¢?

b. About how long would it have taken the ball to hit the ground?

¢. What would have been the ball’s velocity at the moment of
impact?
Galileo’s free-fall formula Galileo developed a formula for a
body’s velocity during free fall by rolling balls from rest down
increasingly steep inclined planks and looking for a limiting for-
mula that would predict a ball’s behavior when the plank was
vertical and the ball fell freely; see part (a) of the accompanying
figure. He found that, for any given angle of the plank, the ball’s
velocity ¢ seconds into motion was a constant multiple of 7. That
is, the velocity was given by a formula of the form v = kt. The
value of the constant k£ depended on the inclination of the plank.
In modern notation—part (b) of the figure—with distance in
meters and time in seconds, what Galileo determined by experi-
ment was that, for any given angle 6, the ball’s velocity 7 s into the
roll was v = 9.8(sind)r my/s.

Free-fall
position

~ N\

\ ||

(@) (b)
a. What is the equation for the ball’s velocity during free fall?

b. Building on your work in part (a), what constant acceleration
does a freely falling body experience near the surface of Earth?

Understanding Motion from Graphs

15.

The accompanying figure shows the velocity v = ds/dt = f(t)
(mys) of a body moving along a coordinate line.

v (m/s)
v =f(0)

N\
ol 3 4 6/ 810 '@
-3

a. When does the body reverse direction?

16.

17.

b. When (approximately) is the body moving at a constant speed?
c. Graph the body’s speed for 0 < ¢ < 10.
d. Graph the acceleration, where defined.

A particle P moves on the number line shown in part (a) of the
accompanying figure. Part (b) shows the position of P as a func-
tion of time 7.

—(‘)—4- —:; >—> 5 (cm)
(@)
s (cm)
S s =f)
| |
0 1 2
_2_
_4_

(b)

a. When is P moving to the left? Moving to the right? Standing
still?

b. Graph the particle’s velocity and speed (where defined).
Launching a rocket When a model rocket is launched, the pro-
pellant burns for a few seconds, accelerating the rocket upward.
After burnout, the rocket coasts upward for a while and then
begins to fall. A small explosive charge pops out a parachute
shortly after the rocket starts down. The parachute slows the
rocket to keep it from breaking when it lands.

The figure here shows velocity data from the flight of the
model rocket. Use the data to answer the following.
a. How fast was the rocket climbing when the engine stopped?

b. For how many seconds did the engine burn?

i

45 /\

30 /
15 N

Velocity (m/s)

—15 \\/

%2 4 6 8 10 12
Time after launch (s)

¢. When did the rocket reach its highest point? What was its
velocity then?

d. When did the parachute pop out? How fast was the rocket
falling then?

e. How long did the rocket fall before the parachute opened?
f. When was the rocket’s acceleration greatest?

g. When was the acceleration constant? What was its value then
(to the nearest integer)?



18.

19.

20.

The accompanying figure shows the velocity v = f(#) of a particle
moving on a horizontal coordinate line.

a. When does the particle move forward? Move backward?
Speed up? Slow down?

b. When is the particle’s acceleration positive? Negative? Zero?
c¢. When does the particle move at its greatest speed?
d. When does the particle stand still for more than an instant?

The graphs in the accompanying figure show the position s,
velocity v = ds/dt, and acceleration a = d2s/dt? of a body mov-
ing along a coordinate line as functions of time 7. Which graph is
which? Give reasons for your answers.

Y

® @
©

The graphs in the accompanying figure show the position s, the
velocity v = ds/dt, and the acceleration a = d2s/dt? of a body
moving along a coordinate line as functions of time 7. Which
graph is which? Give reasons for your answers.

y

®

©

Economics

21.

Marginal cost Suppose that the dollar cost of producing x wash-
ing machines is ¢(x) = 2000 + 100x — 0.1x2

a. Find the average cost per machine of producing the first 100
washing machines.

22.
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b. Find the marginal cost when 100 washing machines are produced.

c¢. Show that the marginal cost when 100 washing machines are
produced is approximately the cost of producing one more
washing machine after the first 100 have been made, by calcu-
lating the latter cost directly.

Marginal revenue Suppose that the revenue from selling x wash-
ing machines is

() = 20,0001 — 1)
X
dollars.
a. Find the marginal revenue when 100 machines are produced.

b. Use the function 7/(x) to estimate the increase in revenue that
will result from increasing production from 100 machines a
week to 101 machines a week.

c. Find the limit of 7/(x) as x — oo. How would you interpret
this number?

Additional Applications

23.

24.

26.

27.

Bacterium population When a bactericide was added to a nutri-
ent broth in which bacteria were growing, the bacterium popula-
tion continued to grow for a while, but then stopped growing and
began to decline. The size of the population at time ¢ (hours) was
b = 10% + 10*¢ — 1032 Find the growth rates at

a. t+ = Ohours.
b. t = Shours.
c. t+ = 10hours.
Body surface area A typical male’s body surface area S in

square meters is often modeled by the formula S = &M,
where £ is the height in centimeters, and w the weight in kilo-
grams, of the person. Find the rate of change of body surface area
with respect to weight for males of constant height # = 180 cm.
Does S increase more rapidly with respect to weight at lower or
higher body weights? Explain.

. Draining a tank It takes 12 hours to drain a storage tank by

opening the valve at the bottom. The depth y of fluid in the tank ¢
hours after the valve is opened is given by the formula

vy =6[1- L)zm.

a. Find the rate dy/dr (m/h) at which the tank is draining at time .

b. When is the fluid level in the tank falling fastest? Slowest?
What are the values of dy/dt at these times?

c. Graph y and dy/dt together and discuss the behavior of y in
relation to the signs and values of dy/dt.

Draining a tank The number of liters of water in a tank ¢ min-
utes after the tank has started to drain is Q(f) = 200(30 — 1)
How fast is the water running out at the end of 10 min? What
is the average rate at which the water flows out during the first
10 min?

Vehicular stopping distance Based on data from the U.S. Bureau
of Public Roads, a model for the total stopping distance of a moving
car in terms of its speed is

s = 0.21v + 0.0063v2,

where s is measured in meters and v is measured in km/h. The linear
term 0.21v models the distance the car travels during the time the
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driver perceives a need to stop until the brakes are applied, and the
quadratic term 0.00636v% models the additional braking distance
once they are applied. Find ds/dv at v = 50 and v = 100 km/h,
and interpret the meaning of the derivative.

28. Inflating a balloon The volume V = (4/3)nr3 of a spherical
balloon changes with the radius.

a. At what rate (m?3/m) does the volume change with respect to
the radius whenr = 2m?

b. By approximately how much does the volume increase when
the radius changes from 2 to 2.2 m?

29. Airplane takeoff Suppose that the distance an aircraft travels along
a runway before takeoff is given by D = (10/9)r2, where D is
measured in meters from the starting point and 7 is measured in sec-
onds from the time the brakes are released. The aircraft will become
airborne when its speed reaches 200 km/h. How long will it take to
become airborne, and what distance will it travel in that time?

30. Volcanic lava fountains Although the November 1959 Kilauea
Iki eruption on the island of Hawaii began with a line of fountains
along the wall of the crater, activity was later confined to a sin-
gle vent in the crater’s floor, which at one point shot lava 580 m
straight into the air (a Hawaiian record). What was the lava’s exit
velocity in meters per second? In kilometers per hour? (Hint: If v,

is the exit velocity of a particle of lava, its height ¢ seconds later
will be s = vyt — 4.9¢> m. Begin by finding the time at which
ds/dt = 0. Neglect air resistance.)

Analyzing Motion Using Graphs

Exercises 31-34 give the position function s = f(#) of an object mov-
ing along the s-axis as a function of time #. Graph f together with the
velocity function v(t) = ds/dt = f'(t) and the acceleration function
a(t) = d?s/dt?> = f"(t). Comment on the object’s behavior in rela-
tion to the signs and values of y and a. Include in your commentary
such topics as the following:

a. When is the object momentarily at rest?

b. When does it move to the left (down) or to the right (up)?
¢. When does it change direction?

d. When does it speed up and slow down?

e. When is it moving fastest (highest speed)? Slowest?

f. When is it farthest from the axis origin?

31. s = 60r — 4.9t2, 0 < < 12.5 (aheavy object fired straight
up from Earth’s surface at 60 m/s)

.5 =12 -3t+2, 0<t<5
3B.os =13 —-6t2+7t, 0<t<4
4. s =4 —-Tt+6t2 —13, 0<t<4

m Derivatives of Trigonometric Functions

Many phenomena of nature are approximately periodic (electromagnetic fields, heart thythms,
tides, weather). The derivatives of sines and cosines play a key role in describing periodic
changes. This section shows how to differentiate the six basic trigonometric functions.

Derivative of the Sine Function

To calculate the derivative of f(x) = sin x, for x measured in radians, we combine the limits
in Example 5a and Theorem 6 in Section 2.4 with the angle sum identity for the sine function
(see Figure 1.46):

sin(x + h) = sinx cosh + cos x sin A.
If f(x) = sin x, then
flx+h) = f(x) _ lim sin(x + h) — sinx

f’(x) = lim Derivative definition
h—0 h h—0 h
. (sinxcosh + cosxsinh) — sinx o ;
= lim Identity for sin(x + &)
h—0 h
. _sinx(cosh — 1)+ cosxsinh
= lim
h—0 h
. . cosh —1 . sin h
= lim|sinx - —— | 4+ lim{cos x -
h—0 h h—0
. . cosh—1 sin h
= sinx - lim ———

+ cos x - lim
h—0 h
=0 A

limit 1

h—0 h
=0 n

limit O
=sinx -0+ cosx -1 = cosux.

Example 5a and
Theorem 6, Section 2.4

The derivative of the sine function is the cosine function:

d, .
—(sinx) = cos x.
dx




y
1 y = cosx
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|

FIGURE 3.23 The curve y = —sin x as
the graph of the slopes of the tangent lines
to the curve y = cos x.
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EXAMPLE 1 We find derivatives of a difference, a product, and a quotient, each of
which involves the sine function.

(a) y = x2 — sin x: @ = 2x — i(sin x) Difference Rule
x dx

= 2x — CcOS X

(b) y = e*sinx: % = ex;—x(sin x) + (;—xex)sinx Product Rule
= e*cosx + e*sinx
= e*(cosx + sinx)

sin x d x-i(sinx)—sinx-l
(©y= : & dx Quotient Rule
X dx x2

X COSXx — sinx
= — .
X2

Derivative of the Cosine Function

With the help of the angle sum formula for the cosine function (see Figure 1.46),
cos(x + h) = cosxcosh — sin x sin h,

we can compute the limit of the difference quotient:

cos(x + h) — cosx

d .
—(COS x) = lim Derivative definition

dx h—0 h
~ lim (cosxcosh — sinxsinh) — cos x Cosine angle sum
h—0 h identity
. _cosx(cosh —1)—sinxsinh
= lim
h—0 h
. cosh —1 . . sin &
= lim|{cosx - —— | — lim|sin x -
h—0 h h—0 h
. osh —1 . . sinh
= cosx - lim——— — sinx - lim
7h—0 h h—0 h
—cosx-0—sinx -1 Example 5a and
Theorem 6,
= —sin x. Section 2.4

The derivative of the cosine function is the negative of the sine function:

d .
d—(cos x) = —sinx.
x

Figure 3.23 shows a way to visualize this result by graphing the slopes of the tangent
lines to the curve y = cos x.

EXAMPLE 2 We find derivatives of the cosine function in combinations with other

functions.
(@ y = Se* + cosx:

dy _ d 5,0y 4
—dx(Se )+dx(c0sx)

Sum Rule

dx
= S5¢* —sinx
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Rest
position

Position at

=0

N

FIGURE 3.24 A weight hanging from
a vertical spring and then displaced oscil-

lates above and below its rest position

(Example 3).
S, U
5 v=—5\sint s=5cost
ok = /= 3z \m om !
2 2 2
_5 —

FIGURE 3.25 The graphs of the position
and velocity of the weight in Example 3.

(b) y = sinx cos x:
% = sin x;—x(cos x)+ (%(sin x))cosx Product Rule
= (sinx)(—sinx) + (cos x)(cos x)
= cos?x — sin?x
COS X
©y=—"—
1 — sinx

dy _ (1 —sinx) %(cos X) — cosx %(1 — sinx)

dx (1 —sinx)’
(1 —sinx)(—sinx) — (cosx)(0 — cos x)

- (1 —sinx)’

Quotient Rule

1 —sinx 5 N
= sin“x + cos“x =1
(1 — sinx)
-1 m
1—sinx

Simple Harmonic Motion

Simple harmonic motion models the motion of an object or weight bobbing freely up and
down on the end of a spring, with no resistance. The motion is periodic and repeats indefi-
nitely, so we represent it using trigonometric functions. The next example models motion
with no opposing forces (such as friction).

EXAMPLE 3 A weight hanging from a spring (Figure 3.24) is stretched down 5 units
beyond its rest position and released at time t = 0 to bob up and down. Its position at any
later time ¢ is

s = S5cost.

What are its velocity and acceleration at time #?

Solution We have
Position: s = Scost
Velocity: v=9_ i(S cost) = —5sint
dt  dt
Acceleration: @ = 4¥ — i(—S sint) = —5cost.
dt dt

Notice how much we can learn from these equations:

1. As time passes, the weight moves down and up between s = —5 and s = 5 on the
s-axis. The amplitude of the motion is 5. The period of the motion is 27, the period of
the cosine function.

2. The velocity v = —5sin ¢ attains its greatest magnitude, 5, when cos ¢t = 0, as the
graphs in Figure 3.25 show. Hence, the speed of the weight, |v| = 5|sin ], is greatest
when cost = 0, that is, when s = 0 (the rest position). The speed of the weight is
zero when sin ¢t = (. This occurs when s = Scost = =5, at the endpoints of the
interval of motion. At these points the weight reverses direction.

3. The weight is acted on by the spring and by gravity. When the weight is below the rest
position, the combined forces pull it up, and when it is above the rest position, they pull it
down. The weight’s acceleration is always proportional to the negative of its displacement.
This property of springs is called Hooke’s Law, and is studied further in Section 6.5.
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4. The acceleration, a = —5 cost, is zero only at the rest position, where cost = 0
and the force of gravity and the force from the spring balance each other. When the
weight is anywhere else, the two forces are unequal, and acceleration is nonzero.
The acceleration is greatest in magnitude at the points farthest from the rest position,
where cost = *£1. ]

EXAMPLE 4 The jerk associated with the simple harmonic motion in Example 3 is

j= % = %(—SCOSI) = 5sint.

It has its greatest magnitude when sin # = =1, not at the extremes of the displacement
but at the rest position, where the acceleration changes direction and sign. |

Derivatives of the Other Basic Trigonometric Functions

Because sin x and cos x are differentiable functions of x, it follows from the Quotient Rule
that the related functions

tan x = s cotx = — s secx = , and CSCX = —
COS X sin x COS X sin x

are differentiable at every value of x at which they are defined. Their derivatives are given
by the following formulas. Notice the negative signs in the derivative formulas for the
cofunctions.

The derivatives of the other trigonometric functions:

di(tan x) = sec’x di(cotx) = —csc’x

x x

di(sec x) = secxtanx di(cscx) = —cscxcotx
x x

To show a typical calculation, we find the derivative of the tangent function. The other
derivations are left for Exercise 54.

EXAMPLE 5  Findd(tan x)/dx.

Solution We use the Derivative Quotient Rule to calculate the derivative:

d d
= (t - 4
dx( an x) dx

= X Quotient Rule

cos?x

. cosxi(sinx) —sinxi(cosx)
sin x dx d
cos X

cos x cos x — sin x(—sin x)

cos?x
cos?x + sin?x

cos?x

1
= - = sec? x. [ |
cos?x
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EXAMPLE 6 Find y" if y = sec x.
Solution

y =secx

y = secxtanx

Y= di(secx tan x)

X

Finding the second derivative involves a combination of trigonometric derivatives.

Derivative rule for secant function

= sec x%(tan x) + tan x%(sec Xx)

= (secx)(sec?x) + (tanx)(sec x tan x)

Derivative Product Rule

Derivative rules

= sec3x + sec x tan?x [ |

Derivatives

In Exercises 1-18, find dy/dx.

1.y

3.y = x?cosx

5.y:cscx—4\/;+lx

7. f(x) = sin x tan x

9.y = xe *secx

1y = cot x
1+ cotx
13. y = 4 + !

COS X tan x

—10x + 3cosx

e

10. y =

12. y =

14. y =

15. y = (sec x + tanx)(sec x — tanx)

16. y = x?cosx — 2xsinx — 2cos x

17. f(x) = x3sinxcosx

In Exercises 19-22, find ds/dt.

19. s = tant — e’

_ 1+ csct

21. s =
1 —csct

In Exercises 23-26, find dr/d0.

23.r = 4 —0%sinf

25. r = secfcsch

In Exercises 27-32, find dp/dq.

27.p =5+ I
cot g

29. p = sing + cosgq
cos g

18. g(x)

20. s =

22, 5 =

24. r =

28. p =

30. p =

3 + 5sin x

X

Vxsecx + 3
1

x2cotx — =

COoSs x

sin2x

(sinx + cos x)sec x

cos x
1 + sinx

cos X X
x| cosx

= (2 — x)tan%x

t2 —sect + Se!

sin ¢
1 — cost

fsinf + cos @
(1 + secH)sind

(I + cscq)cosq

tan ¢
1+ tang

31 p = 1704 32 p
q* —1

_3q + tang
T gsecyq

33. Find y” if
a.y = cscax.

34, Find y® = d* y/dx* if

b. y = secx.

a. y = —2sinx. b. y = 9cosx.

Tangent Lines

In Exercises 35-38, graph the curves over the given intervals, together
with their tangent lines at the given values of x. Label each curve and
tangent line with its equation.

35.y = sinx, —37/2 < x <27
x = —m,0,37m/2

36. y = tanx, —7m/2 < x < 72
x = —7n/3,0,7/3

37.y = secx, —m/2 <x <72
x = —m/3,7/4

38.y=1+cosx, —37/2 <x <27
x = —m/3,37/2

Do the graphs of the functions in Exercises 39—-44 have any horizontal

tangent lines in the interval 0 < x < 27? If so, where? If not, why
not? Visualize your findings by graphing the functions with a grapher.

39. y = x + sinx 40. y = 2x + sinx

41. y = x — cotx 42. y = x + 2cosx
43.),:& 44.y:&
3+ secx 3 — 4sinx

45. Find all points on the curve y = tan x, —7/2 < x < 7/2, where
the tangent line is parallel to the line y = 2x. Sketch the curve
and tangent lines together, labeling each with its equation.



46. Find all points on the curve y = cotx,0 < x < 7, where the
tangent line is parallel to the line y = —x. Sketch the curve and
tangent lines together, labeling each with its equation.

In Exercises 47 and 48, find an equation for (a) the tangent line to the
curve at P and (b) the horizontal tangent line to the curve at Q.

47. Y 48. VY

y =4+ cotx — 2cscx

y=1 +\ﬁcscx+cotx

Theory and Examples

The equations in Exercises 49 and 50 give the position s = f(¢) of a
body moving on a coordinate line (s in meters, ¢ in seconds). Find the
body’s velocity, speed, acceleration, and jerk at time t = 7/4s.

49. s = 2 — 2sint
50. s = sint + cost

51. Is there a value of ¢ that will make

sin2 3x
flx) =17 x?

c, x=0

, x =0

continuous at x = 07 Give reasons for your answer.

52. Is there a value of b that will make
) x+b x<O0
X) =
§ cosx, x>0

continuous at x = 0? Differentiable at x = 0? Give reasons for
your answers.

53. By computing the first few derivatives and looking for a pattern,
find the following derivatives.

4 4o
a. dxggg(cosx) . m(smx — 3cosx)
73
c. ddx73(x sin x)

54. Derive the formula for the derivative with respect to x of

a. sec x. b. csc x. c. cotx.

55. A weight is attached to a spring and reaches its equilibrium posi-
tion(x = 0). Itis then set in motion resulting in a displacement of

x = 10cost,

56.

7| 59.
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where x is measured in centimeters and 7 is measured in seconds.
See the accompanying figure.

- 10

Equilibrium
position
atx =0

-<=--}0

10

X

a. Find the spring’s displacement whent = 0, t = 7/3, and
t = 3m/4.

b. Find the spring’s velocity whent = 0, t = 7/3, and
t = 3m/4.

Assume that a particle’s position on the x-axis is given by

x = 3cost + 4sint,

where x is measured in meters and ¢ is measured in seconds.

a. Find the particle’s position whent = 0, t = 7/2, and
t = m.
b. Find the particle’s velocity whent = 0, t = 7/2, and

t = m.

. Graphy = cos x for—7 < x < 2. On the same screen, graph

sin(x + h) — sinx
h

for h = 1,0.5,0.3, and 0.1. Then, in a new window, try
h = —1,—0.5, and —0.3. What happens as h — 0%? As
h — 0~? What phenomenon is being illustrated here?

. Graph y = —sinx for—m < x < 27. On the same screen, graph

cos(x + h) — cosx
B h

for h = 1,0.5,0.3, and 0.1. Then, in a new window, try
h = —1,—0.5, and —0.3. What happens as h — 0%? As
h — 0~? What phenomenon is being illustrated here?

Centered difference quotients The centered difference quotient

fx+h) = fx—h)
2h

is used to approximate f’(x) in numerical work because (1) its
limit as & — 0 equals f/(x) when f’(x) exists, and (2) it usually
gives a better approximation of f’(x) for a given value of & than
the difference quotient

fx+h) = flx)
—



176 Chapter 3 Derivatives

See the accompanying figure. over the interval [—m, 27| for & = 1,0.5, and 0.3. Compare
the results with those obtained in Exercise 58 for the same
y values of /.
Slope = f'(x) 60. A caution about centered difference quotients (Continuation
Slope = S+ h})l — of Exercise 59.) The quotient
S+ h)— fx—h)
2h
pe = %;f(x*h) may have a limit as 4 — 0 when f has no derivative at x. As a
case in point, take f(x) = |x| and calculate
h—0 2h '
X
0

As you will see, the limit exists even though f(x) = |x| has no
derivative at x = 0. Moral: Before using a centered difference

a. To see how rapidly the centered difference quotient for quotient, be sure the derivative exists.

f(x) = sin x converges to f/(x) = cos x, graph y = cos x

together with 61. Slopes on the graph of the tangent function Graphy = tanx

and its derivative together on (—m/2,7/2). Does the graph of the

_sin(x + h) — sin(x — h) tangent function appear to have a smallest slope? A largest slope?

h Is the slope ever negative? Give reasons for your answers.

62. Exploring (sin kx)/x Graphy = (sinx)/x,y = (sin2x)/x,
over the interval [—m, 27 ] for A = 1,0.5, and 0.3. Compare and y = (sin4x)/x together over the interval —2 < x < 2.
the results with those obtained in Exercise 57 for the same Where does each graph appear to cross the y-axis? Do the graphs
values of h. really intersect the axis? What would you expect the graphs of
b. To see how rapidly the centered difference quotient y = (sin5x)/x and y = (sin(—3x))/x to do as x — 0? Why?
for f(x) = cos x converges to f'(x) = —sin x, graph What about the graph of y = (sin kx)/x for other values of k?

y = —sin x together with Give reasons for your answers.

_ cos(x + h) — cos(x — h)

2h

EXJ the chain Rule
How do we differentiate F(x) = sin(x? — 4)? This function is the composition f o g of
two functions y = f(u) = sinu andu = g(x) = x?> — 4 that we know how to differ-
entiate. The answer, given by the Chain Rule, says that the derivative is the product of the
derivatives of f and g. We develop the rule in this section.

* Derivative of a Composite Function
C:yturns B:uturns A:xturns The function y = %x = %(3x) is the composition of the functions y = %u andu = 3x.

FIGURE 3.26 When gear A makes We have

X turns, gear B makes u turns and gear

C makes y turns. By comparing cir- dy = é’ dy = l, and du _ 3

dx 2 du 2 dx

cumferences or counting teeth, we see

that y = u/2 (C turns one-half turn
Since > = 1.3 in this case that

for each B turn) and u = 3x (B turns mee = = 5 * 9, WeE see 1 s case tha

three times for A’s one), so y = 3x/2.

Thus, dy/dx = 3/2 = (1/2)(3) = dy _ dy du

(dy/du)(du/dx). dx du dx’
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If we think of the derivative as a rate of change, this relationship is intuitively reasonable.
If y = f(u) changes half as fast as u, and u = g(x) changes three times as fast as x, then
we expect y to change 3/2 times as fast as x. This effect is much like that of a multiple gear
train (Figure 3.26). Let’s look at another example.

EXAMPLE 1 The function

y = (3x2 + 1)?
is obtained by composing the functions y = f(u) = u? and u = g(x) = 3x2 + 1.
Calculating derivatives, we see that

dy du _ 5 6x
du dx

=2(3x2+1)-6x Substitute for u.
= 36x3 + 12x.

Calculating the derivative from the expanded formula (3x2 + 1)* = 9x* + 6x2 + 1
gives the same result:

ﬂ:

A 9yt 1 6x2 4 1) = 36x° + 12x. n
dx dx

The derivative of the composite function f(g(x)) at x is the derivative of f at g(x)
times the derivative of g at x. This is known as the Chain Rule (Figure 3.27).

Composition fo g

Rate of change at

xis f(g(x)) - g'(x).

¢ f
Rate of change ﬂm\
at x is g'(x). at g(x) is f'(g(x)). —
. s T BRI 2w = £

FIGURE 3.27 Rates of change multiply: The derivative of f o g at x is the
derivative of f at g(x) times the derivative of g at x.

THEOREM 2—The Chain Rule If f(u) is differentiable at the pointu = g(x)
and g(x) is differentiable at x, then the composite function (f o g)(x) = f(g(x))
is differentiable at x, and

(fog)(x) = f(gx)) - g'(x).
In Leibniz’s notation, if y = f(u) andu = g(x), then

dy _ dy du
dx du dx’

where dy/du is evaluated at u = g(x).
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Ways to Write the Chain Rule

(fog)(x) = f(gx))
dy _ dy du
dx  du dx
)
dx

d ~du
Ef(u) = f(u)dx

-g'(x)

-g'(x)

A Proof of One Case of the Chain Rule: Let Au be the change in # when x changes
by Ax, so that

Au = g(x + Ax) — g(x).
Then the corresponding change in y is

Ay = f(u+ Au) — f(u).
If Au = 0, we can write the fraction Ay/Ax as the product

Ay _ Ay Au (1)
Ax Au  Ax
and take the limit as Ax — 0:
dy . Ay
— = lim —
dx -0 Ax
. Ay Au
= lim — - =—
Ax—0 Au Ax
— lim & . lim M (Note that Au — 0 as Ax — 0
- Ax—0 Au  Ax—0 Ax since g is continuous.)
. Ay . Au
= lim =Y. lim 2%
A;TO Au AiTO Ax
_dy du
du dx’

The problem with this argument is that if the function g(x) oscillates rapidly near x, then
Au can be zero even when Ax = 0, so the cancelation of Au in Equation (1) would be
invalid. A complete proof requires a different approach that avoids this problem, and we
give one such proof in Section 3.11. |

EXAMPLE 2 An object moves along the x-axis so that its position at any timet > 0
is given by x(¢) = cos(#? + 1). Find the velocity of the object as a function of 7.

Solution We know that the velocity is dx/dt. In this instance, x is a composition of two
functions: x = cos(u) andu = t2 + 1. We have

% = —sin(u) x = cos(u)
% = 2¢. u=1t>+1
By the Chain Rule,
dx _ dx du
dt du dt
= —sin(u) - 2¢
= —sin(¢2 + 1) - 2t
= —2¢sin(t? + 1). u

“Outside-Inside” Rule

A difficulty with the Leibniz notation is that it doesn’t state specifically where the deriva-
tives in the Chain Rule are supposed to be evaluated. So it sometimes helps to write the
Chain Rule using functional notation. If y = f(g(x)), then

? = fg(0) - '),
X
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In words, differentiate the “outside” function f and evaluate this derivative at the “inside”
function g(x) left alone; then multiply by the derivative of the “inside function.”

EXAMPLE 3 Differentiate sin(x? + e*) with respect to x.

Solution We apply the Chain Rule directly and find

disin(x2 +e*) = cos(x? +e*) - (2x + e¥).
X

inside inside derivative of
left alone the inside [ |

EXAMPLE 4 Differentiate y = e+,

Solution Here the inside function is # = g(x) = cos x and the outside function is the
exponential function f(x) = e~*. Applying the Chain Rule, we get

% = d%c(ec"”) = e“’”%(cosx) = e (—sinx) = —e* sin x. [ |

Generalizing Example 4, we see that the Chain Rule gives the formula

d , ,du
—e = e —.
dx dx
For example,
d v e d S
—(e®) = ek - —(kx) = kek, for any constant k
dx dx

and

di(e"z) = e*’ ~di(x2) = 2xe*’.
by X

Repeated Use of the Chain Rule

‘We sometimes have to use the Chain Rule two or more times to find a derivative.

HISTORICAL BIOGRAPHY EXAMPLE 5 Find the derivative of g(f) = tan(5 — sin 2¢).

Johann Bernoulli

(1667-1748)

Johann Bernoulli was born in Switzerland
and attend.ed the pniversi?y of Basel. I.-[is g/(l‘) _ itan( 5 — sin 2t)

doctoral dissertation was in mathematics

despite its medical title, which was used to d

hide his mathematical work from his father = sec?(5 —sin2¢) - E( 5 — sin 2t)

who wanted Johann to become a doctor.
To know more, visit the companion Website.

Solution Notice here that the tangent is a function of 5 — sin 27, whereas the sine is a
function of 2¢, which is itself a function of z. Therefore, by the Chain Rule,

Derivative of tan u with

u=1>5-—-sin2t

= sec2(5 — sin2r) - (0 — cos 2t - i(zt)) Derivative of —sin u with
dt u =2t
=sec?(5 —sin2f) - (—cos2t) -2
= —2(cos 2t)sec?(5 — sin 2¢). u

The Chain Rule with Powers of a Function

If n is any real number and f is a power function, f(u) = u", the Power Rule tells us that
f'(u) = nu"'. If u is a differentiable function of x, then we can use the Chain Rule to
extend this to the Power Chain Rule:

d

du
—W") = nu"'=—. i(u”) = nu"!
dx dx du
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EXAMPLE 6 The Power Chain Rule simplifies computing the derivative of a power
of an expression.

d 3 aNT 3 416 d 3 4 Power Chain Rule with
(a) dx(Sx x4)" ="T(5x x*) dx(Sx x*) de5x3 —xop 7

= 7(5x% — x*)°(15x2 — 4x3)

d 1 d _
by ): 435 -2
® g2 T
_ av2d Power Chain Rule with
=-16x =2 dx(3x D u=3x—-2,n=-1
=-1C8x-27(13)
-3
(3x — 2)2
In part (b) we could also find the derivative with the Quotient Rule.
i . 5 _ s 4 i . Power Chain Rule with u = sinx, n =5,
(©) dx(SIH x) = Ssin®x dx st x because sin” x means (sinx)", n = —1
= Ssin*xcosx
(d) i(e\/&wl) = eV3x+l i( /3x 4 1)
dx dx
— ,Bx+l ., l -2 Power Chain Rule with
=¢ 2(3x+1) 3 u=73x+1, 71:1/2
— 3 eV3x+l1 [

2By + 1

EXAMPLE 7 In Example 4 of Section 3.2 we saw that the absolute value function
y = | x| is not differentiable at x = 0. However, the function is differentiable at all other

real numbers, as we now show. Since | x| = x2 , we can derive the following formula,
which gives an alternative to the more direct analysis seen before.
ﬁ Lxpy = LJxz
Derivative of the Absolute dx dx
Value Function _ | i(xz) Power Chain Rule with
d x sz_z dx u:xzflz:l/Z.xr()
—(xH) = —, x=0
dx | x| I S Jx2 = x|
{ I, x>0 21|
-1, x<o0 =2, x=0. u
’ | x|

EXAMPLE 8 Show that the slope of every line tangent to the curve y = 1/ (1 —2x)°
is positive.

Solution We find the derivative:

Ay _ d (1 gy
dx  dx
= -3 — 2x)_4 . di(l — 2x) Power Chain Rule with u = (1 — 2x),n = -3
X
=31 -2x)"*-(-2)
__ 6
(1—20*
Atany point(x, y) on the curve, the denominator is nonzero, and the slope of the tangent line is
y _ 6
dx (1 -2x0*

which is the quotient of two positive numbers. |
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The formulas for the derivatives of both sin x and cos x were obtained

under the assumption that x is measured in radians, not degrees. The Chain Rule gives us

new insight into the difference between the two. Since 180°

= 7 radians, x°

7x/180

radians, where x° is the size of the angle measured in degrees.

By the Chain Rule,
d . .o d_.(7x\_ X
—sin(x°) = —sin|—— | = ——cos|{——
dx dx 180 180 180

= T cos(x°).

180

See Figure 3.28. Similarly, the derivative of cos(x°) is —(7/180)sin(x°).
The factor 7/180 would propagate with repeated differentiation, showing an advan-

tage for the use of radian measure in computations.

[
y =sinx

y = sin(x°) = sin

mx
180

FIGURE 3.28 The function sin(x°) oscillates only 7/180 times as often as sin x oscillates.

Its maximum slope is 7/180 at x = 0 (Example 9).

RN 3.6

Derivative Calculations 5 1/2 4
In Exercises 1-8, given y = f(u) and u = g(x), find 32.y=06-20"+ §(; + 1)
— ! !
dyfdx = J'(g(x)g'(x). ) 3 Boy=Ur+ 3+ DY 34
l.y:6.u—9, u=(12)x* 2.y =2u3, u=28x—1 35,y = xet 4 e 36.
3.y =sinu, u=3x+1 4.y =cosu, u=-e 3.y = (x2 — 2x 4 2)eS? 38,
S.y:\/l/_l, u = sinx 6.y = sinu, u = x —Ccosx 39.h(x)=xtan(2x/;)+7 40.
7.y = tanu, u = 7x? 8. y = —secu, u:l+7x
* 41. f(x) = /7T + xsecx 42.
In Exercises 9-22, write the function in the form y = f(u) and
u = g(x). Then find dy/dx as a function of x. 3. £0) — [ sin 6 Jz “
9.y = (2x + 1)° 10. y = (4 — 3x)° 1+ cosf
—7 \/— —10
1.y = (1 - ;) 2.y = [TX - 1] 45. r = sin(62) cos(26) 46.
13y:(ﬁ+x—1)4 4.y = V3x2 —4x+ 6 47 —sin( ! ) 48
8 X - q ] .
15. y = sec(tan x) 16. y = COt(7T - l) 49.y = cos(e ) 50.
X
17. y = tan3x 18. y = Scos*x In Exercises 51-70, find dy/dt.
19. y = -5 20. y = 23 51. y = sin?(7wt — 2) 52.
21,y = 57 22,y = el4Vr+s?) 53.y = (14 cos2t)™ 54.
10
Find the derivatives of the functions in Exercises 23-50. 55.y = (ttanr) 56.
23.p=3 1 24. g = 2r — 12 57. y = ecosimh 58.
25. 5 = 2in3 + 24 cos5t 26,5 = sin(m) + cos(m) 59.y = (Ly 60.
37 St 2 2 13— 4t
27.r = (cscf + cotﬁ)fl 28. r = 6(sec — tan 0)3/2 61. y = sin(cos(2r — 5)) 62.
. 1. X
— y2qint -2 — Loinsy - Xoogd 3
29. y = x?sin*x + xcos™2x 30.y = —sin—x cos’ x 63.y:(1+tan4(é)) 4.
1 6 ( 1 )*'
3Ly =—@Bx-2 4 - —
T IR e

= (2x — 5) " (x2 — 5x)°

y =+ 2x)e >

<
I

y = (9x2 — 6x + 2)e*’
k(x) = xzsec(l)
X
tan 3x
e
1 + sin3r) "
fH=——
0 = (525
r = sec Htan(l)
0
_ Ot(sint)
4= t
y = 3% 20cos 50
y = sec?mt
y=(1+ cot(t/2))72
y = (-3 sin0)"
y = (esin(t/2))3
y = (3; - 4)*5
5t + 2
= cos{sinf3))
y cos( sin{ 3
_ 1 2 3
y = g(l + cos2(71))
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65.
67.

69.
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y = 1 + cos(t?) 66. y = 4sin(\/l + \/;)
y = tan?(sin’zr) 68. y = cos*(sec?3t)
y = 31(2¢2 = 5)* 70.y:\/3t+\/2+\/1—t

Second Derivatives
Find y” in Exercises 71-78.

71.

73.

75.
77.

3
y=(l+l) 72.)7:(17\/;)71
X
y = Leot3x — 1) 74, y — 9tan(£)
9 ) 3
y = x2x + D* 76. y = x2(x3 — 1)°
y = e* + 5x 78. y = sin(x2e¥)

For each of the following functions, solve both f/(x) = 0 and
f"(x) = 0 forx.

79.
80.

fx) = x(x — 4)°
f(x) = sec?x —2tanx for0 < x < 27

Finding Derivative Values

83.

84.

85.

86.
87.

88.

89.

90.

In Exercises 81-86, find the value of ( f o g)’ at the given value of x.
81. X

82.

f)=us+1, u=gx) =Vx, x=1

fay =1-L u= g = 1
u 1 —x

u=gx) =5/ x=1

x = -1

fu) = cotZ%

10°
Jw) =u+ ——, u=gx)=mx, x=1/4
cos?u
2u
f(”):u2+l, u=gkx)=10x>4+x+1 x=0
u— 1\ 1
fw = (A w =g = Lo x =
Assume that f’(3) = —1,£'(2) = 5,g(2) = 3, and y = f(g(x)).

What is y" at x = 2?

If r = sin(f (1)), f(0) = 7/3,and f'(0) = 4,then what is dr/dt
att = 07
Suppose that functions f and g and their derivatives with respect

to x have the following values at x = 2 and x = 3.

x  f(x) g(x) f(x) g'(x)
2 8 2 1/3 -3
3 3 —4 27 5

Find the derivatives with respect to x of the following combina-
tions at the given value of x.
a. 2f(x), x =2 b. f(x) + g(x), x =3

¢ f(x)- g, d f(0/gx), x =2

e. f(gx)), x =2 f. Jf(x), x =2

g 1/g%(x), x =3 h. Vf2(x) + g%(x), x =2
Suppose that the functions fand g and their derivatives with
respect to x have the following values at x = O and x = 1.

x =3

x  f() glx) fl(x) g'x)
0 1 1 5 1/3
1 3 -4 -1/3  —8/3

91.
92.

Find the derivatives with respect to x of the following combina-
tions at the given value of x.

a. 5f(x) — g(x), x =1 b. f(x)g3(x), x = 0
A€ N -

“ s+ 1 T ! d f(g(x), x=0

e (), x =0 Eo( ) a1

g f(x+gl), x=0

Find ds/dt when 0 = 3m/2if s = cos 0 and df/dt = 5.
Find dy/dt whenx = 1ify = x? + 7x — Sand dx/dt = 1/3.

Theory and Examples

What happens if you can write a function as a composition in different
ways? Do you get the same derivative each time? The Chain Rule says
you should. Try it with the functions in Exercises 93 and 94.

93.

9.

95.
96.
97.

98.

99.

Find dy/dx if y = x by using the Chain Rule with y as a compo-
sition of

a.y=(u5+7 and u = 5x—35

b.y =14 (l/u) and u = 1/(x —1).

Find dy/dx if y = x*? by using the Chain Rule with y as a com-
position of

a.y=u’ and u = Vx

b.y=+u and u = x3.

Find the tangent line to y = ((x — D/(x + 1))>atx = 0.

Find the tangent linetoy = vx? — x + 7atx = 2.

a. Find the tangent line to the curve y = 2 tan(7x/4) at x = 1.

b. Slopes on a tangent curve What is the smallest value
the slope of the curve can ever have on the interval
—2 < x < 27 Give reasons for your answer.

Slopes on sine curves

a. Find equations for the tangent lines to the curves y = sin 2x
and y = —sin(x/2)at the origin. Is there anything special about
how the tangent lines are related? Give reasons for your answer.

b. Can anything be said about the tangent lines to the
curves y = sinmx and y = —sin(x/m) at the origin
(m a constant = 0)? Give reasons for your answer.

c. For a given m, what are the largest values the slopes of the
curves y = sinmx and y = —sin(x/m) can ever have? Give
reasons for your answer.

d. The function y = sin x completes one period on the interval
[0,27], the function y = sin 2x completes two periods, the
function y = sin(x/2) completes half a period, and so on. Is
there any relation between the number of periods y = sin mx
completes on [0, 27| and the slope of the curve y = sin mx at
the origin? Give reasons for your answer.

Running machinery too fast Suppose that a piston is moving
straight up and down and that its position at time # seconds is

s = Acos(27ht),

with A and b positive. The value of A is the amplitude of the
motion, and b is the frequency (number of times the piston moves
up and down each second). What effect does doubling the fre-
quency have on the piston’s velocity, acceleration, and jerk?
(Once you find out, you will know why some machinery breaks
when you run it too fast.)



100.

101.

102.

103.

104.

105.

106.

Temperatures in Fairbanks, Alaska The graph in the accom-
panying figure shows the average Celsius temperature in Fair-
banks, Alaska, during a typical 365-day year. The equation that
approximates the temperature on day x is

. [ 27
=20 —(x—10D| -4
y sin 365(x )
and is graphed in the accompanying figure.

a. On what day is the temperature increasing the fastest?

b. About how many degrees per day is the temperature increas-
ing when it is increasing at its fastest?

y

15

P20 O O g

5
\@Q <¢€‘0 @‘ﬁ VVQ‘ @@\QQ \0\ V’Q%%Z‘Q 00\‘ QOA Q@Q \@9 QQO @é

Temperature (°C)

Particle motion The position of a particle moving along a coor-
dinate line is s = /1 + 4¢, with s in meters and ¢ in seconds.
Find the particle’s velocity and acceleration att = 6s.

Constant acceleration Suppose that the velocity of a falling
body is v = ks m/s (k a constant) at the instant the body has
fallen s meters from its starting point. Show that the body’s accel-
eration is constant.

Falling meteorite The velocity of a heavy meteorite entering
Earth’s atmosphere is inversely proportional to v/s when it is s km
from Earth’s center. Show that the meteorite’s acceleration is
inversely proportional to s2.

Particle acceleration A particle moves along the x-axis with
velocity dx/dt = f(x). Show that the particle’s acceleration is
FOf'(x).

Temperature and the period of a pendulum For oscillations
of small amplitude (short swings), we may safely model the rela-
tionship between the period 7" and the length L of a simple pen-

dulum with the equation
T =27 \/Z,
8

where g is the constant acceleration of gravity at the pendulum’s
location. If we measure g in centimeters per second squared, we
measure L in centimeters and 7 in seconds. If the pendulum is made
of metal, its length will vary with temperature, either increasing or
decreasing at a rate that is roughly proportional to L. In symbols,
with u being temperature and k the proportionality constant,

dL _ 4p.
du

Assuming this to be the case, show that the rate at which the
period changes with respect to temperature is k7/2.

Chain Rule Suppose that f(x) = x?and g(x) = |x|. Then the
compositions

(fog)x) =IxI*> = x2 and (gof)(x) = [x2] = x2

107.

108.
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are both differentiable at x = 0 even though g itself is not differ-

entiable at x = 0. Does this contradict the Chain Rule? Explain.
The derivative of sin 2x Graph the function y = 2 cos 2x for
—2 < x < 3.5. Then, on the same screen, graph

sin2(x + h) — sin 2x
h
for h = 1.0,0.5, and 0.2. Experiment with other values of

h, including negative values. What do you see happening as
h — 07? Explain this behavior.

The derivative of cos(x2) Graph y = —2xsin(x?) for
—2 < x < 3. Then, on the same screen, graph

_ cos((x + h)*) — cos(x?)

N h

for h = 1.0,0.7, and 0.3. Experiment with other values of A.
What do you see happening as 7 — 07? Explain this behavior.

Using the Chain Rule, show that the Power Rule (d/dx)x" = nx"~!
holds for the functions x" in Exercises 109 and 110.

109.
111.

112.

113.

x4 = JVx 110. x¥* = Vxvx
Consider the function
()
xsin{—], x >0
fx) = x
0, x <0
a. Show that f is continuous at x = 0.
b. Determine f/ for x = 0.
¢. Show that f is not differentiable at x = 0.
Consider the function
xzcos(g), x =0
flx) = x
0, x =20
a. Show that f is continuous at x = 0.
b. Determine f/ for x = 0.
¢. Show that f is not differentiable at x = 0.

d. Show that f’ is not continuous at x = 0.
Verity each of the following statements.

a. If f is even, then f’ is odd.

b. If f is odd, then f’ is even.

COMPUTER EXPLORATIONS
Trigonometric Polynomials

114.

As the accompanying figure shows, the trigonometric
“polynomial”
s = f(t) = 0.78540 — 0.63662 cos 2t — 0.07074 cos 6t
—0.02546 cos 10t — 0.01299 cos 14¢
gives a good approximation of the sawtooth functions = g(t) on
the interval [—m, ]. How well does the derivative of f approxi-

mate the derivative of g at the points where dg/dt is defined? To
find out, carry out the following steps.

a. Graph dg/dt (where defined) over [—, 7].
b. Find df /.



184

115.

Chapter 3 Derivatives

c. Graph df /dt. Where does the approximation of dg/dt by
df /dt seem to be best? Least good? Approximations by trig-
onometric polynomials are important in the theories of heat
and oscillation, but we must not expect too much of them, as
we see in the next exercise.

—r O| T

(Continuation of Exercise 114.) In Exercise 114, the trigonometric
polynomial f(¢) that approximated the sawtooth function g(¢) on
[—m, m] had a derivative that approximated the derivative of the
sawtooth function. It is possible, however, for a trigonometric
polynomial to approximate a function in a reasonable way without
its derivative approximating the function’s derivative at all well.

graphed in the accompanying figure approximates the step func-
tion s = k(¢) shown there. Yet the derivative of 4 is nothing like
the derivative of k.

s = k(1)

s = h(t)

B
1

a. Graph dk/dt (where defined) over [—m, 7].
b. Find dhjdt.

c. Graph dh/dt to see how badly the graph fits the graph of
dk/dt. Comment on what you see.

As a case in point, the trigonometric “polynomial”

s = h(t) = 1.27325sin 2t + 0.4244 sin 61 + 0.25465 sin 10z
+ 0.18189sin 141 + 0.14147 sin 18¢

KW@ Implicit Differentiation

y

sk y=filx)
(x0, ¥1)

(xq, y3)‘ y=f3(0)

FIGURE 3.29 The curve

x3 4+ y3 — 9xy = 0 is not the graph of
any one function of x. The curve can,
however, be divided into separate arcs
that are the graphs of functions of x. This
particular curve, called a folium, dates to
Descartes in 1638.

Most of the functions we have dealt with so far have been described by an equation of the
formy = f(x)that expresses y explicitly in terms of the variable x. We have learned rules
for differentiating functions defined in this way. A different situation occurs when we
encounter equations like

3 +y -9y =0, y2—-x=0, or x?2+y2-25=0.

(See Figures 3.29, 3.30, and 3.31.) Each of these equations defines an implicit relation
between the variables x and y, meaning that a value of x may determine more than one
value of y, even though we do not have a simple formula for the y-values. In some cases we
may be able to solve such an equation for y as an explicit function (or even several func-
tions) of x. When we cannot put an equation F(x,y) = 0in the formy = f(x) to differ-
entiate it in the usual way, we may still be able to find dy/dx by implicit differentiation.
This section describes the technique.

Implicitly Defined Functions

We begin with examples involving familiar equations that we can solve for y as a function
of x and then calculate dy/dx in the usual way. Then we differentiate the equations implic-
itly, and find the derivative. We will see that the two methods give the same answer. Fol-
lowing the examples, we summarize the steps involved in the new method. In the examples
and exercises, it is always assumed that the given equation determines y implicitly as a
differentiable function of x so that dy/dx exists.

EXAMPLE 1 Find dy/dx if y2 = «x.

Solution The equation y?> = x defines two differentiable functions of x that we can
actually find, namely y, = Vx and Y, = —/x (Figure 3.30). We know how to calculate
the derivative of each of these forx > 0:

dy, _ 1 dy, _ 1

= — d = _
dx  odx dx NG



FIGURE 3.30 The equation y?> — x = 0,
ory? = x as itis usually written, defines
two differentiable functions of x on the
interval x > 0. Example 1 shows how

to find the derivatives of these functions
without solving the equation y?> = x for y.

y
v = V25 — x2
1 0 I
/(35—4)
y2=—V25—x2 Slope=—§=%

FIGURE 3.31 The circle combines
the graphs of two functions. The graph
of y, is the lower semicircle and passes
through (3, —4).
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But suppose that we knew only that the equation y?> = x defined y as one or more differ-
entiable functions of x for x > 0 without knowing exactly what these functions were. Can
we still find dy/dx?

The answer is yes. To find dy/dx, we simply differentiate both sides of the equation
y2 = x with respect to x, treating y = f(x) as a differentiable function of x:

2

yo=x
2 ﬂ =1 The Chain Rule gives [—[(\'1 i'/'()c)]z 2f(x)f(x) "\'ﬂ
ydx_ o gives x07) = H UL I
& _ 1
dx 2y
This one formula gives the derivatives we calculated for both explicit solutions y, = Vx
andy, = —Vx:
dy, 1 | dy, 1 1 1
—_— = — = —= and —= = — = = — . |
dx 2y, 2Jx dx 2y, 2(—Vx) 2Vx

EXAMPLE 2 Find the slope of the circle x> + y? = 25 at the point (3, —4).

Solution The circle is not the graph of a single function of x. Rather, it is the com-
bined graphs of two differentiable functions, y, = V25 — x? and y, = —V25 — x?
(Figure 3.31). The point (3,—4) lies on the graph of y,, so we can find the slope by
calculating the derivative directly, using the Power Chain Rule:

LALS — —2x —6 3 4 (25— x2)1?) =

6 3 4l
drles T 25—t T 259 4 N
5(25 —x? 2x

We can solve this problem more easily by differentiating the given equation of the
circle implicitly with respect to x:

d,oyv, d o d
dx(x ) + a’x(y ) dx(25)

2x + 2yﬂ =0 See Example 1.
dx
&y _ _x
dx y
The slope at (3, —4) is X -3 _ §
Ya,—a) -4 4
Notice that unlike the slope formula for dy, /dx, which applies only to points below
the x-axis, the formula dy/dx = —x/y applies everywhere the circle has a slope—that is,
at all circle points (x, y) where y = 0. Notice also that the derivative involves both vari-
ables x and y, not just the independent variable x. ]

To calculate the derivatives of other implicitly defined functions, we proceed as in
Examples 1 and 2: We treat y as a differentiable implicit function of x and apply the usual
rules to differentiate both sides of the defining equation.

Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a dif-
ferentiable function of x.

2. Collect the terms with dy/dx on one side of the equation and solve for dy/dx.
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y
Al y? = x>+ sin xy
2_
I I I I X
—4 -2 2 4
_2_
74_

FIGURE 3.32 The graph of the equa-
tion in Example 3.

Tangent line

Curve of lens

) surface
Normal line

Point of entry

FIGURE 3.33 The profile of a lens,
showing the bending (refraction) of a
ray of light as it passes through the lens
surface.

EXAMPLE 3 Find dy/dx if y> = x? + sin xy (Figure 3.32).
Solution We differentiate the equation implicitly.

y2 = x2 + sinxy

d N d 5 d , . Differentiate both sides with
a(y ) = a(x )+ E(Sln xy) respect to x...
dy . d ... treating y as a function of
ZyE =2x + (COS xy)a(xy) x and using the Chain Rule.
2y @ =2x + (COS xy)(y + xﬂ) Treat xy as a product.
dx dx
2y Z—z - (COS xy)(x %) =2x + (COS xy)y Collect terms with (/»\'/dx.

(2y—xcosxy);1— 2x + ycosxy

2
dy _ 2X + ycosxy Solve for dy/dx.
dx 2y — x cos xy

Notice that the formula for dy/dx applies everywhere that the implicitly defined curve has
a slope. Notice again that the derivative involves both variables x and y, not just the inde-
pendent variable x. u

Derivatives of Higher Order

Implicit differentiation can also be used to find higher derivatives.

EXAMPLE 4 Find d%y/dx? if 2x3 — 3y? = 8.

Solution To start, we differentiate both sides of the equation with respect to x in order to
find y' = dy/dx.

dd—x(2x3 —3y?) = %(8) Treat y as a function of x.
6x%2 — 6yy' =0
/ x?
y = —, wheny = 0 Solve for y'.
y

We now apply the Quotient Rule to find y”.

" d [ﬁ] _ 2xy —x%y 2x x2

= — — — =)
dx\ y y? y o y?

Finally, we substitute y' = x2/y to express y” in terms of x and y.

4
_ 2 X wheny = 0 |

n_ 2x xz[ﬁ
y y¥

y

y oy

Lenses, Tangent Lines, and Normal Lines

In the law that describes how light changes direction as it enters a lens, the important angles
are the angles the light makes with the line perpendicular to the surface of the lens at the
point of entry (angles A and B in Figure 3.33). This line is called the normal line to the
surface at the point of entry. In a profile view of a lens like the one in Figure 3.33, the normal
line is the line perpendicular (also said to be orthogonal) to the tangent line of the profile
curve at the point of entry.



EXAMPLE 5

formula for dy/dx:

x3+y3*9xy:0

3.7 Implicit Differentiation

x34+3y3—-9xy =0
d d , d d
— — - —(9 = —(0
) dx(x ) + dx(y ) dx( xy) dx( )
dy ( dy | dx )
3x2 4 3y?—= —9|x—=+ =y| =0
XAy dx xdx + dxy

(3y% — 9x)ﬂ +3x2 -9y =0
dx

FIGURE 3.34 Example 5 shows how
to find equations for the tangent line and

normal line to the folium of Descartes
at(2,4).

3(y? — 3»)5)ﬂ = 9y — 3x?
dx
dy _ 3y —x?
dx  y? —3x’

We then evaluate the derivative at (x, y) = (2,4):

dy

dxl(2,4)

_ 3y —x?

y? = 3x (2.4)

_3(4)-22 _ 8 _
42 -3(2) 10

187

Show that the point (2, 4) lies on the curve x3 + y3 — 9xy = 0.Then
find the tangent line and normal line to the curve there (Figure 3.34).

Solution The point (2, 4) lies on the curve because its coordinates satisfy the equation
given for the curve: 23 + 43 — 9(2)(4) = 8 + 64 — 72 = 0.
To find the slope of the curve at (2,4), we first use implicit differentiation to find a

Differentiate both sides
with respect to x.

Treat xy as a product
and y as a function of x.

Solve for d_\'/(l.x' .

4
-

The tangent line at (2, 4 ) is the line through (2, 4) with slope 4/5:

y:4+%(x—2)
_4..12
y—5x+ 5

The normal line to the curve at (2, 4) is the line perpendicular to the tangent line there, the
line through (2, 4) with slope —5/4:

5
=4 —-=(x-2
y 4(x )

5 13
4x+ .

y = )

Slopes of two nonvertical
perpendicular lines are negative
reciprocals of each other

(see Appendix A.4). |

RSN 3.7

Differentiating Implicitly
Use implicit differentiation to find dy/dx in Exercises 1-16.

1. x2y + xy2 = 6
3.2xy+y?=x+y
5.x2(x — y)? = x2 — y?2
7.y :jcc+i

9. x =secy

11. x + tan(xy) = 0

13.

15.

3]
ysin|—| =1— xy
Y

e? = sin(x + 3y)

2

4.
6.

8. x

10.
12.

14.

16.

. x3 4+ y3 = 18xy
x3—xy+y3 =1
(3xy + 7)* = 6y
3 _ 2x —y

x + 3y
xy = cot(xy)
x* +siny = x3y?

xcos(2x + 3y) = ysinx

e¥y = 2x + 2y

Find dr/d6f in Exercises 17-20.
17. 02 + rV2 =1

19. sin(rf) = %

Second Derivatives

1&r-%@::%9%-+§aw

20. cosr + cotl = e

In Exercises 21-28, use implicit differentiation to find dy/dx and then
d?y/dx?. Write the solutions in terms of x and y only.

21, x2 + y2 =1
23.y2 = % 4+ 2x
25. 2y = x—y
27.3 4+ siny = y — x3

22. x4y =1
24, y2 —2x =1—2y
26. xy + y*> =1
28.siny = xcosy — 2
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29. If x3 + y3 = 16, find the value of d2y/dx? at the point (2, 2).
30. If xy + y? = 1, find the value ofdzy/dx2 at the point (0, —1).

In Exercises 31 and 32, find the slope of the curve at the given points.
31. y2 + x2 = y* —2x at (—=2,1)and(-2,-1)

32.(x2 4+ y2)? = (x —y)® at (1,0)and(1,—1)

Slopes, Tangent Lines, and Normal Lines

In Exercises 33—42, verify that the given point is on the curve and find

the lines that are (a) tangent and (b) normal to the curve at the given
point.

Box2+xy—yr =1, (2,3)

34. x2 + y2 = 25, (3,-4)

35. x2y?2 =9, (—13)

36. 92 —2x —4y —1=10, (-2,1)

37.6x2 + 3xy + 2y2 + 17y — 6 = 0, (—1,0)
38. x2 — V3xy + 2y2 = 5, (\@,2)

39. 2xy + wsiny = 2w, (1,7/2)

40. xsin2y = ycos2x, (m/4,m/2)

41. y = 2sin(wx — y), (1,0)

42. x2cos?y —siny = 0, (0,7)

43. Parallel tangent lines Find the two points where the curve
x2 + xy + y? = 7 crosses the x-axis, and show that the tangent
lines to the curve at these points are parallel. What is the common
slope of these tangent lines?

44. Normal lines parallel to aline Find the normal lines to the curve
xy + 2x — y = 0 that are parallel to the line 2x + y = 0.

45. The eight curve Find the slopes of the curve y* = y2 — x2at
the two points shown here.

y
1 (ﬁ\ﬁ’>
4 2
(2Y)
42
X
0
y4:y2,x2
-1

46. The cissoid of Diocles (from about 200 B.c.) Find equations
for the tangent line and normal line to the cissoid of Diocles
y2(2 — x) = x3at(1,1).

y
Y2 -x=x*

., 1)

—_
T

47. The devil’s curve (Gabriel Cramer, 1750) Find the slopes of the
devil’s curve y* — 4y2 = x* — 9x2at the four indicated points.

y
y4 _ 4y2 =x4 _ 9X2
(-3.2) 2 3,2)
X
-3 3
(-3.-24 5 3, -2)

48. The folium of Descartes (See Figure 3.29)
a. Find the slope of the folium of Descartes
x3 + y3 — 9xy = 0 at the points (4,2) and (2, 4).
b. At what point other than the origin does the folium have a
horizontal tangent line?

c. Find the coordinates of the point A in Figure 3.29 where the
folium has a vertical tangent line.

Theory and Examples

49. Intersecting normal line The line that is normal to the curve
x2 4+ 2xy — 3y? = 0 at(1,1) intersects the curve at what other
point?

50. Power rule for rational exponents Let p and ¢ be integers with
g > 0.If y = x7/e differentiate the equivalent equation y4 = x?
implicitly and show that, fory = 0,

ixp/q — P a1
dx q
51. Normal lines to a parabola Show that if it is possible to draw
three normal lines from the point (a,0) to the parabola x = y?
shown in the accompanying diagram, then @ must be greater than
1/2. One of the normal lines is the x-axis. For what value of a are
the other two normal lines perpendicular?

y
xX=y

0 (a,0)

52. Is there anything special about the tangent lines to the curves
y2 = x*and2x? + 3y2 = Satthe points (1, £1)? Give reasons
for your answer.

262 +3y2 =5

- x
0
\ (1, —1)
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53. Verity that the following pairs of curves meet orthogonally. 58. Use the formula in Exercise 57 to find dy/dx if

a. x2 4+ y? =4, x2 = 3y?

a.y = (sin~'x)?

b.x =1-y% x= ly2 b.y = sin*‘(l).
3 X
54. The graph of y?> = x3 is called a semicubical parabola and is
shown in the accompanying figure. Determine the constant b so COMPUTER EXPLORATIONS

that the line y = —%x + b meets this graph orthogonally.

Use a CAS to perform the following steps in Exercises 59-66.

a. Plot the equation with the implicit plotter of a CAS. Check to
see that the given point P satisfies the equation.

b. Using implicit differentiation, find a formula for the derivative
dy/dx and evaluate it at the given point P.

c. Use the slope found in part (b) to find an equation for the
tangent line to the curve at P. Then plot the implicit curve and
tangent line together on a single graph.

59. x3 —xy +y3 =17, P(2,1)
60. x5 + y3ix + yx2 + y* =4, P(L,1)

61 y2 +y = 2% p(o,1)
1—x
In Exercises 55 and 56, find both dy/dx (treating y as a differentiable 62. y> + cosxy = x2, P(1,0)
function of x) and dx/dy (treating x as a differentiable function of y). y .
How do dy/dx and dx/dy seem to be related? 63. x + tan(;) =2, P(l’z)
3 2, _

55. xy> + x%y = 6 64. xy? + tan(x + y) = 1, P(z, O)
56. x3 + y? = sin?y 4

57. Derivative of arcsine Assume that y = sin~!x is a differen-

65.2y% + (x)* = x2 + 2, P(L1)

tiable function of x. By differentiating the equation x = siny 66. x\/1 + 2y + y = x2, P(1,0)
implicitly, show that dy/dx = l/ V1 — x2.

m Derivatives of Inverse Functions and Logarithms

FIGURE 3.35 Graphing a line and its
inverse together shows the graphs’ sym-
metry with respect to the line y = x. The
slopes are reciprocals of each other.

In Section 1.5 we saw how the inverse of a function undoes, or inverts, the effect of that
function. We defined there the natural logarithm function f~!(x) = In x as the inverse of
the natural exponential function f(x) = e*. This is one of the most important function-
inverse pairs in mathematics and science. We learned how to differentiate the exponential
function in Section 3.3. Here we develop a rule for differentiating the inverse of a differ-
entiable function, and we apply the rule to find the derivative of the natural logarithm
function.

Derivatives of Inverses of Differentiable Functions

We calculated the inverse of the function f(x) = (1/2)x + 1tobe f~!(x) = 2x — 2in
Example 3 of Section 1.5. Figure 3.35 shows the graphs of both functions. If we calculate
their derivatives, we see that

£100- 2l +1) -

d iy = dih oy =
dxf (x)—dx(2x 2) 2.

The derivatives are reciprocals of one another, so the slope of one line is the reciprocal of
the slope of its inverse line. (See Figure 3.35.)

This is not a special case. Reflecting any nonhorizontal or nonvertical line across the
liney = x always inverts the line’s slope. If the original line has slope m = 0, the reflected
line has slope 1/m.
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64. Use the identity

™
arccot x = E — arctan x

screens. Do the graphs make sense in each case? Give reasons for your
answers. Comment on any differences you see.

69. a. y = arctan(tanx) b. y = tan(arctan x)
to derive the formula for the derivative of arccot x in Table 3.1 70. a. y = arcsin(sin x) b. y = sin(arcsin x)
from the formula for the derivative of arctan x. 71. a. y = arccos(cos x) b. y = cos(arccos x)

65. What is special about the functions

x —1

Use your graphing utility for Exercises 72-76.

fx) = sin*lx—H,x >0, and g(x) = 2tan~! Vx? 72. Graph y = sec(sec'x) = sec(cos~!(1/x)). Explain what you

Explain.
66. What is special about the functions

. 1
N

and g(x) = tan*‘l?
X

see.

73. Newton’s serpentine Graph Newton’s serpentine,
y = 4x/(x% 4 1). Then graph y = 2sin(2 tan~!x)in the same
graphing window. What do you see? Explain.

74. Graph the rational function y = (2 — x2)/x2. Then graph

Explain. y = cos(2sec™!x) in the same graphing window. What do you
67. Find the values of see? Explain.

a. arcsec 1.5 b. csc—!(—1.5) ¢. arccot?2 75. Graph f(x) = arcsinx together with its first two derivatives.

68. Find the values of (;omment on the behavior of f 3nd the”shape of its graph in rela-
'3 b | -2) tion to the signs and values of f’ and f”.

. (= . ar . . arccot(— o L

a. sec™( areese ¢ 76. Graph f(x) = arctan x together with its first two derivatives.

In Exercises 69-71, find the domain and range of each composite Comment on the behavior of f and the shape of its graph in rela-
function. Then graph the composition of the two functions on separate tion to the signs and values of f’ and f”.

m Related Rates

av _ 3/mi
dr 0.25 m”/min

dy _
dt
wheny = 1.8 m

?

FIGURE 3.45 The geometry of the coni-
cal tank and the rate at which water fills
the tank determine how fast the water level
rises (Example 1).

In this section we look at questions that arise when two or more related quantities are
changing. The problem of determining how the rate of change of one of them affects the
rates of change of the others is called a related rates problem.

Related Rates Equations

Suppose we are pumping air into a spherical balloon. Both the volume and radius of the
balloon are increasing over time. If V is the volume and r is the radius of the balloon at an
instant of time, then

V = i7Tr3.
3

Using the Chain Rule, we differentiate both sides with respect to ¢ to find an equation relat-
ing the rates of change of V and r,

v _dvdr _ . dr

= r
dt dr dt dt

So if we know the radius r of the balloon and the rate dV/dt at which the volume is increas-
ing at a given instant of time, then we can solve this last equation for dr/dt to find how fast
the radius is increasing at that instant. Note that it is easier to directly measure the rate of
increase of the volume (the rate at which air is being pumped into the balloon) than it is to
measure the increase in the radius. The related rates equation allows us to calculate dr/dt
from dV/dt.

Very often the key to relating the variables in a related rates problem is drawing a picture
that shows the geometric relations between them, as illustrated in the following example.

EXAMPLE 1 Water runs into a conical tank at the rate of 0.25m3/min. The tank
stands point down and has a height of 3 m and a base radius of 1.5 m. How fast is the water
level rising when the water is 1.8 m deep?
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Solution  Figure 3.45 shows a partially filled conical tank. The variables in the problem are

V = volume (m?) of the water in the tank at time ¢ (min)

radius (m) of the surface of the water at time ¢

X
y = depth (m) of the water in the tank at time ¢.

We assume that V, x, and y are differentiable functions of 7. The constants are the dimen-
sions of the tank. We are asked for dy/dt when

y=18m  and —th = 0.25m?/min.
The water forms a cone with volume
1
— Loax2y.
V = 37rx y

This equation involves x as well as V and y. Because no information is given about x and
dx/dt at the time in question, we need to eliminate x. The similar triangles in Figure 3.45
give us a way to express x in terms y:
X 1.5
= == or X =
y 3

Therefore, we find
v = L1 (X)zy = Lys
3 \2 12
to give the derivative
av. _ 1.3),2@ - Eyzﬂ.
dt 12 dt 47 dt
Finally, use y = 1.8 and dV/dt = 0.25 to solve for dy/dt.
025 — T(1.82 %
4 dt

d_ 10098
dr 324

At the moment in question, the water level is rising at about 0.098 m/min . |

Related Rates Problem Strategy

1. Let ¢ denote time, and choose names for all of the variables that change over
time (we will assume that those variables are differentiable functions of ¢).
Identify any quantities that remain constant (these do not need to be given
names). In most problems it will be very helpful to draw a picture that depicts
the setup of the problem.

2. Write an equation that relates the variables (and any constants that are present).
You may have to combine two or more equations to get a single equation that
relates the variable whose rate you want to the variables whose rates or values
you know.

3. Differentiate with respect to 7 to obtain a related rates equation.

4. Substitute all of the numerical values provided in the problem into the related
rates equation. You may need to use the equation(s) relating the variables
(which you obtained in Step 2), or use other relationships (such as trigonomet-
ric identities), until you reach the point at which the only remaining unknown
quantity is the rate of change that you are asked to find. Solve for this unknown.

EXAMPLE 2 A hot air balloon rising straight up from a level field is tracked by a range
finder 150 m from the liftoff point. At the moment the range finder’s elevation angle is /4 , the
angle is increasing at the rate of 0.14 rad/min. How fast is the balloon rising at that moment?
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Balloon @

p

% = 0.14 rad/min
when § = 7/4 dy _ 9
y dt :
when 0 = 7 /4
Range
finder 150 m

FIGURE 3.46 The rate of change of the
balloon’s height is related to the rate of
change of the angle the range finder makes
with the ground (Example 2).

Situation when
x=0.8,y=0.6

FIGURE 3.47 The speed of the car is
related to the speed of the police cruiser
and the rate of change of the distance s
between them (Example 3).

Solution We draw a picture (Figure 3.46) and name the variables that appear in the prob-
lem (which we assume are differentiable functions of ¢, where time is measured in minutes):

0 = the angle in radians the range finder makes with the ground, and

y = the height in meters of the balloon above the ground.

One constant in the picture is the distance from the range finder to the liftoff point (150 m).
There is no need to give this distance a special symbol.
Trigonometry (Section 1.3) yields

—— = tanf or
150

y = 150tan #. Equation relating the variables
By differentiating with respect to 7 using the Chain Rule, we obtain

Related rates equation

D _ 150(sec20)4.
dt dt

Substituting the known values ‘;—f = 0.14rad/minand 0 = % gives

dy

2 - 150 sec? %)(0.14) = 150(2)*(0.14) = 42, secT — 3
Thus, at the moment in question, the balloon is rising at the rate of 42 m/min. [ |
EXAMPLE 3 A police cruiser, approaching a right-angled intersection from the north,

is chasing a speeding car that has turned the corner and is now moving straight east. When
the cruiser is 0.6 km north of the intersection and the car is 0.8 km to the east, the police
determine with radar that the distance between them and the car is increasing at 30 km/h.
If the cruiser is moving at 100 km/h at the instant of measurement, what is the speed of the car?

Solution We picture the car and cruiser in the coordinate plane, using the positive x-axis
as the eastbound highway and the positive y-axis as the southbound highway (Figure 3.47).
We let ¢ represent time and set

x = position of car at time ¢
y = position of cruiser at time ¢
s = distance between car and cruiser at time ¢

We assume that x, y, and s are differentiable functions of ¢.
We want to find dx/dt when
dy

x = 0.8km, y = 0.6 km, — = —100 km/h, ds _ 30 km/h.
dt dt

Note that dy/dt is negative because y is decreasing.
We differentiate the distance equation between the car and the cruiser,

52 = x2 4 y?
(we could also use s = /x? + y? ) , and obtain
ds dx dy
25 % = x4 9y
Sa T N a T
ds 1l ) o o L [o )
dr s(xdt TV Jx2 4 y2\odt dt
Finally, we usex = 0.8,y = 0.6,dy/dt = —100,ds/dt = 30, and solve for dx/dt.
1 dx
0= (0.8— ¥ (0.6)(—100))
J(0.8)2 + (0.6)2 dt

dx _ 304/(0.8)> + (0.6)> + (0.6)(100) _ 112.5
dt 0.8 ’
At the moment in question, the car’s speed is 112.5 km/h. |
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FIGURE 3.48 The particle P travels
clockwise along the circle (Example 4).

FIGURE 3.49 Jet airliner A traveling at
constant altitude toward radar station R
(Example 5).
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EXAMPLE 4 A particle P moves clockwise at a constant rate along a circle of radius
10 m centered at the origin. The particle’s initial position is (0,10) on the y-axis, and
its final destination is the point (10, 0) on the x-axis. Once the particle is in motion, the
tangent line at P intersects the x-axis at a point Q (which moves over time). If it takes the
particle 30 s to travel from start to finish, how fast is the point Q moving along the x-axis
when it is 20 m from the center of the circle?

Solution We picture the situation in the coordinate plane with the circle centered at the
origin (see Figure 3.48). We let ¢ represent time and let  denote the angle in radians from
the x-axis to the radial line joining the origin to P. Since the particle travels from start to
finish in 30 s, it is traveling along the circle at a constant rate of 7r/2 radians in 1/2 min, or
m rad/min. In other words, d9/ dt = —m, with 7 being measured in minutes. The negative
sign appears because 6 is decreasing over time.

Setting x(¢) to be the distance in meters at time ¢ from the point Q to the origin, we see
from Figure 3.48 that

xcosf = 10. Equation relating the variables

Differentiation with respect to ¢ gives

(—sm H)d—e + d_ osf = 0. Related rates equation
We want to find dx/dt given that x = 20 and df)/dt = —n. The equation x cos 0 = 10
implies cos § = 10/20 = 1/2. Furthermore, for angles 0 in the first quadrant, the identity
sin20 + cos26 = 1 yields sin@ = /1 — (1/2)* = ~/3/2. Substituting into the related
rates equation, we obtain

NES ] dx 1
20| ——|(=m) + == =0
( )[ (=m) a2
dx _ —20~/3.
dt
Note that x is decreasing because dx/dt is negative. At the moment in question, the point Q
is moving toward the origin at the speed of 20371 ~ 109 m/min. |

EXAMPLE 5 A jet airliner is flying at a constant altitude of 10,000 m above sea level
as it approaches a Pacific island. The aircraft comes within the direct line of sight of a radar
station located on the island, and the radar indicates the initial angle between sea level and its
line of sight to the aircraft is 30°. How fast (in kilometers per hour) is the aircraft approach-
ing the island when first detected by the radar instrument if it is turning upward (counter-
clockwise) at the rate of 1/3 deg/s in order to keep the aircraft within its direct line of sight?

Solution The aircraft A and radar station R are pictured in the coordinate plane, using the
positive x-axis as the horizontal distance at sea level from R to A, and the positive y-axis as
the vertical altitude above sea level. We let ¢ represent time and observe that y = 10,000
is a constant. The general situation and line-of-sight angle 6 are depicted in Figure 3.49.

We want to find dx/dt when 0 = 7/6rad and d0/dt = 1/3 deg/s.
From Figure 3.49, we see that
10,000

X

tand or x = 10,000 cotd.

Using kilometers instead of meters for our distance units, the last equation translates to

= 10,000 cotf.
1000
Differentiation with respect to ¢ gives
dx _ —10csc? t‘)de.

dt
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(b)

FIGURE 3.50 A worker at M walks to
the right, pulling the weight W upward
as the rope moves through the pulley P
(Example 6).

When § = 7/6,sin?6 = 1/4, so csc? 0 = 4. Converting df/dt = 1/3 deg/s to radians
per hour, we find
do _ 1

= —(L)(3600)rad/h. 1h =3600s, 1deg = /180 rad
dt 31180

Substitution into the equation for dx/dt then gives

dx 1\(
L 100|555 )3600) ~ —838.
o ( )(4) 30\ 130 ( )
The negative sign appears because the distance x is decreasing, so the aircraft is approach-
ing the island at a speed of approximately 838 km/h when first detected by the radar. M

Note that the solution of Example 5 involved several unit conversions: from seconds to
hours and from degrees to radians. When solving related rates problems, we should check
that consistent units are used.

EXAMPLE 6 Figure 3.50a shows a rope running through a pulley at P and bearing
a weight W at one end. The other end is held 1.5 m above the ground in the hand M of a
worker. Suppose the pulley is 7.5 m above ground, the rope is 13.5 m long, and the worker
is walking rapidly away from the vertical line PW at the rate of 1.2 m/s. How fast is the
weight being raised when the worker’s hand is 6.3 m away from PW?

Solution We let OM be the horizontal line of length x m from a point O directly below the
pulley to the worker’s hand M at any instant of time (Figure 3.50). Let & be the height of the
weight W above O, and let z denote the length of rope from the pulley P to the worker’s hand.
We want to know dh/dt when x = 6.3 given that dx/dt = 1.2. Note that the height of P above
O is 6 m because O is 1.5 m above the ground. We assume the angle at O is a right angle.

At any instant of time 7, we have the following relationships (see Figure 3.50b):

6 —h+z=135 Total length of rope is 13.5m.
62 + x2 = z2. Angle at O is a right angle.

If we solve for z = 7.5 + h in the first equation, and substitute into the second equation,
we have

62 + x2 = (7.5 + h)2. )
Differentiating both sides with respect to ¢ gives
dx dh
2x— = 2(7.5+ h)—,
g dt ( ) dt
and solving this last equation for dh/dt we find

dh _ _ x v
dt 754+ hdt

2

Since we know dx/dt, it remains only to find 7.5 + & at the instant when x = 6.3. From
Equation (1),
62 + 6.32 = (7.5 + h)?
so that
(7.5 + h)?2 = 75.69, or 7.5+ h = 8.7.

Equation (2) now gives
dn _ 63

dt 8.7

12 = 136« 0.87 mys
870

as the rate at which the weight is being raised when x = 6.3 m. |
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Area Suppose that the radius r and area A = 7r? of a circle are
differentiable functions of . Write an equation that relates dA/dt
to dr/dt.

. Surface area Suppose that the radius r and surface area

S = 4mr? of a sphere are differentiable functions of 7. Write an
equation that relates dS/dt to dr/dt.

. Assume that y = 5x and dx/dt = 2. Find dy/dt.
. Assume that 2x + 3y = 12 and dy/dt = —2. Find dx/dt.

If y = x?and dx/dt = 3, then what is dy/dt whenx = —1?
If x = y3 — yanddy/dt = 5, then what is dx/dt wheny = 2?

. If x2 + y2 = 25 and dx/dt = —2, then what is dy/dt when

x =3andy = —4?

8. If x2y3 = 4/27 and dy/dt = 1/2, then what is dx/dt when x = 2?

10.

11.

12.

13.

14.

15.

JIf L = Jx? + 32, dxjdi = —1, and dy/dt = 3, find dL/dt

whenx = Sandy = 12.

If r + 5% +v3 = 12,dr/dt = 4, and ds/dt = -3, find dv/dt
whenr = 3ands = 1.

If the original 24 m edge length x of a cube decreases at the rate of

5m/min, when x = 3 m at what rate does the cube’s
a. surface area change? b. volume change?

A cube’s surface area increases at the rate of 72 cm? /s. At what rate
is the cube’s volume changing when the edge lengthis x = 3cm?

Volume The radius r and height £ of a right circular cylinder are
related to the cylinder’s volume V by the formulaV = 7r2h.

a. How is dV/dt related to dh/dt if r is constant?
b. How is dV/dt related to dr/dt if h is constant?

c. How is dV/dt related to dr/dt and dh/dt if neither r nor h is
constant?

Volume The radius r and height % of a right circular cone are
related to the cone’s volume V by the equation V. = (1/3)7r2h.

a. How is dV/dt related to dh/dt if r is constant?
b. How is dV/dt related to dr/dt if h is constant?

c. How is dV/dt related to dr/dt and dh/dt if neither r nor h is
constant?

Changing voltage The voltage V (volts), current I (amperes),
and resistance R (ohms) of an electric circuit like the one shown
here are related by the equation V = IR. Suppose that V is
increasing at the rate of 1 volt/s while I is decreasing at the rate of
1/3 amp/s. Let ¢ denote time in seconds.

LV_
(
R

a. What is the value of dV/d1?
b. What is the value of dI/dt?
c. What equation relates dR/dt to dV/dt and dI/dt?

d. Find the rate at which R is changing when V = 12 volts and
I = 2 amps. Is R increasing, or decreasing?

16.

17.

18.

19.

20.

21.

22,

23.

Electrical power The power P (watts) of an electric circuit is

related to the circuit’s resistance R (ohms) and current / (amperes)

by the equation P = RI>.

a. How are dP/dt, dR/dt, and di/dt related if none of P, R, and
[ are constant?

b. How is dR/dt related to dI/dt if P is constant?

Distance Let x and y be differentiable functions of 7, and let

s = ~Jx2 + y? be the distance between the points (x,0) and

(0, y) in the xy-plane.

a. How is ds/dt related to dx/dt if y is constant?

b. How is ds/dt related to dx/dt and dy/dt if neither x nor y is
constant?

c. How is dx/dt related to dy/dt if s is constant?

Diagonals If x, y, and z are lengths of the edges of a rectan-

gular box, then the common length of the box’s diagonals is

s = AJx? 4+ yr 4z

a. Assuming that x, y, and z are differentiable functions of 7, how
is ds/dt related to dx/dt, dy/dt, and dz/dt?

b. How is ds/dt related to dy/dt and dz/dt if x is constant?
c. How are dx/dt, dy/dt, and dz/dt related if s is constant?

Area The area A of a triangle with sides of lengths a and b
enclosing an angle of measure 6 is

A = lab sin 6.
2

a. How is dA/dt related to df/dt if a and b are constant?
b. How is dA/dt related to df/dt and da/dt if only b is constant?

c. How is dA/dt related to df/dt, da/dt, and db/dt if none of a,
b, and 6 are constant?

Heating a plate When a circular plate of metal is heated in an
oven, its radius increases at the rate of 0.01 cm/min. At what rate
is the plate’s area increasing when the radius is 50 cm?

Changing dimensions in a rectangle The length / of a rectan-
gle is decreasing at the rate of 2 cm/s while the width w is increas-
ing at the rate of 2cm/s. When! = 12c¢m and w = 5cm, find
the rates of change of (a) the area, (b) the perimeter, and (c) the
lengths of the diagonals of the rectangle. Which of these quanti-
ties are decreasing, and which are increasing?

Changing dimensions in a rectangular box Suppose that the
edge lengths x, y, and z of a closed rectangular box are changing at
the following rates:

dx

” m/s, Q = —2m/s, dz = 1m/s.

dt dt

=1

Find the rates at which the box’s (a) volume, (b) surface area,
and (c) diagonal length s = +/x2 + y2 + z? are changing at the
instant whenx = 4, y = 3,andz = 2.

A sliding ladder A 3.9-m ladder is leaning against a house
when its base starts to slide away (see accompanying figure). By
the time the base is 3.6 m from the house, the base is moving at
the rate of 1.5 m/s.

a. How fast is the top of the ladder sliding down the wall then?
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24.

25.

26.

27.

28.

29.
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b. At what rate is the area of the triangle formed by the ladder,
wall, and ground changing then?

c. At what rate is the angle # between the ladder and the ground
changing then?

y
()
3.9-m ladder
I 0
>—> X
0 x(1)

Commercial air traffic Two commercial airplanes are flying at
an altitude of 12,000 m along straight-line courses that intersect
at right angles. Plane A is approaching the intersection point at
a speed of 442 knots (nautical miles per hour; a nautical mile is
1852 m). Plane B is approaching the intersection at 481 knots.
At what rate is the distance between the planes changing when A
is 5 nautical miles from the intersection point, and B is 12 nautical
miles from the intersection point?

Flying a kite A girl flies a kite at a height of 90 m, the wind
carrying the kite horizontally away from her at a rate of 7.5 m/s.
How fast must she let out the string when the kite is 150 m away
from her?

Boring a cylinder The mechanics at Lincoln Automotive are
reboring a 15-cm-deep cylinder to fit a new piston. The machine
they are using increases the cylinder’s radius one-thousandth of
a centimeter every 3 min. How rapidly is the cylinder volume
increasing when the bore (diameter) is 10 cm?

A growing sand pile Sand falls from a conveyor belt at the rate
of 10 m?/min onto the top of a conical pile. The height of the pile
is always three-eighths of the base diameter. How fast are the
(a) height and (b) radius changing when the pile is 4 m high?
Answer in centimeters per minute.

A draining conical reservoir Water is flowing at the rate of
50m3/min from a shallow concrete conical reservoir (vertex
down) of base radius 45 m and height 6 m.

a. How fast (in centimeters per minute) is the water level falling
when the water is 5 m deep?

b. How fast is the radius of the water’s surface changing then?
Answer in centimeters per minute.

A draining hemispherical reservoir Water is flowing at the rate
of 6 m3/min from a reservoir shaped like a hemispherical bowl of
radius 13 m, shown here in profile. Answer the following questions,
given that the volume of water in a hemispherical bowl of radius R
isV = (7/3)y%(3R — y) when the water is y meters deep.

Center of sphere

q
13

\ Water level ml

a. At what rate is the water level changing when the water is
8 m deep?

b. What is the radius r of the water’s surface when the water is
y m deep?

c. At what rate is the radius r changing when the water is
8 m deep?

30. A growing raindrop Suppose that a drop of mist is a perfect

sphere and that, through condensation, the drop picks up moisture
at a rate proportional to its surface area. Show that under these
circumstances the drop’s radius increases at a constant rate.

31. The radius of an inflating balloon A spherical balloon is

inflated with helium at the rate of 1007 m?/min. How fast is the
balloon’s radius increasing at the instant the radius is 5 m? How
fast is the surface area increasing?

32. Hauling in a dinghy A dinghy is pulled toward a dock by a

33

34

rope from the bow through a ring on the dock 2 m above the bow.
The rope is hauled in at the rate of 0.5 m/s.

a. How fast is the boat approaching the dock when 3 m of rope
are out?

b. At what rate is the angle # changing at this instant (see the
figure)?

. A balloon and a bicycle A balloon is rising vertically above
a level, straight road at a constant rate of 0.3 m/s. Just when the
balloon is 20 m above the ground, a bicycle moving at a constant
rate of 5 m/s passes under it. How fast is the distance s(7) between
the bicycle and balloon increasing 3 s later?

y

y(@®

s(1)

L1 = X
0 x(1)

. Making coffee Coffee is draining from a conical filter into a
cylindrical coffeepot at the rate of 160 cm3/min.

a. How fast is the level in the pot rising when the coffee in the
cone is 12 cm deep?



b. How fast is the level in the cone falling then?

15cm

How fast
is this
level falling?

How fast
is this
level rising?

15cm

—

35. Cardiac output In the late 1860s, Adolf Fick, a professor of

physiology in the Faculty of Medicine in Wiirzberg, Germany,
developed one of the methods we use today for measuring how
much blood your heart pumps in a minute. Your cardiac output
as you read this sentence is probably about 7 L/min. At rest it
is likely to be a bit under 6 L/min. If you are a trained marathon
runner running a marathon, your cardiac output can be as high as
30 L/min.

Your cardiac output can be calculated with the formula

y = D’
where Q is the number of milliliters of CO, you exhale in a min-
ute and D is the difference between the CO, concentration (ml/L)
in the blood pumped to the lungs and the CO, concentration in
the blood returning from the lungs. With Q = 233 ml/min and
D =97 — 56 = 41ml/L,

233 ml/min

~ 5.68 L/min,
ATml/L /min

fairly close to the 6 L/min that most people have at basal (resting)
conditions. (Data courtesy of J. Kenneth Herd, M.D., Quillan Col-
lege of Medicine, East Tennessee State University.)

Suppose that when Q = 233 and D = 41, we also know
that D is decreasing at the rate of 2 units a minute but that Q
remains unchanged. What is happening to the cardiac output?

36. Moving along a parabola A particle moves along the parabola

y = x?2 in the first quadrant in such a way that its x-coordinate
(measured in meters) increases at a steady 10 m/s. How fast is the
angle of inclination f of the line joining the particle to the origin
changing when x = 3m?

37. Motion in the plane The coordinates of a particle in the

metric xy-plane are differentiable functions of time ¢ with
dx/dt = —1m/s and dy/dt = —5m/s. How fast is the par-
ticle’s distance from the origin changing as it passes through the
point (5,12)?

38.

39.

40.

3.10 Related Rates 213

Videotaping a moving car You are videotaping a race from
a stand 40 m from the track, following a car that is moving at
288 km/h (80 m/s), as shown in the accompanying figure. How
fast will your camera angle # be changing when the car is right in
front of you? A half second later?

d
v

Camera 7
23

A moving shadow A light shines from the top of a pole 15 m
high. A ball is dropped from the same height from a point 9 m
away from the light. (See accompanying figure.) How fast is the
shadow of the ball moving along the ground 1/2 s later? (Assume
the ball falls a distance s = 4.9¢2 min 7 seconds.)

— Light .

~—

< Ball at time t = 0

1/2 s later

I
15m :
pole :
l
I
I : Shadow
T ) 9 - x(1)
A building’s shadow On a morning of a day when the sun will

pass directly overhead, the shadow of a 24 m building on level
ground is 18 m long. At the moment in question, the angle 6 the
sun makes with the ground is increasing at the rate of 0.27°/min.
At what rate is the shadow decreasing? (Remember to use radians.
Express your answer in centimeters per minute, to the nearest tenth.)
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41.

42,

43.

A melting ice layer A spherical iron ball 8 cm in diameter is
coated with a layer of ice of uniform thickness. If the ice melts
at the rate of 10 cm?3/min, how fast is the thickness of the ice
decreasing when it is 2 cm thick? How fast is the outer surface
area of ice decreasing?

Highway patrol A highway patrol plane flies 3 km above a level,
straight road at a steady 120 km/h. The pilot sees an oncoming
car and with radar determines that at the instant the line-of-sight
distance from plane to car is 5 km, the line-of-sight distance is
decreasing at the rate of 160 km/h. Find the car’s speed along the
highway.

Baseball players A baseball diamond is a square 27 m on a side.
A player runs from first base to second at a rate of 5 m/s.

a. At what rate is the player’s distance from third base changing
when the player is 9 m from first base?

b. At what rates are angles 6, and 6, (see the figure) changing at
that time?

c. The player slides into second base at the rate of 4.5 m/s. At
what rates are angles 6, and 6, changing as the player touches
base?

4.

45.

46.

47.

Ships Two ships are steaming straight away from a point O
along routes that make a 120° angle. Ship A moves at 14 knots
(nautical miles per hour; a nautical mile is 1852 m). Ship B moves
at 21 knots. How fast are the ships moving apart when OA = 5
and OB = 3 nautical miles?

Clock’s moving hands At what rate is the angle between
a clock’s minute and hour hands changing at 4 o’clock in the
afternoon?

Oil spill An explosion at an oil rig located in gulf waters causes
an elliptical oil slick to spread on the surface from the rig. The
slick is a constant 20 cm thick. After several days, when the major
axis of the slick is 2 km long and the minor axis is 3/4 km wide,
it is determined that its length is increasing at the rate of 9 m/h,
and its width is increasing at the rate of 3m/h. At what rate
(in cubic meters per hour) is oil flowing from the site of the rig
at that time?

A lighthouse beam A lighthouse sits 1 km offshore, and its beam
of light rotates counterclockwise at the constant rate of 3 full circles
per minute. At what rate is the image of the beam moving down the
shoreline when the image is 1 km from the spot on the shoreline
nearest the lighthouse?

Second base
5 6,/ ™ Player | lkm  Lighthouse
Third 02 9m . First 0& 7 Ll
base <> Base l v
Q
£
e
Home 2
n

m Linearization and Differentials

It is often useful to approximate complicated functions with simpler ones that give the accuracy
we want for specific applications and, at the same time, are easier to work with than the original
functions. The approximating functions discussed in this section are called linearizations,
and they are based on tangent lines. Other approximating functions, such as polynomials, are
discussed in Chapter 9.

We introduce new variables dx and dy, called differentials, and define them in a
way that makes Leibniz’s notation for the derivative dy/dx a true ratio. We use dy to
estimate error in measurement, which then provides for a precise proof of the Chain
Rule (Section 3.6).

Linearization

As you can see in Figure 3.51, the tangent line to the curve y = x? lies close to the curve
near the point of tangency. For a brief interval to either side, the y-values along the tangent
line give good approximations to the y-values on the curve. We observe this phenomenon
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18. f(1) = 1 — (cos%’)4 on [0,4]

Estimations

19. Water pollution Oil is leaking out of a tanker damaged at sea. The
damage to the tanker is worsening as evidenced by the increased
leakage each hour, recorded in the following table.

Time (h) 0 I 2 3 4 |
Leakage L/h) | 50 | 70 | 97 | 136 | 190 |
Time (h) 5 6 7 8
Leakage (L/h) | 265 | 369 | 516 | 720

a. Give an upper and a lower estimate of the total quantity of oil
that has escaped after 5 hours.

b. Repeat part (a) for the quantity of oil that has escaped after
8 hours.

c. The tanker continues to leak 720 L/h after the first 8 hours. If
the tanker originally contained 25,000 L of oil, approximately
how many more hours will elapse in the worst case before all
the oil has spilled? In the best case?

20. Air pollution A power plant generates electricity by burning
oil. Pollutants produced as a result of the burning process are
removed by scrubbers in the smokestacks. Over time, the scrubbers
become less efficient and eventually they must be replaced when
the amount of pollution released exceeds government standards.
Measurements are taken at the end of each month determining the
rate at which pollutants are released into the atmosphere, recorded

as follows.
Month Jan Feb Mar Apr May Jun
Pollutant
release rate  0.20 0.25 0.27 0.34 0.45 0.52
(tons/day)

21.

Month Jul Aug Sep Oct Nov  Dec
Pollutant

release rate  0.63 0.70 0.81 0.85 0.89 0.95
(tons/day)

a. Assuming a 30-day month and that new scrubbers allow only
0.05 ton/day to be released, give an upper estimate of the
total tonnage of pollutants released by the end of June. What
is a lower estimate?

b. In the best case, approximately when will a total of 125 tons
of pollutants have been released into the atmosphere?

Inscribe a regular n-sided polygon inside a circle of radius 1 and

compute the area of the polygon for the following values of n:

c. 16

d. Compare the areas in parts (a), (b), and (c) with the area
inside the circle.

a. 4 (square) b. 8 (octagon)

22. (Continuation of Exercise 21.)

a. Inscribe a regular n-sided polygon inside a circle of radius
1 and compute the area of one of the n congruent triangles
formed by drawing radii to the vertices of the polygon.

b. Compute the limit of the area of the inscribed polygon as
n — oQ.

c. Repeat the computations in parts (a) and (b) for a circle of
radius r.

COMPUTER EXPLORATIONS
In Exercises 23-26, use a CAS to perform the following steps.

a. Plot the functions over the given interval.

b. Subdivide the interval into n = 100, 200, and 1000 subinter-
vals of equal length and evaluate the function at the midpoint
of each subinterval.

c. Compute the average value of the function values generated
in part (b).

d. Solve the equation f(x) = (average value) for x using
the average value calculated in part (c) for the n = 1000
partitioning.

23. f(x) = sinxon [0, 7] 24. f(x) = sin®>xon [0, 7]

25. f(x) = xsinton {ﬂ,w] 26. f(x) = xsin?L on [E,W}
X 4 X 4

E Sigma Notation and Limits of Finite Sums

While estimating with finite sums in Section 5.1, we encountered sums that had many
terms (up to 1000 terms in Table 5.1). In this section we introduce a notation for sums that
have a large number of terms. After describing this notation and its properties, we consider
what happens as the number of terms in a sum approaches infinity.

Finite Sums and Sigma Notation

Sigma notation enables us to write a sum with many terms in the compact form

n
Zak =a ta tay+--+a,+ta,

k=1



Z is the capital Greek letter sigma
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The Greek letter Z (capital sigma, corresponding to our letter S), stands for “sum.” The
index of summation k tells us where the sum begins (at the number below the Z symbol)
and where it ends (at the number above Z). Any letter can be used to denote the index,
but the letters i, j, k, and n are customary.

The index k ends at k = n.

The summation symbol
(Greek letter sigma)

ay

S « is a formula for the kth term.

e
n
k=1
I

The index k starts at k = 1.
Thus we can write the sum of the squares of the numbers 1 through 11 as

11
12422 +32 442 4+ 52 4 62 + 7> + 82492 + 102 + 112 = > k2,
k=1
and the sum of f(i) for integers i from 1 to 100 as
100

fO) + fQ) + fB) + -+ £100) = > f().

i=1
The starting index does not have to be 1; it can be any integer.

EXAMPLE 1

A sum in The sum written out, one The value
sigma notation term for each value of k of the sum

5

>k 1+24+3+4+5 15

k=1

3

ST (=Drk D'+ (=D*2)+ (=D*3) —1+2-3=-2
k=1

2

Sk 12 1,2 7
—k+1 I+1 241 2 3 6
PR 42 | _5? 16 25 _ 139
k=1 4—-1 5-1 3 4 12

EXAMPLE 2 Express the sum 1 + 3 + 5 + 7 + 9 in sigma notation.

Solution The formula generating the terms depends on what we choose the lower limit
of summation to be, but the terms generated remain the same. It is often simplest to choose
the starting index to be k = 0 or k = 1, but we can start with any integer.

4
Starting withk = 0: 1+3+5+7+9=> (2k+1)

k=0

S
Starting with k = 1:  14+34+5+7+9 =72 (2k—1)

k=1
6
Starting withk = 2. 14+3+5+7+9=> (2k—3)
k=2
1
Starting withk = =3 1+34+5+7+9= > (2k+17) [}
k=—3
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HISTORICAL BIOGRAPHY

Carl Friedrich Gauss

(1777-1855)

Gauss was born in Brunswick, Germany.
The list of Gauss's accomplishments in
science and mathematics is astonishing,
ranging from the invention of the electric
telegraph (with Wilhelm Weber in 1833)
to the development of a theory of planetary
orbits and the development of an accurate
theory of non-Euclidean geometry.

To know more, visit the companion Website.

‘When we have a sum such as

3
Dok + k),
k=1

we can rearrange its terms to form two sums:
3

Sk +k2) =

k=1

14+2+3)+ (1% + 22
3 3

= k+ Yy k.
k=1 k=1

This illustrates a general rule for finite sums:

k=1

(1+12) + (2 4 22) + (3 + 3?)

+32)

Regroup terms.

Z(ak +b,) = Zak + Zbk'
k=1 k=1

This and three other rules are given below. Proofs of these rules can be obtained using

mathematical induction (see Appendix A.3).

Algebra Rules for Finite Sums

n

1. Sum Rule: Z(ak + by) =
k=1

2. Difference Rule: Z(“k —by) =
k=1

3. Constant Multiple Rule:

4. Constant Value Rule:

k=1 k=1
n n
E :ak - by
k=1 k=1

(Any number ¢)

EXAMPLE 3
(a) i(sk — kZ) = 3ik — ikZ
k=1 k=1 k=1
(b)zn:(_ak) = zn:(—l) ca, = —1-

k=1 k=1
3 3
dDk+> 4
k=1 k=1

=1+2+3)+3-4
=6+12 =18

@> L =n. ]
=17

n

Z“k =

k=1

3
© > (k+4)
k=1

-1
n

n
—Z A
k=1

We demonstrate the use of the algebra rules.

Difference Rule and Constant
Multiple Rule

Constant Multiple Rule

Sum Rule

Constant Value Rule

Constant Value Rule u
(1/n is constant)

Over the years, people have discovered a variety of formulas for the values of finite sums.
The most famous of these are the formula for the sum of the first n positive integers (Gauss
is said to have discovered it at age 8) and the formulas for the sums of the squares and

cubes of the first n positive integers.
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EXAMPLE 4 Show that the sum of the first n positive integers is

ik _nn+1
=1 2
Solution The formula tells us that the sum of the first 4 positive integers is
) _ 10.
2

Addition verifies this prediction:
I1+2+3+4 =10.

To prove the formula in general, we write out the terms in the sum twice, once forward and
once backward.

1+ 2  + 3 4+ - + n
n + (n—-0D + n—-2) + - + 1

If we add the two terms in the first column we get 1 + n = n + 1. Similarly, if we add the
two terms in the second column we get 2 + (n — 1) = n + 1. The two terms in any
column sum to n 4+ 1. When we add the n columns together we get n terms, each equal to
n + 1, for a total of n(n 4 1). Since this is twice the desired quantity, the sum of the first
nintegersis n(n + 1)/2. [ |

Formulas for the sums of the squares and cubes of the first n positive integers are
proved using mathematical induction (see Appendix A.3). We state them here.

nn+1D2n +1)
6

Sum of the first n squares: Z k? =
k=1

n 2
Sum of the first n cubes: Z k3 = (M)
k=1 2

Limits of Finite Sums

The finite sum approximations that we considered in Section 5.1 became more accurate as
the number of terms increased and the subinterval widths (lengths) narrowed. The next
example shows how to calculate a limiting value as the widths of the subintervals go to
zero and the number of subintervals grows to infinity.

EXAMPLE 5 Find the limiting value of lower sum approximations to the area of the
region R below the graph of y = 1 — x? and above the interval [0, 1] on the x-axis using
equal-width rectangles whose widths approach zero and whose number approaches infinity.
(See Figure 5.4a.)

Solution We compute a lower sum approximation using n rectangles of equal width Ax
and then see what happens as n — oo. We start by subdividing [0, 1] into 7 equal width
subintervals

ot} [43 522)

b
n n n n n

Each subinterval has width Ax = 1/n. The function 1 — x?is decreasing on[0, 1], and its
smallest value in a subinterval occurs at the subinterval’s right endpoint. So a lower sum
is constructed with rectangles whose height over the subinterval [(k — D)/n, k/n] is
f(k/n) =1 — (k/n)’, giving the sum

AL (2] p(B) L p(2) L

nl n nl n nl n

n n
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HISTORICAL BIOGRAPHY

Georg Friedrich Bernhard Riemann
(1826-1866)

Riemann was born in Hanover, Germany.
His doctorate was obtained under the
direction of Gauss in the theory of complex
variables. He also worked with physicist
Wilhelm Weber. He introduced the
foundational ideas of differential geometry
and contributed to dynamics, non-Euclidean

geometry, and computational physics.
To know more, visit the companion Website.

y =/

FIGURE 5.8 A typical continuous func-

tion y = f(x)over a closed interval [a, b].

We write this in sigma notation and simplify,

MIHEEDS ROF

|
i\g

k=1
_N (l _ ﬁ)
- 3
= \n n
n n
1 2
= i k— Difference Rule
= =
. 1 1 & k2 Constant Value and
- n n3 P Constant Multiple Rules
1\n(n+ 1)2n + 1
=1- (— (n + 1)( +D Sum of the first n squares
n3 6
2n3 4+ 3n% +n
=1- # Numerator expanded
6n

We have obtained an expression for the lower sum that holds for any n. Taking the
limit of this expression as n — o0, we see that the lower sums converge as the number of
subintervals increases and the subinterval widths approach zero:

3 2
lim (122 +3n2 +n) _ 2 _2
n— o0 6]’13 6 3

The lower sum approximations converge to 2/3. A similar calculation shows that the
upper sum approximations also converge to 2/3. Any finite sum approximation

ZZ: e «)(1/n) also converges to the same value, 2/3. This is because it is possible to show
that any finite sum approximation is trapped between the lower and upper sum approxi-
mations. For this reason we are led to define the area of the region R as this limiting value.
In Section 5.3 we study the limits of such finite approximations in a general setting. M

Riemann Sums

The theory of limits of finite approximations was made precise by the German mathemati-
cian Bernhard Riemann. We now introduce the notion of a Riemann sum, which underlies
the theory of the definite integral that will be presented in the next section.

We begin with an arbitrary bounded function f defined on a closed interval [a, b].
Like the function pictured in Figure 5.8, f may have negative as well as positive values.
We subdivide the interval [a, b] into subintervals, not necessarily of equal width (or
length), and form sums in the same way as for the finite approximations in Section 5.1.
To do so, we choose n — 1 points {x,, x,, x5,..., X, _;} between a and b that are in increas-
ing order, so that

a < x; < x, << x,_ <b.
To make the notation consistent, we set x, = a and x, = b, so that
a=x) <x <x,<--<x,,<x,=0b
The set of all of these points,
P = {xy,x,,%,,...

’xnfl’xn}’

is called a partition of [a, b].
The partition P divides [a, b]into the n closed subintervals

[xoo 2 ][220 ] [ 2, -
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HISTORICAL BIOGRAPHY ' The first of these s'ubint.ervals is [xg, x, ], the second is [ x,, x, |, and the kth subinterval
Richard Dedekind is[x, ;,x, | (where k is an integer between 1 and n).

]()lessell;rllzlg?ew up in Germany and in 1850 I | | I kth subinterval | I I X
entered the University of Gottingen.There xp=a x X5 L X X .. X x,=b

he studied with Bernhard Riemann and Carl
Gauss. Like Gauss, Dedekind preferred to

study the theoretical aspects of number theory. The width of the first subinterval [ x,, x, | is denoted Ax,, the width of the second

His work on irrational numbers gave the [x,,x,]is Ax,, and the width of the kth subinterval is Ax, = x, — x,_,.
subject a logical foundation.
To know more, visit the companion Website. |(_ Ax _>|(_ Axy— | Ax | | Ax, |
| I I I | I |
X

I T T T T T T
Xo=a X1 X2 C Xk—1 Xk co Xn—1 x, =b

If all n subintervals have equal width, then their common width, which we call Ax, is
equal to (b — a)/n. Using equal width subintervals is often the simplest choice when
doing computations.

In each subinterval we select some point. The point chosen in the kth subinterval
[x,_;,x,]iscalled c,. Then on each subinterval, we stand a vertical rectangle that stretches
from the x-axis to touch the curve at (c;, f(c,)). These rectangles can be above or below
the x-axis, depending on whether f(c,) is positive or negative, or on the x-axis if
f(c;) = 0 (see Figure 5.9).

y ) =
y=f® ey fle)

7 N
1
(ex fle) / N

kth rectangle

e ———

€l €2 C Gy
——o * - X
0 xO_a: X1 1 X2 /xk Xk Xn—1 xn_b
1 1
1 1
1 1
\\l !
1
1
(cy, flep) |
1
1 /
Py

(€3, fc2)

FIGURE 5.9 The rectangles approximate the region between the graph of the
function y = f(x) and the x-axis. Figure 5.8 has been repeated and enlarged, the
partition of [ a, b] and the points ¢, have been added, and the corresponding rectangles
with heights f(c,) are shown.

On each subinterval we form the product f(c,) - Ax,. This product is positive, nega-
tive, or zero, depending on the sign of f(c,). When f(c,) > 0, the product f(c,) - Ax, is
the area of a rectangle with height f(c,) and width Ax,. When f(c,) < 0, the product
f(c,) - Ax, is a negative number, the negative of the area of a rectangle of width Ax, that
drops from the x-axis to the negative number f(c,).

Finally, we sum all these products to get

Sp = > fle,) Ax,.
k=1

The sum S, is called a Riemann sum for f on the interval [ a, b|. There are many such
sums, depending on the partition P we choose and on the choices of the points ¢, in the
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subintervals. For instance, we could choose n subintervals all having equal width
Ax = (b — a)/n to partition [a, b], and then choose the point ¢, to be the right-hand
endpoint of each subinterval when forming the Riemann sum (as we did in Example 5).

This choice leads to the Riemann sum formula

y

Y=/

@) EXAMPLE 6

s, =S f
k=1

Similar formulas can be obtained if instead we choose c, to be the left-hand endpoint, or
the midpoint, of each subinterval.

In the cases in which the subintervals all have equal width Ax = (b — a)/ n, we can
make them thinner by simply increasing their number n. When a partition has subintervals
of varying widths, we can ensure they are all thin by controlling the width of a widest
(longest) subinterval. We define the norm of a partition P, written || P||, to be the largest of
all the subinterval widths. If || P|| is a small number, then all of the subintervals in the

partition P have a small width.

a+kb_a)~(b_a)-
n n

The set P = {0,0.2,0.6,1,1.5,2} is a partition of [0, 2]. There are

y five subintervals of P: [0,0.2],[0.2,0.6],[0.6,1],[1,1.5], and [1.5,2]:

¥ = /) -]
| |

Axy Axy I Axs

0 0.2

S

(b)

FIGURE 5.10 The curve of Figure 5.9
with rectangles from finer partitions of

[a, b]. Finer partitions create collections of
rectangles with thinner bases that approxi-
mate the region between the graph of f and
the x-axis with increasing accuracy.

0.6

o= Y

|
|
I !
1 1.5

0 b The lengths of the subintervals are Ax;, = 0.2, Ax, = 0.4, Ax; = 0.4,Ax, = 0.5,
and Axs; = 0.5. The longest subinterval length is 0.5, so the norm of the partition is
[IP|] = 0.5.In this example, there are two subintervals of this length.

Any Riemann sum associated with a partition of a closed interval [ a, b] defines rect-
angles that approximate the region between the graph of a continuous function f and the
x-axis. Partitions with norm approaching zero lead to collections of rectangles that approx-
imate this region with increasing accuracy, as suggested by Figure 5.10. We will see in the
next section that if the function f is continuous over the closed interval [a, b], then no
matter how we choose the partition P and the points ¢, in its subintervals, the Riemann
sums corresponding to these choices will approach a single limiting value as the subinterval
widths (which are controlled by the norm of the partition) approach zero.

Sigma Notation
Write the sums in Exercises 1-6 without sigma notation. Then evalu-
ate them.

2 3
6k k—1
1. — 2. _—
—k+1 ; k
4 5
3. Z cos km 4. Z sin k7
k=1 k=1

4
6. E(—l)k cos kr

k=1

3
5. Z(—l)’“rl sinX
k=1 k

7. Which of the following express 1 + 2 + 4 + 8 + 16 + 32 in
sigma notation?

c. i 2 k+1

k=—1

k=0

10.

Express the sums in Exercises 11-16 in sigma notation. The form of

. Which of the following express 1 — 2 + 4 — 8 + 16 — 32 in

sigma notation?

6
a. Y (=)'
k=1

5
b. > (—D* 2k
k=0

k=-2

. Which formula is not equivalent to the other two?

4 k=1
=D
a y U
= k—1
Which formula is not equivalent to the other two?

3 —1
a.i:(kfl)z b Y (k+ 1D e Y K
k=1

k=—1 k=-3

2 k 1 k
) (=D

b S D :
2 i ¢ Zlk+2

k=0 p—

your answer will depend on your choice for the starting index.

11.
13.

1+24+3+4+54+6 12.1+4+9+16
1,1 1,1
St
2

173 16 14.2+4+6+8+10

c. 23: (— Dkt ok+2



1,1
15.1 — -+ -~
2+3

[\8]

1
16 —— + = —
+ s+

W
+
[N

|
W

P
| —
(@,

Values of Finite Sums

17. Suppose that Z a, = —5and Z b, = 6.Find the values of

k=1 k=1

a.;'jak b.z%" c.;(ak—l—bk)

(b, — 2ay)

k=1

d. Zn:(ak —b,) e
k=1

18. Suppose that Z a, = Oand Z b, = 1. Find the values of

k=1 k=1

b. 32505,
k=1

a. i&zk
k=1

. f:(ak +1) d. i(bk —1)
k=1

k=1

Evaluate the sums in Exercises 19-36.

19.a. ) k b. > k> ¢ > k3
k=1 k=1 k=1
13 13 13
20.a. ) k b. Y k2 ¢ >k
k=1 k=1 k=1
7 S k
21. ) (=2k) 2.5
k=1 k=1 1
6 6
23.> (3—k?) 24. ) (k> = '5)
k=1 k=1
5 7
25.> k(3k + 5) 26. Y k(2k + 1)
k=1 k=1
5. k3 5.) 7V ks
27.% o k 28. > k| = > =
U I U R
7 500 264
29.a. ) 3 b. > 7 c. » 10
k=1 k=1 k=3
36 17 71
30.a. ) k b. > k> ¢ > k(k—1)
k=9 k=3 k=18
3l.a. ) 4 b. > ¢ ¢ > (k-1

m The Definite Integral
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(1 "~ ¢ Nk
32. a. (— n 2n) b. 38 oS K
; n k=1 n f—1 n2
50 20
333 [k + 17 — k2] 34. ) [sin(k — 1) — sink]
k=1 k=2

3s. i(\/k —4 -k -3)

k=17

30 1 . 1 1 1
36. Y ———— |Hintt ——— = —~ — ——
k(k + 1) kk+1)  k k+1

k=1

Riemann Sums

In Exercises 37-40, graph each function f(x) over the given interval.
Partition the interval into four subintervals of equal length. Then
add4 to your sketch the rectangles associated with the Riemann sum
Z e f(c,) Ax,, given that ¢, is the (a) left-hand endpoint, (b) right-
hand endpoint, (¢) midpoint of the kth subinterval. (Make a separate
sketch for each set of rectangles.)
37. f(x) = x> =1, [0,2]

39. f(x) = sinx, [—m, 7]

40. f(x) = sinx + 1, [—m, 7]
41. Find the norm of the partition P = {0,1.2,1.5,2.3,2.6,3}.
42. Find the norm of the partition P = {-2,—1.6,—0.5,0,0.8,1}.

38. f(x) = —x2, [0.1]

Limits of Riemann Sums

For the functions in Exercises 43-50, find a formula for the Riemann
sum obtained by dividing the interval [a, b]into n equal subintervals
and using the right-hand endpoint for each c,. Then take a limit of
these sums asn — oo to calculate the area under the curve over [a, b].

43. f(x) = 1 — x?over the interval [0, 1].
44. f(x) = 2x over the interval [0, 3].

45. f(x) = x2 + 1 over the interval [0, 3].
46. f(x) = 3x? over the interval [0, 1].

47. f(x) = x + x? over the interval [0, 1].
48. f(x) = 3x + 2x2over the interval [0, 1].
49. f(x) = 2x3 over the interval [0, 1].

50. f(x) = x? — x? over the interval [—1,0].

In this section we consider the limit of general Riemann sums as the norm of the partitions
of a closed interval [a, b] approaches zero. This limiting process leads us to the definition
of the definite integral of a function over a closed interval [a, b].

Definition of the Definite Integral

The definition of the definite integral is based on the fact that for some functions, as the
norm of the partitions of [a, b] approaches zero, the values of the corresponding Riemann
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sums approach a limiting value J. In particular, this is true for continuous and piecewise-
continuous functions. We again use the symbol € to represent a small positive number, and
use it to specify how close to J the Riemann sum must be. The symbol ¢ is used for a second
small positive number that specifies how small the norm of a partition must be in order for
the Riemann sum to differ from J by no more than €. We now define this limit precisely.

DEFINITION Let f(x) be a function defined on a closed interval [a, b]. We say
that a number J is the definite integral of f over [a, b] and that J is the limit of

the Riemann sums ZZ: | flcp) Axy if the following condition is satisfied:

Given any number € > 0, there is a corresponding number § > 0 such that
for every partition P = {x,, x,..., x, } of [a, b] with ||[P|| < § and any choice
of ¢, in[x,_,, x, |, we have

if(ck)Axk -Ji<e

k=1

The definition involves a limiting process in which the norm of the partition goes to zero.
When this limit exists, the function f is said to be integrable over [a, b].

We have many choices for a partition P with norm going to zero, and many choices of
points ¢, for each partition. The definite integral exists when we always get the same limit
J, no matter what choices are made. When the limit exists we write

n

J = lim flc) Ax,,
1

IPII—0 4=

and we say that the definite integral exists.

Leibniz introduced a notation for the definite integral that captures its construction as
a limit of Riemann sums. He envisioned the finite sums ZZ: f(c;) Ax; becoming an infi-
nite sum of function values f(x) multiplied by “infinitesimal” subinterval widths dx. The
sum symbol Z is replaced in the limit by the integral symbol [, whose origin is in the letter
“S” (for sum). The function values f(c, ) are replaced by a continuous selection of function
values f(x). The subinterval widths Ax, become the differential dx. It is as if we were
summing all products of the form f(x) - dx as x goes from a to b. While this notation cap-
tures the underlying ideas, it is Riemann’s definition that gives a precise meaning to the
definite integral.

If the definite integral exists, then instead of writing J, we write

j;bf(x) dx.

We read this as “the integral from a to b of f of x dee x”” or sometimes as “the integral from
a to b of f of x with respect to x.” The component parts in the integral symbol also have
names:

The function f(x) is the integrand.
Upper limit of integration

b/

X ?he variable of integration.
\
J(x) dx

a When you find the value
Lower limit of integration of the integral, you have
Integral of f from a to b evaluated the integral.

Integral sign
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When the definite integral exists, we say that the Riemann sums of f on [a, b] converge
to the definite integral J = fab f(x) dx and that f is integrable over [a, b|.

If we choose all the subintervals in a partition to have equal width Ax = (b — a)/n,
the Riemann sums have the form

S, = Zf(ck)Axk = Zf(ck) (b — a), Ax, = Ax = (b — a)/n forall k
k=1 k=1 n

where ¢, is any point in the kth subinterval. If the definite integral exists, then these Riemann
sums converge to the definite integral of f over [a, b], so

J — fbf(x) dx — lim if(ck) (b — a). For equal-width subintervals, the condition
a n—00 =1 n

[IPIl — 0 is equivalent to n — oc.

If we pick the point ¢, to be the right endpoint of the kth subinterval, so that ¢, =
a+ kAx = a + k(b — a)/n, then the formula for the definite integral becomes

The Definite Integral as a Limit of Riemann Sums with Equal-Width
Subintervals

[roose = oo stoo)ene o

n

Equation (1) gives an explicit formula that can be used to compute definite integrals. When
the definite integral exists, the Riemann sums coming from other choices of partitions and
locations of points ¢, will have the same limit as n — oo, provided that the norms of the
partitions approach zero. Another choice of Riemann sums converging to the definite inte-
gral is given by the Midpoint Rule, discussed later in this section.

The value of the definite integral of a function over any particular interval depends on
the function, not on the letter we choose to represent its independent variable. If we decide
to use 7 or u instead of x, we simply write the integral as

f "fydt  or f "fuydu  instead of f " £(x) dx.

No matter how we write the integral, it is still the same number, the limit of the Riemann
sums as the norm of the partition approaches zero. Since it does not matter what letter we
use, the variable of integration is called a dummy variable. In the three integrals given
above, the dummy variables are 7, u, and x.

Integrable and Nonintegrable Functions

Not every function defined over a closed interval [a, b] is integrable even if the function is
bounded. That is, the Riemann sums for some functions might not converge to the same
limiting value, or to any value at all. Understanding which functions defined over [a, b]are
integrable and which are not requires advanced mathematical analysis, but fortunately
most functions that commonly occur in applications are integrable. In particular, every
continuous function over [a, b] is integrable over this interval, and so is every function
that has no more than a finite number of jump discontinuities on [a, b]. (See Figures 1.9
and 1.10. Such functions are called piecewise continuous functions, and they are defined in
Additional Exercises 11-18 at the end of this chapter.) The following theorem, which is
proved in more advanced courses, establishes these results.

THEOREM 1—Continuous Functions Are Integrable If a function f is con-
tinuous over the interval [a, b], or if f has at most finitely many jump discontinui-
ties there, then the definite integral fab f(x) dx exists and f is integrable over [a, b].
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The idea behind Theorem 1 for continuous functions is given in Exercises 86 and 87.
Briefly, when f is continuous, we can choose each ¢, so that f(c,) gives the maximum value
of f on the subinterval [x, |, x, ], resulting in an upper sum. Likewise, we can choose ¢, to
give the minimum value of f on[x,_,, x, ] to obtain a lower sum. The upper and lower sums
can be shown to converge to the same limiting value as the norm of the partition P tends to
zero. Moreover, every Riemann sum is trapped between the values of the upper and lower
sums, so every Riemann sum converges to the same limit as well. Therefore, the number J
in the definition of the definite integral exists, and the continuous function f is integrable
over [a, b].

For integrability to fail, a function needs to be sufficiently discontinuous that the
region between its graph and the x-axis cannot be approximated well by increasingly thin
rectangles. Our first example is a function that is not integrable over a closed interval.

EXAMPLE 1 The function

1, if x is rational,

f) =

0, if x is irrational,

has no Riemann integral over [0, 1]. Underlying this is the fact that between any two numbers
there are both a rational number and an irrational number. Thus the function jumps up and
down too erratically over [0, 1] to allow the region beneath its graph and above the x-axis to
be approximated by rectangles, no matter how thin they are. In fact, we will show that upper
sum approximations and lower sum approximations converge to different limiting values.

If we choose a partition P of [0, 1], then the lengths of the intervals in the partition sum
to 1; that is, E:: ,Ax; = 1. In each subinterval [x,_,, x, ] there is a rational point, say c,.
Because ¢, is rational, f(c,) = 1. Since 1 is the maximum value that f can take anywhere,
the upper sum approximation for this choice of ¢,’s is

U=> fle)Ax, => (HAx, = 1.
k=1 k=1

As the norm of the partition approaches 0, these upper sum approximations converge to 1
(because each approximation is equal to 1).

On the other hand, we could pick the ¢ ’s differently and get a different result. Each
subinterval [ x, ,, x, ] also contains an irrational point ¢, and for this choice f(c,) = 0.
Since 0 is the minimum value that f can take anywhere, this choice of ¢, gives us the mini-
mum value of f on the subinterval. The corresponding lower sum approximation is

L= kZ:lf(ck)Axk = ;(O)Axk = 0.

These lower sum approximations converge to 0 as the norm of the partition converges to 0
(because they each equal 0).

Thus making different choices for the points ¢, results in different limits for the corre-
sponding Riemann sums. We conclude that the definite integral of f over the interval [0, 1]
does not exist and that f is not integrable over [0, 1]. |

Theorem 1 says nothing about how to calculate definite integrals. A method of calcu-
lation will be developed in Section 5.4, through a connection of definite integrals to antide-
rivatives. Meanwhile, finite approximations can be used to calculate an approximation for
a definite integral.

The Midpoint Rule

When setting up a Riemann sum

> flep) Ax,
k=1
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we have many options on how to choose a partition and where to choose a point ¢, in the
kth interval of the partition. The simplest choice for a partition with n subintervals is to take
each subinterval to have equal length Ax = (b — a)/n. In Equation (1) we obtained a
formula by choosing ¢, at the right endpoint of the kth interval. Setting c, to be at the middle
of the kth interval is often a better choice for approximating the integral using Riemann
sums, as we saw in Figure 5.3. The midpoint is a good choice because on a small interval,
the graph of a differentiable function can be approximated by a linear function, and the
value of a linear function at an interval’s midpoint is its average value over that interval.

With these choices, [x,_,, x,] = [a + (k — 1) Ax, a + k Ax] is the kth interval
in the partition, its midpoint is located at ¢, = (x,_; + x,)/2, and its width is
Ax = (b — a)/n. The midpoint rule for forming Riemann sums to approximate a definite
integral takes the following form.

Midpoint Rule for Approximating a Definite Integral

J) s = 32 st (B = e + ften) £+ ste) ()
withe, = xk—lijxk andx, = a + k(b - “).

1

EXAMPLE 2 Approximate f I
of equal length. o1+

> dx using the midpoint rule with five intervals
X

Solution The five intervals of the partition are [0, 0.2],[0.2,0.4],[0.4,0.6],[0.6,0.8],
and [0.8,1.0], each of length 1/5. Their midpoints are at 0.1, 0.3, 0.5, 0.7, and 0.9. Apply-
ing the midpoint rule gives

fol L dx ~ [£(0.1) + £(0.3) + f(0.5) + f(0.7) + f(0.9)](%)

1+ x2
1 1 1 1 1 }
= | — —1(0.2
1.01 1.09 1.25 1.49 + 1.81 ( )
~ 0.786. [ |

The midpoint rule becomes more powerful when we can combine it with an error
bound that tells us how close the approximation it gives with n intervals is to the integral.
In Chapter 8 we will examine error bounds in approximations of integrals.

Properties of Definite Integrals

In defining fab f(x)dx as a limit of sums E:: . f(c,) Ax,, we moved from left to right
across the interval [a, b]. What would happen if we instead move right to left, starting
with x, = b and ending at x, = a? Each Ax, in the Riemann sum would change its sign,
with x, — x,_, now negative instead of positive. With the same choices of ¢, in each sub-
interval, the sign of any Riemann sum would change, as would the sign of the limit, the
integral |, ba f(x) dx. Since we have not previously given a meaning to integrating back-
ward, we are led to define

a b
f f(x)dx = 7f f(x)dx. aandb interchanged
b a

It is convenient to have a definition for the integral over [a, b] when a = b, so that
we are computing an integral over an interval of zero width. Since a = b gives Ax = 0,
whenever f(a) exists we define

faf(x) dx = 0 a is both the lower and the
a

upper limit of integration.
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TABLE 5.6 Rules satisfied by definite integrals

a b
1. Order 0f1ntegrati0n.‘fb f(x)dx = —f f(x)dx A definition
. [ _ A definition
2. Zero Width Interval. J; f(x)dx =0 when £(a) exists

b b

3. ConstantMultiple:f kf(x)dx = kf f(x)dx Any constant k
b b b

4. Sum andDiﬁ‘erence.‘f (f(x) £ gx))dx = f f(x)dx £ f g(x) dx

c b b
5. Additivity: f Fx)dx + f F(x)dx = f f(x) dx la,c] U le, b] = la, b]

6. Max-Min Inequality: If f has maximum value max f and minimum value
min f on [a, b], then

(minf) - (b —a) < fbf(x)dx < (maxf)- (b — a).
b b
7. Domination: If f(x) > g(x) on [a, b], then f f(x)dx > f ¢(x) dx.

b
If f(x) > 0on [a,b], then f f(x)dx > 0. Special case of Rule 6.

Theorem 2 states some basic properties of integrals, including the two just discussed.
These properties, listed in Table 5.6, are very useful for computing integrals. We will refer
to them repeatedly to simplify our calculations. Rules 2 through 7 have geometric interpre-
tations, which are shown in Figure 5.11. The graphs in these figures show only positive
functions, but the rules apply to general integrable functions, which could take both posi-
tive and negative values.

THEOREM 2 When f and g are integrable over the interval [a, b], the definite
integral satisfies the rules listed in Table 5.6.

Rules 1 and 2 are definitions, but Rules 3 to 7 of Table 5.6 must be proved. Below we
give a proof of Rule 6. Similar proofs can be given to verify the other properties in Table 5.6.

Proof of Rule 6 Rule 6 says that the integral of f over [a, b] is never smaller than
the minimum value of f times the length of the interval and never larger than the maxi-
mum value of f times the length of the interval. The reason is that for every partition of
[a, b] and for every choice of the points ¢,

(mlnf)(bfa):(mlnf)iAxk /ZIAA’A =b—ua
k=1 k=1

n
= Z (minf) - Ax, Constant Multiple Rule
k=1
n
< Z flc,) Ax, min f < f(c,)
k=1
n
< Z(maxf) - Ax, fle,) < max f
k=1

n
= (maxf) - Z Axk Constant Multiple Rule
k=1

= (maxf) (b — a).
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X y Y =2f(x) X
Yy =f(x) + gx)
y=/)
y =28
y Y =fx) /\/
Y=/
0 a * ol a b " 0l a b
(a) Zero Width Interval: (b) Constant Multiple: (k = 2) (c) Sum: (areas add)
a b b b b b
fa fx)dx =0 f kf(x)dx = k f F(x)dx f (f(X) + g(x))dx = f Flx)dx + f g(x) dx
y
y y
max f Yy =fx)
b
c /f(x)dx minf—/\/\y_f(x)
fede ) Je y =48
0 a c b 0l a b 0la b
(d) Additivity for Definite Integrals: (e) Max-Min Inequality: (f) Domination:
[f@de+ [ foar = [fodx (ming)- b —a)< [0 de If f(x) > g(x) on[a, b], then

b b
<(maxf) b —ay S, @ [Cewar

FIGURE 5.11 Geometric interpretations of Rules 2—7 in Table 5.6.

In short, all Riemann sums for f on [ a, b] satisfy the inequalities
(minf) - (b —a) <) fle) Axy < (maxf)- (b — a).
k=1

Hence their limit, which is the integral, satisfies the same inequalities. |

EXAMPLE 3 To illustrate some of the rules, we suppose that
fl f(x)dx = 5 f4f(x)dx - 2, and fl h(x)dx = 7
-1 7 1 - -1 o

Then
L f:f(x) dx = —f14f(x)dx =—(=2)=2 Rule 1
2. fjl [2f(x) + 3h(x)]dx = 2fjl f(x)dx + 3fjl h(x) dx Rules 3 and 4
= 2(5) +3(7) = 31
3. fj fx)dx = fjl f)dx + fl4f(x)dx =54+(-2)=3 Rule 5 -

1
EXAMPLE 4 Show that the value ofj:) J1 + cos x dx is less than or equal to V2.

Solution The Max-Min Inequality for definite integrals (Rule 6) says that
b
(min f) - (b — a) is a lower bound for the value off f(x) dx and that(max f) - (b — a)

is an upper bound. The maximum value of \/1 + cos x on [0,1]is~/1 + 1 = ~/2, 50

L1~/1+cosxdx§ﬁ~(l—0):ﬁ. ]
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FIGURE 5.12 The region in Example 5
is a triangle.

Area Under the Graph of a Nonnegative Function

We now return to the problem that started this chapter, which is defining what we mean by
the area of a region having a curved boundary. In Section 5.1 we approximated the area
under the graph of a nonnegative continuous function using several types of finite sums of
areas of rectangles that approximate the region—upper sums, lower sums, and sums using
the midpoints of each subinterval—all of which are Riemann sums constructed in special
ways. Theorem 1 guarantees that all of these Riemann sums converge to a single definite
integral as the norm of the partitions approaches zero and the number of subintervals goes to
infinity. As a result, we can now define the area under the graph of a nonnegative integrable
function to be the value of that definite integral.

DEFINITION If y = f(x) is nonnegative and integrable over a closed interval
[a,b], then the area under the curve y = f(x) over [a, b] is the integral of
ffromato b,

A = fabf(x) dx.

For the first time, we have a rigorous definition for the area of a region whose boundary
is the graph of a continuous function. We now apply this to a simple example, the area under
a straight line, and we verify that our new definition agrees with our previous notion of area.

EXAMPLE 5

b
Compute f x dx and find the area A under y = x over the interval
[0,b], b > 0. 0

Solution The region of interest is a triangle (Figure 5.12). We compute the area in two ways.

(a) To compute the definite integral as the limit of Riemann sums, we calculate

lim ZZ , f(c;) Ax, for partitions whose norms go to zero. Theorem 1 tells us
IPII—0 =

that it does not matter how we choose the partitions or the points ¢, as long as the
norms approach zero. All choices give the exact same limit. So we consider the
partition P that subdivides the interval [0,b] into n subintervals of equal width
Ax = (b — 0)/n = b/n, and we choose c, to be the right endpoint in each subinterval

as in formula (1). The partition is P = {0, Q, %, %, T n_b} andc;, = @ So
n n n n n
< “~kb b
Zf(ck)Ax = — = fle) =¢
k=1 = non
k2
o’
b2 &
= — k Constant Multiple Rule
n?
k=1
2
= b— . n(n—_l_l) Sum of first n integers
n? 2
b? ( 1
_ b4 —).
2 n
As n — oo and ||P|| — 0, this last expression on the right has the limit b?/2.
Therefore,
b b2
f xdx = —.
0 2

(b) Since the area equals the definite integral for a nonnegative function, we can quickly
derive the definite integral by using the formula for the area of a triangle having base
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FIGURE 5.13 (a) The area of this
trapezoidal region is A = (b? — a?2)/2.
(b) The definite integral in Equation (2)
gives the negative of the area of this
trapezoidal region. (c) The definite integral
in Equation (2) gives the area of the blue
triangular region added to the negative of

the area of the tan triangular region.

FIGURE 5.14 A sample of values of a
function on an interval [a, b].
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length b and height y = b. The areais A = (1/2)b - b = b?/2. Again we conclude
that [} x dx = b?/2. |

Example 5 can be generalized to integrate f(x) = x over any closed interval [a, b] for
which0 < a < b.
First write

fobxdx:j:xdx—i—j;bxdx Rule 5

Then, by rearranging this equation and applying Example 5, we obtain

b b a 2 2
faxdx:j;xdx—foxdx:%—%. Example 5

In conclusion, we have the following rule for integrating f(x) = x over the interval [a, b]:

"xdr = 2 b 2
Lxx—;—?, a < 2)

This computation gives the area of the trapezoid in Figure 5.13a. Equation (2) remains
valid when a and b are negative, but the interpretation of the definite integral changes.
Whena < b < 0, the definite integral value (h? — a?)/2 is a negative number, the nega-
tive of the area of a trapezoid dropping down to the line y = x below the x-axis
(Figure 5.13b). Whena < Oandb > 0, Equation (2) is still valid and the definite integral
gives the difference between two areas, the area under the graph and above [0, b | minus
the area below [a, 0] and over the graph (Figure 5.13c).

The following results can also be established by using a Riemann sum calculation
similar to the one we used in Example 5 (Exercises 63 and 65).

b
f cdx = c(b—a), ¢ any constant 3)

b 3 3
fxzde%—%, a<b )

Average Value of a Continuous Function Revisited

In Section 5.1 we informally introduced the average value of a nonnegative continuous func-
tion f over an interval [ a, b ], leading us to define this average as the area under the graph of
y = f(x)divided by b — a. In integral notation we write this as

_ 1 b
Average = P —a fa f(x)dx.

This formula gives us a precise definition of the average value of a continuous (or inte-
grable) function, whether it is positive, negative, or both.

Alternatively, we can justify this formula through the following reasoning. We start
with the idea from arithmetic that the average of n numbers is their sum divided by n. A
continuous function f on [a, b] may have infinitely many values, but we can still sample
them in an orderly way. We divide [ a, b | into n subintervals of equal width Ax = (b — a)/n
and evaluate f at a point ¢, in each (Figure 5.14). The average of the n sampled values is

fle) + fley) + -+ fle,) 1
= ;f(ck)

n

Ax < b—a 1 Ax
= 5 Zf(ck) Ax = T80 = !
=

1 n
—a Z f(ck) Ax. Constant Multiple Rule
- %=1
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FIGURE 5.15 The average value of
fx) = V4 — x? on[-2,2]is /2
(Example 7). The area of the rectangle
shown here is 4 - (7/2) = 2, which is
also the area of the semicircle.

The average of the samples is obtained by dividing a Riemann sum for f on [a, b] by
(b — a). As we increase the number of samples and let the norm of the partition approach
zero, the average approaches (1/(b — a)) fab f(x) dx. Both points of view lead us to the
following definition.

DEFINITION If f is integrable on [a, b], then its average value on [a, b],
also called its mean, is

av(f) = 57— 1 afabf(x)dx.

EXAMPLE 6 Find the average value of f(x) = x on[1,3].

3
Solution From Equation (2) we see thatf1 xdx = 9/2 - 1/2 = 4.
So the average value of f on the interval [1,3]is (1/2)(4) = 2. [ |

EXAMPLE 7  Find the average value of f(x) = V4 — x? on[—2,2].

Solution We recognize f(x) = V4 — x? as the function whose graph is the upper semi-
circle of radius 2 centered at the origin (Figure 5.15).

Since we know the area inside a circle, we do not need to take the limit of Riemann
sums. The area between the semicircle and the x-axis from —2 to 2 can be computed using
the geometry formula

Area = % car? = 2 - w(2)? = 2m
Because f is nonnegative, the area is also the value of the integral of f from —2 to 2,
f im dx = 2.
Therefore, the average value of f is

_ 1 2 _ 2 _ 1 _
av(f)—zi(iz)fiz\M X2 dx = 1(2m) = 7

Notice that the average value of f over [ -2, 2] is the same as the height of a rectangle over

[—2, 2] whose area equals the area of the upper semicircle (see Figure 5.15). |
DG 5.3
Interpreting Limits of Sums as Integrals
Express the limits in Exercises 1-8 as definite integrals. 6. | },}ITO Z V4 — ¢f Ax, where P is a partition of [0, 1]
lim Z ¢} Ax,, where P is a partition of [0, 2] L& . .
I1PlI—0 £ 7. }Jlmo Z (seccy ) Ax,, where P is a partition of [—7/4,0]
IPII—0 £
2. lim 2¢3 Ax,,where P is a partition of [ —1,0 n
P10 £ Z kR P [ ] 8. }Jimo > (tanc,) Ax,, where P is a partition of [0, 7/4]
et
3. HJIDI‘E}O Z = 3¢, ) Ax,, where P is a partition of [ -7, 5] Using the Definite Integral Rules

n

4. lim [L] Ax,, where P is a partition of [1,4]
Ck

IPI—=0
n

5. lim
IPI—0 kz::ll — ¢

9. Suppose that f and g are integrable and that

2 5 5
fl f(x)dx = —4, f] f(x)dx = 6, f] g(x)dx = 8.

Ax,, where P is a partition of [ 2, 3]



Use the rules in Table 5.6 to find

a. fz ? o(x) dx b. fs 'o(x) dx

. fl '3 f(x) dx d. f2 * F(x) dx

e [[U@-gmiax & [TT45w - glar

10. Suppose that f and & are integrable and that
9 9 9
fl fx)dx = —1, f7 f(x)dx = 5, f7 h(x)dx = 4.
Use the rules in Table 5.6 to find

a. flngf(x)dx b. f:[f(x)—kh(x)]dx

. f7 "[2£(x) — 3h(x)] dx d. f9 ') dx

. fl " fx) dx f. f9 "lh(x) — f(x)]dx
11. Suppose that [,> f(x)dx = 5.Find

a. fl ® ) du b. f] 3 £(2) dz

. f;f(t)dt d. flz[—f(x)]dx

12. Suppose that fg g()dt = V2. Find
0
b. ff} g(u) du
0
8(r)
d [ S dr

13. Suppose that f is integrable and that f03 f(z)dz = 3 and
I f(z)dz = 7. Find

-3
a. fo g0 dt

0
c. f,3 [—g(x)]dx

a [ ' b2 dz b [ rwyar

14. Suppose that h is integrable and that [ th(r)dr = 0 and
J2 h(rydr = 6.Find

3 1
a.flh(r)dr b. fj; h(u) du

Using Known Areas to Find Integrals
In Exercises 15-22, graph the integrands and use known area formulas
to evaluate the integrals.

15. fl (% +3)dx 16. flzz (—2x + 4)dx

3 0
17.]3\/9—x2dx 18.[4\/16—x2dx

1 1
19.f2|x|dx 20. f1<1 —1xD) dx

21. fjl(Z—le)dx 22. fjl(l—k\/l—xz)dx

Use known area formulas to evaluate the integrals in Exercises 23-28.

b
23. | Zax, b>0

24 b4d b >0
02 .J;xx, >

b b
25.f2sds, 0<a<bh 26.f3zdz, 0<a<bh

5.3 The Definite Integral 339

27. f(x) = V4 — x2 on a.[-2,2],b.]0,2]
28. f(x) =3x +~v1—x? on a.[-10]b.[-11]
Evaluating Definite Integrals

Use the results of Equations (2) and (4) to evaluate the integrals in
Exercises 29—-40.

29. flﬁxdx 30. f::xdx 31. f:”wa
32. fjfrdr 33. fjﬁxzdx 34, f0°‘3s2ds
35. j:/ztzdt 36. 0”/292d0 37. f:”xdx
38. ffxdx 39, fo%dex 40. f:bxzdx

Use the rules in Table 5.6 and Equations (2)—(4) to evaluate the inte-
grals in Exercises 41-50.

41. f;7dx

2
43. fo (2t — 3)dt 4.

0
so.fl (3x2 + x — 5)dx

Finding Area by Definite Integrals

In Exercises 51-54, use a definite integral to find the area of the
region between the given curve and the x-axis on the interval [0, b].
51. y = 3x? 52. y = wx?

53. y = 2x 4.y ==+1

N =

Finding Average Value
In Exercises 55-62, graph the function and find its average value over
the given interval.

55. f(x) = x2 — 1 on [0,v3] 56. f(x) = —x—; on [0,3]
57. f(x) = —3x* —1on [0,1] 58. f(x) = 3x> — 3 on [0,1]
59. f(t) = (t — D? on [0,3]  60. f(t) = t2 — 1 on [—2,1]
61. g(x) = |x| —1 on a. [—1,1],b. [1,3],and c. [—1,3]

62. h(x) = —|x| on a. [—1,0],b. [0,1],and ¢c. [—1,1]

Definite Integrals as Limits of Sums
Use the method of Example 5a or Equation (1) to evaluate the definite
integrals in Exercises 63-70.

b 2
63.facdx 64. fo(2x+1)dx

b 0
65.f x2dx, a<b 66. fl(x—xz)dx
2 1
2 __ 3
67. fil(3x 2x + 1) dx 68. filx dx

b 1
69.Lx3dx, a<b 70. fo(3xfx3)dx
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Theory and Examples

71. What values of a and b, with a < b, maximize the value of
b
f (x — x2)dx?

(Hint: Where is the integrand positive?)

72. What values of a and b, with a < b, minimize the value of
b
f (x4 — 2x2)dx?

73. Use the Max-Min Inequality to find upper and lower bounds for

the value of
|
f dx.
01+ x2

74. (Continuation of Exercise 73.) Use the Max-Min Inequality to
find upper and lower bounds for

0.5 1 1 1
f 1 _dx and dx.
0o 14 x2 051 + x2

Add these to arrive at an improved estimate of

1 1
[
01+ x2

75. Show that the value of f()l sin(x?) dx cannot possibly be 2.
76. Show that the value of fol\/x + 8dx lies between 2v/2 ~ 2.8
and 3.

77. Integrals of nonnegative functions Use the Max-Min Inequality
to show that if f is integrable, then

b
f@ =0 on [ab] = [ fdx>0.

78. Integrals of nonpositive functions  Show that if f is integrable,
then

b
f) <0 on [ab] = ff(x)dxgo.

79. Use the inequality sin x < x, which holds for x > 0, to find an
upper bound for the value of f(,lsin X dx.

80. The inequality sec x > 1 + (x2/2)holds on (—7/2, w/2). Use it
to find a lower bound for the value of f 01 sec x dx.

81. If av(f) really is a typical value of the integrable function f(x)
on [a, b], then the constant function av(f) should have the same
integral over [ a, b] as f. Does it? That is, does

j;bav(f)dx = Lbf(x)dx?

Give reasons for your answer.

82. It would be nice if average values of integrable functions obeyed
the following rules on an interval [a, b].

a. av(f + g) = av(f) + av(g)

b. av(kf) = kav(f) (any number k)

c.av(f) <av(g) if f(x) < gx) on [a,b]

Do these rules ever hold? Give reasons for your answers.
83. Upper and lower sums for increasing functions

a. Suppose the graph of a continuous function f(x) rises steadily
as x moves from left to right across an interval [a, b]. Let
P be a partition of [ a, b]into n subintervals of equal length
Ax = (b — a)/n. Show by referring to the accompanying

84.

85.

86.

figure that the difference between the upper and lower sums
for f on this partition can be represented graphically as the area
of a rectangle R whose dimensions are [ f(b) — f(a)] by Ax.
(Hint: The difference U — L is the sum of areas of rectangles
whose diagonals 0,0,, 0,0,, ..., 0,_,0,, lie approximately
along the curve. There is no overlapping when these rectangles
are shifted horizontally onto R.)

b. Suppose that instead of being equal, the lengths Ax, of the
subintervals of the partition of [a, b] vary in size. Show that

U-L S |f(b) - f(a)lemax’

where Ax . is the norm of P, and that hence

max

lim (U — L) = 0.

|IP]|—0

fb) — f@)

—>|Ax|<—

Olxg=a x| x, X, =b

Upper and lower sums for decreasing functions (Continuation
of Exercise 83.)

a. Draw a figure like the one in Exercise 83 for a continuous
function f(x) whose values decrease steadily as x moves from
left to right across the interval [a, b]. Let P be a partition of
[a, b]into subintervals of equal length. Find an expression for
U — L that is analogous to the one you found forU — L in
Exercise 83a.

b. Suppose that instead of being equal, the lengths Ax, of the
subintervals of P vary in size. Show that the inequality
U—L<I[f(b)— fla) Ax,y,
of Exercise 83b still holds and hence limO(U - L) =0.
I

Pll—
Use the formula

sin h + sin 2k + sin3h + --- 4 sin kh
~cos(h/2) — cos((k + (1/2))h)
B 2sin(h/2)

to find the area under the curve y = sin x fromx = Otox = 7/2
in two steps:

a. Partition the interval [0, 7/2] into n subintervals of equal
length and calculate the corresponding upper sum Uj; then

b. Find the limit of Uasn — oo and Ax = (b — a)/n — 0.
Suppose that f is continuous and nonnegative over [a,b], as in the
accompanying figure. By inserting points

XisXoseeoy Xp 15 Xy eees X,y

as shown, divide [a,b] into n subintervals of lengths
Ax; = x; —a, Ax, = x, — xy,..., Ax, = b — x,_,, which
need not be equal.



a. If m;, = min { f(x) for x in the kth subinterval }, explain the
connection between the lower sum

L = m Ax; + myAx, + -+ m, Ax,
and the shaded regions in the first part of the figure.

b. If M, = max { f(x) for x in the kth subinterval }, explain the
connection between the upper sum

U=M Ax;, + M, Ax, + -+ M, Ax,
and the shaded regions in the second part of the figure.

c. Explain the connection between U — L and the shaded
regions along the curve in the third part of the figure.

Yy
y=f
0l a x x5 x5 Xp—1 Xp X, b
y
]
0l a X Xpgq b
Yy
0l a Xp o Xpt b
e
€
v
| b—ua |

87. We say f is uniformly continuous on [a, b]if, given any ¢ > 0,

there is a & > O such that if x,, x, are in [a, b]and |x, — x,| < 6,
then |f(x,) — f(x,)] < . It can be shown that a continuous
function on [a,b] is uniformly continuous. Use this and the
figure for Exercise 86 to show that if fis continuous and ¢ > 0
is given, it is possible to make U — L < ¢ - (b — a) by making
the largest of the Ax,’s sufficiently small.
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88. If you average 48 km/h on a 240-km trip and then return over the

same 240 km at the rate of 80 km/h, what is your average speed
for the trip? Give reasons for your answer.

89. Integrals of functions that are equal except at one point
Suppose that f(x) is a continuous function over the interval

[a, b]and that g(x) is a function on [a, b]such that g(x) = f(x)
except at a single point ¢ € [a,b]. Show that g(x) is also inte-
grable over [ a, b] and that fabg(x) dx = f( lb f(x)dx. (Hint: For a
given n, by how much can two different Riemann sums as given
in Equation (1) differ?)

90. Some integrable functions that are not continuous

a. The floor function f(x) = |x] gives the greatest integer
smaller than or equal to x (Example 5 of Section 1.1). This
function is not continuous on the interval [ 1, 3]. Show that f
is integrable on [1,3]and that [’ x]dx = 3.

—lif x <0, , .

. is not continuous on
2if 0 < x,
the interval [—1,1]. Show that f is integrable on [—1,1] and
that [ f(x)dx = 1.

b. The function f(x) = {

COMPUTER EXPLORATIONS
If your CAS can draw rectangles associated with Riemann sums, use
it to draw rectangles associated with Riemann sums that converge to
the integrals in Exercises 91-96. Use n = 4, 10, 20, and 50 subinter-
vals of equal length in each case.

4

1 _1 1 5 _ 4
91.f0(1—x)dx75 92.fo(x +dx = 3

7" /4
. = 4. sec? =
93 fiﬂcosxdx 0 9 fo sec? x dx 1
1
95.f1|x|dx =1
2
%. | L
X

In Exercises 97-104, use a CAS to perform the following steps:

(The integral’s value is about 0.693.)

a. Plot the functions over the given interval.

b. Partition the interval into n = 100, 200, and 1000 sub-
intervals of equal length, and evaluate the function at the
midpoint of each subinterval.

c¢. Compute the average value of the function values gener-
ated in part (b).

d. Solve the equation f(x) = (average value) for x using
the average value calculated in part (c) for the n = 1000

partitioning.
97. f(x) = sinx on [0,7]
98. f(x) = sin’x on [0,7]

99. f(x) = xsin% on H,ﬂ]

100. f(x) = xsin®~  on [E,w]
X 4

101. f(x) = xe~* on [0,1]

102, f(x) = e~ on [0,1]

103, f(x) — BX on [2,5]
X

104, f(x) = ﬁ on [o,%]
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m The Fundamental Theorem of Calculus

HISTORICAL BIOGRAPHY

Sir Isaac Newton

(1642-1727)

In his youth in England, Newton was
interested in mechanical devices and their
underlying theories. He even constructed
lanterns and windmills that he designed.
During the 1670s and 1680s, he built

his reputation as a scientific genius. His
contributions included the theory of universal
gravitation, the laws of motion, methods of

calculus, and the composition of white light.
To know more, visit the companion Website.
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FIGURE 5.16 The value f(c) in the
Mean Value Theorem is, in a sense,
the average (or mean) height of fon
[a,b]. When f > 0, the area of the
rectangle is the area under the graph of
ffromato b,

b —a = [ s

Yy
Y=/
1 (O —
1l Averagevaluel/2
2 is not assumed by f
i ! x
0 1 2

FIGURE 5.17 A discontinuous func-
tion need not assume its average value.

In this section we present the Fundamental Theorem of Calculus, which is the central
theorem of integral calculus. It connects integration and differentiation, enabling us to
compute integrals by using an antiderivative of the integrand function, rather than by
taking limits of Riemann sums as we did in Section 5.3. Leibniz and Newton exploited
this relationship and started mathematical developments that fueled the scientific revolu-
tion for the next 200 years.

Along the way, we will present an integral version of the Mean Value Theorem, which
is another important theorem of integral calculus and is used to prove the Fundamental
Theorem. We also find that the net change of a function over an interval is the integral of
its rate of change, as suggested by Example 2 in Section 5.1.

Mean Value Theorem for Definite Integrals

In the previous section we defined the average value of a continuous function over a closed
interval [a, b]to be the definite integral fab f(x) dx divided by the length or width b — a of
the interval. The Mean Value Theorem for Definite Integrals asserts that this average value
is always taken on at least once by the function f in the interval.

The graph in Figure 5.16 shows a positive continuous function y = f(x) defined over
the interval [ a, b |. Geometrically, the Mean Value Theorem says that there is a number ¢ in
[a, b] such that the rectangle with height equal to the average value f(c) of the function
and base width b — a has exactly the same area as the region beneath the graph of f from
atob.

THEOREM 3—The Mean Value Theorem for Definite Integrals
If f is continuous on [ a, b], then at some point ¢ in [a, b],

o == ["rwax

Proof If we divide all three expressions in the Max-Min Inequality (Table 5.6, Rule 6)
by (b — a), we obtain
1

i <
mmf*b—a

fbf(x)dx < max f.

Since f is continuous, the Intermediate Value Theorem for Continuous Functions (Section 2.6)
says that f must assume every value between min f and max f. It must therefore assume the
value (1/(b — a)) [ £(x) dx at some point ¢ in [a, b]. [ |

The continuity of f is important here. It is possible for a discontinuous function to

never equal its average value (Figure 5.17).

EXAMPLE 1 Show that if f is continuous on [a, b], a = b, and if

b
f f(x)dx = 0,
then f(x) = 0 at least once in [a, b].

Solution The average value of fon [a, b] is

1 b 1
av(f) = mfa f(x)dx = m'o

|
e
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FIGURE 5.18 The function
f(x) = 9x2 — 16x + 4 satisfies

f02 f(x)dx = 0, and there are two values
of ¢ in the interval [0, 2] where f(c) = 0.

y area = F(x)
y =/

S

0l a X

FIGURE 5.19 The function F(x)
defined by Equation (1) gives the area
under the graph of f from a to x when
fis nonnegative and x > a.

y
y =/
f&)
l ,
0l a xx+h b

FIGURE 5.20 In Equation (1),
F(x) is the area to the left of x. Also,
F(x + h)is the area to the left of

x + h. The difference quotient
[F(x + h) — F(x)]/his then
approximately equal to f(x), the
height of the rectangle shown here.
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By the Mean Value Theorem for Definite Integrals, f assumes this value at some point
¢ € [a,b]. This is illustrated in Figure 5.18 for the function f(x) = 9x2 — 16x + 4 on
the interval [0, 2]. |

Fundamental Theorem, Part 1

It can be very difficult to compute definite integrals by taking the limit of Riemann sums.
We now develop a powerful new method for evaluating definite integrals, based on using
antiderivatives. This method combines the two strands of calculus. One strand involves the
idea of taking the limits of finite sums to obtain a definite integral, and the other strand
contains derivatives and antiderivatives. They come together in the Fundamental Theorem
of Calculus. We begin by considering how to differentiate a certain type of function that is
described as an integral.

If f(¢) is an integrable function over a finite interval /, then the integral from any fixed
number a € [ to another number x € [ defines a new function F whose value at x is

Fo = [ fwar (1)

For example, if f is nonnegative and x lies to the right of a, then F(x) is the area under the
graph from a to x (Figure 5.19). The variable x is the upper limit of integration of an integral,
but F'is just like any other real-valued function of a real variable. For each value of the input
x, there is a single numerical output, in this case the definite integral of f from a to x.

Equation (1) gives a useful way to define new functions (as we will see in
Section 7.1), but its key importance is the connection that it makes between integrals
and derivatives. If fis a continuous function, then the Fundamental Theorem asserts
that F is a differentiable function of x whose derivative is f itself. That is, at each x in
the interval [a, b| we have

F'(x) = f(x).

To gain some insight into why this holds, we look at the geometry behind it.
If f > 0 on [a,b], then to compute F'(x) from the definition of the derivative, we
must take the limit as 7 — 0 of the difference quotient

F(x 4+ h) — F(x)
P )

If h > 0, then F(x + h) is the area under the graph of f from a to x + h, while F(x) is
the area under the graph of f from a to x. Subtracting the two gives us the area under the
graph of f between x and x + & (see Figure 5.20). As shown in Figure 5.20, if / is small,
the area under the graph of f from x to x 4 & is approximated by the area of the rectangle
whose height is f(x) and whose base is the interval [ x, x + h]. That is,

F(x+ h) — F(x) = hf(x).

Dividing both sides by /4, we see that the value of the difference quotient is very close to
the value of f(x):

F(x + h) — F(x)
h

~ f(x).

This approximation improves as /& approaches 0. It is reasonable to expect that F'(x),
which is the limit of this difference quotient as 7 — 0, equals f(x), so that

Fl(x) = }}B}) F(x + hh) — F(x)

= f(x).

This equation is true even if the function f is not positive, and it forms the first part of the
Fundamental Theorem of Calculus.
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THEOREM 4 —The Fundamental Theorem of Calculus, Part 1
If f is continuous on [a, b], then F(x) = [ f(¢)dt is continuous on [a, b] and
differentiable on (a, b), and its derivative is f(x):

pon _d [ _
Flix) = 2 [ rwar = feo. )

Before proving Theorem 4, we look at several examples to gain an understanding of
what it says. In each of these examples, notice that the independent variable x appears in
either the upper or the lower limit of integration (either as part of a formula or by itself).
The independent variable on which y depends in these examples is x, while ¢ is merely a
dummy variable in the integral.

EXAMPLE 2 Use the Fundamental Theorem to find dy/dx if

X 5
(a)y=f (13 + 1)drt (b)yzf 3rsintdt
x2 4 1
(c)y:fl costdt (d)y_f1+3x22+etdt

Solution We calculate the derivatives with respect to the independent variable x.

(a) ? = di fx(t3 + 1)dr = x3 +1 Eq. (2) with f(r) = 13 + 1
X X Ja

5 x
(b) % = %fx 3tsintdt = %(—fs 3tsintdt) Table 5.6, Rule 1
__d [*a
= dxfs 3tsint dt
= —3xsinx Eq. (2) with f(t) = 3¢sint

(¢) The upper limit of integration is not x but x2. This makes y a composition of the two
functions

u
y :f cos tdt and u = x>
I

We must therefore apply the Chain Rule to find dy/dx:

ﬂ = ﬂ . ﬂ
dx du dx
d v ) du
=|— tdt|- —
(a’u Jj eos dx
= cosu - @ Eq. (2) with f(t) = cost
dx

= (cos x?) - 2x

= 2xcos x?
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4 1+3x2
(d) d 1 dt = i[—f 1 dl‘] Table 5.6, Rule 1
dx J143x2 2 + ¢! dx 4 2+ e
1+3x2
_ 4 L
dx Ja 2 + e
— 7—1 i (1+ 3x2) Eq. (2) and the Chain Rule
2 + e(1+3x2) dx T
_ . 6x
T2 4 U3 |

Proof of Theorem 4 We prove the Fundamental Theorem, Part 1, by applying the
definition of the derivative directly to the function F(x), when x and x + h are in (a, b).
This means writing out the difference quotient

F(x +h) — Fx)
p 3)

and showing that its limit as 4 — 0 is the number f(x). Doing so, we find that

Fi(x) = lim £X ) = FO)
h—0 h

i ([ s [ roa

. 1 x+h
= lim — f f(0) dt. Table 5.6, Rule 5
h—0 h Jx

According to the Mean Value Theorem for Definite Integrals, there is some point ¢
between x and x + h where f(c) equals the average value of f on the interval [x, x + h].
That is, there is some number ¢ in [x, x 4+ /] such that

1 X+h
o] rwd = s “)

As h — 0,x + h approaches x, which forces ¢ to approach x also (because c is trapped
between x and x + h). Since f is continuous at x, f(c) therefore approaches f(x):

,11151) fle) = f(x). (%)
Hence we have shown that, for any x in (a, b),

Fi(x) = }lim% [ ey dr

—0
= lim f(c Eq. (4)
lim f(c) q
= f(x), Eq. (5)

and therefore F' is differentiable at x. Since differentiability implies continuity, this also
shows that F is continuous on the open interval ( a, b). To complete the proof, we just have
to show that F'is also continuous at x = @ and x = b. To do this, we make a very similar
argument, except that at x = a we need only consider the one-sided limitas 2 — 0, and
similarly at x = b we need only consider 7 — 0~. This shows that F' has a one-sided
derivative at x = a and at x = b, and therefore Theorem 1 in Section 3.2 implies that F
is continuous at those two points. |
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Fundamental Theorem, Part 2 (The Evaluation Theorem)

We now come to the second part of the Fundamental Theorem of Calculus. This part
describes how to evaluate definite integrals without having to calculate limits of Riemann
sums. Instead we find and evaluate an antiderivative at the upper and lower limits of
integration.

THEOREM 4 (Continued)—The Fundamental Theorem of Calculus, Part 2
If f is continuous over [a, b| and F is any antiderivative of f on [a, b], then

f " fx)dx = F(b) — Fla).

Proof Part 1 of the Fundamental Theorem tells us that an antiderivative of f exists, namely
G(x) = f f(r) dt.

Thus, if F is any antiderivative of f, then F(x) = G(x) + C for some constant C for

a < x < b (by Corollary 2 of the Mean Value Theorem for Derivatives, Section 4.2).

Since both F and G are continuous on [a, b], we see that the equality F(x) = G(x) + C

also holds when x = a andx = b by taking one-sided limits (asx — a®andx — b™).
Evaluating F(b) — F(a), we have

F(b) — F(a) = [G(b) + C] — [G(a) + C]
= G(b) — G(a)

:j;bf(t)dt—f:f(t)dt
:Lbf(t)dt—o
zj;bf(t)a’t. m

The Evaluation Theorem is important because it says that to calculate the definite
integral of f over an interval [a, b| we need do only two things:

1. Find an antiderivative F of f, and
2. Calculate the number F(b) — F(a), which is equal to fab f(x)dx.

This process is much easier than computing Riemann sums and finding their limit. The
power of the theorem follows from the realization that the definite integral, which is
defined by a complicated process involving all of the values of the function f over [a, b],
can be found by knowing the values of any antiderivative F at only the two endpoints a and b.
The usual notation for the difference F(b) — F(a) is

b b

F(x) or F(x)

)
a

a

depending on whether F has one or more terms.
EXAMPLE 3 We calculate several definite integrals using the Evaluation Theorem,
rather than by taking limits of Riemann sums.

m . ™
(a) f cos x dx = sin x] ,‘/—[,sin X = cosx
0 0 dx

sinm —sin0 =0—-0=20
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0
d o
—secx = secxtanx

dx

0
(b) f sec x tan x dx = sec x
—ml4 —

= sec0 — sec(—%) =1-2
43 4 41% d{ 2o 4\ 3 ., 4
(C) j\l (5\/; — F)d_x = [x3/2 + ;L E(«X»/i 4 f) _ 5_\, 2 _ =

@+ 3] - [+ 3]

8+ 1] —[5] =4

2 d

—In|x| =
dx

21
(d)f1 ~dx = lnlle
= In2 —Inl = 1n2
U dx :
0 x2 41

d 1
—arctanx = =

arctan x 5
dx x2 +1

(e)

0

= arctanl — arctan0 = =~ — 0 =

T T
4 4

Exercise 82 offers another proof of the Evaluation Theorem, bringing together the ideas
of Riemann sums, the Mean Value Theorem, and the definition of the definite integral.

The Integral of a Rate

We can interpret Part 2 of the Fundamental Theorem in another way. If F'is any antideriva-
tive of f, then F’ = f.The equation in the theorem can then be rewritten as

f "Fix)dx = F(b) — Fla).

Now F’(x) represents the rate of change of the function F(x) with respect to x, so the last
equation asserts that the integral of F” is just the net change in F as x changes from a to b.
Formally, we have the following result.

THEOREM 5—The Net Change Theorem
The net change in a differentiable function F(x) over an interval a < x < b is
the integral of its rate of change:

F(b) — F(a) = f " FI(x) d. (6)

EXAMPLE 4 Here are several interpretations of the Net Change Theorem.

(a) If c(x) is the cost of producing x units of a certain commodity, then ¢’(x) is the mar-
ginal cost (Section 3.4). From Theorem 5,

fxzc/(x) dx = c(x,) — c(x)),

1

which is the cost of increasing production from x, units to x, units.
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(b) If an object with position function s(¢) moves along a coordinate line, its velocity is
v(t) = s'(r). Theorem 5 says that

ft Yoy de = sty) — s(t,),

1

so the integral of velocity is the displacement over the time interval 1, < ¢ < ¢,. On
the other hand, the integral of the speed | v(?)| is the total distance traveled over the
time interval. This is consistent with our discussion in Section 5.1. [ |

If we rearrange Equation (6) as
b
F(b) = F(a) + [ F'(x)dx,

we see that the Net Change Theorem also says that the final value of a function F(x) over
an interval [a, b] equals its initial value F(a) plus its net change over the interval. So if
v(t) represents the velocity function of an object moving along a coordinate line, this
means that the object’s final position s(¢,) over a time interval ¢, < ¢ < ¢, is its initial
position s(z,) plus its net change in position along the line (see Example 4b).

EXAMPLE 5 Consider again our analysis of a heavy rock blown straight up from
the ground by a dynamite blast (Example 2, Section 5.1). The velocity of the rock at any
time 7 during its motion was given as v(t) = 49 — 9.8t m/s.

(a) Find the displacement of the rock during the time period 0 < ¢ < 8.
(b) Find the total distance traveled during this time period.

Solution

(a) From Example 4b, the displacement is the integral
8

f:U(z‘) dt :f:(49 — 9.8 dr = [49; - 4.9:2]
= (49)(8) — (4.9)(64) = 78.4.

0

This means that the height of the rock is 78.4 m above the ground 8 s after the explo-
sion, which agrees with our conclusion in Example 2, Section 5.1.

(b) As we noted in Table 5.3, the velocity function v(#) is positive over the time interval
[0, 5] and negative over the interval [5, 8]. Therefore, from Example 4b, the total dis-
tance traveled is the integral

foglv(t)ldt - foslv(t)ldt+f:|v(t)|dt

5 8
- f (49 — 9.81) dr — f (49 — 9.81) dr
0 5

5 8

= [49t — 4.9t2] - [49t — 4.9t2]
0 5

[(49)(5) — (4.9)(25)] — [(49)(B) — (4.9)(64) — ((49)(5) — (4.9)(25))]
— 122.5 — (—44.1) = 166.6

Again, this calculation agrees with our conclusion in Example 2, Section 5.1. That is,
the total distance of 166.6 m traveled by the rock during the time period 0 < ¢ < 8is
(1) the maximum height of 122.5 m it reached over the time interval [0, 5] plus (ii) the
additional distance of 44.1 m the rock fell over the time interval [5, 8]. [ |
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FIGURE 5.21 These graphs
enclose the same amount of
area with the x-axis, but the
definite integrals of the two
functions over [—2, 2] differ in
sign (Example 6).
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The Relationship Between Integration and Differentiation

The conclusions of the Fundamental Theorem tell us several things. Equation (2) can be
rewritten as

d X
= rwadr = g,

which says that if you first integrate the function f and then differentiate the result, you get
the function f back again. Likewise, replacing b by x and x by ¢ in Equation (6) gives

f "Fltydt = F(x) — F(a),

so that if you first differentiate the function F' and then integrate the result, you get the
function F back (adjusted by an integration constant). In a sense, the processes of integra-
tion and differentiation are “inverses” of each other. The Fundamental Theorem also says
that every continuous function f has an antiderivative F. It shows the importance of find-
ing antiderivatives in order to evaluate definite integrals easily. Furthermore, it says that
the differential equation dy/dx = f(x) has a solution (namely, any of the functions
y = F(x) + C) when f is a continuous function.

Total Area

Area is always a nonnegative quantity. The Riemann sum approximations contain terms
such as f(c,) Ax, that give the area of a rectangle when f(c,) is positive. When f(c,) is
negative, then the product f(c,) Ax, is the negative of the rectangle’s area. When we add
up such terms for a negative function, we get the negative of the area between the curve
and the x-axis. If we then take the absolute value, we obtain the correct positive area.

EXAMPLE 6 Figure 5.21 shows the graph of f(x) = x2 — 4 and its mirror image
g(x) = 4 — x?reflected across the x-axis. For each function, compute
(a) the definite integral over the interval [—2,2], and

(b) the area between the graph and the x-axis over [—2,2].

Solution
2

(a) f_zz f(x)dx = {% ~ 4y

-2

and
2

32

- 3’

2 3
f gx)dx = |4x — X
2 3

(b) In both cases, the area between the curve and the x-axis over [—2,2] is 32/3 square
units. Although the definite integral of f(x) is negative, the area is still positive. |

To compute the area of the region bounded by the graph of a function y = f(x) and
the x-axis when the function takes on both positive and negative values, we must be careful
to break up the interval [ a,b ] into subintervals on which the function doesn’t change sign.
Otherwise, we might get cancelation between positive and negative signed areas, leading
to an incorrect total. The correct total area is obtained by adding the absolute value of the
definite integral over each subinterval where f(x) does not change sign. The term “area”
will be taken to mean this total area.
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1+

FIGURE 5.22 The total area
between y = sin x and the x-axis for

0 < x < 27 is the sum of the absolute
values of two integrals (Example 7).

Area=15—2 y:x3*x2*2x

-1
’ Area = ‘_g‘
rea 3

Il
Wi

FIGURE 5.23 The region between
the curve y = x3 — x2 — 2x and the
x-axis (Example 8).

EXAMPLE 7 Figure 5.22 shows the graph of the function f(x) = sin x between
x = 0and x = 2m. Compute

(a) the definite integral of f(x) over [0, 27 ],
(b) the area between the graph of f(x) and the x-axis over [0, 27].

Solution

(a) The definite integral for f(x) = sin x is given by

27 27
fo sinx dx = —cosx = —[cos2m —cos0] = —[1 = 1] = 0.
0
The definite integral is zero because the portions of the graph above and below the
x-axis make canceling contributions.

(b) The area between the graph of f(x) and the x-axis over [0, 27 ] is calculated by break-
ing up the domain of sin x into two pieces: the interval [0, 7] over which it is non-
negative and the interval [ 7, 27 ] over which it is nonpositive.

- —[cosm —cos0] = —=[-1—-1] =2

™
f sinxdx = —cosx
0 0

27

27
f sinxdx = —cosx| = —[cos2m —cosw| = —[1—(=D] = -2

™

The second integral gives a negative value. The area between the graph and the axis is
obtained by adding the absolute values,

Area = |2| + |-2| = 4. [ |

Summary:
To find the area between the graph of y = f(x) and the x-axis over the interval [ a, b |:

1. Subdivide [a, b] at the zeros of f.
2. Integrate f over each subinterval.
3. Add the absolute values of the integrals.

EXAMPLE 8 Find the area of the region between the x-axis and the graph of
f(x) = x3 —x2 —2x, -1 < x < 2.

Solution  First find the zeros of f. Since
f(x) =23 —x2 —2x = x(x2 —x—2) = x(x + D(x — 2),

the zeros are x = 0, —1, and 2 (Figure 5.23). The zeros subdivide [— 1, 2] into two subin-
tervals: [—1,0], on which f > 0, and [0, 2], on which f < 0. We integrate f over each
subinterval and add the absolute values of the calculated integrals.

0

0 4 3
(x3 —x2 —2x)dx = |- — L _ 2 :()—[l—i-l—l]:i
-1 4 3 —1 4 3 12
4 3 2
(x3 —x? —2x)dx = |5 Xy —[4—§—4]—0=—§
0 4 3 0 3 3

The total enclosed area is obtained by adding the absolute values of the calculated
integrals.

5 8 37
Total enclosed =2 |7_| _ 3
otal enclosed area B + 3 D |
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Evaluating Integrals
Evaluate the integrals in Exercises 1-34.

2
1. j; x(x — 3)dx

2
fz(x+3)2dx

w

9]

N

°

11.

13.

15.

17.

19.

21.

23.

2

27.

29.

3

33.

k.
.

4 3
. f (3x2 — x—)dx
1 4

fo] (x2 + \/;)dx

/3
f 2sec?xdx
0

3m/4
f cscfcotfdh
/4

01 2t
f + cos dt

/2 2

/4
f tan? x dx
0

/8 .
fo sin 2x dx

—1
fl (r + D% dr

J s
1

52

fi | x| dx
fo]”e“ "

1/2 4

T2 §
5. f / sm. 2x dx
7/6 2 8in x

——=dx
0 V1 —x2

4
f x™dx
2

1
2 _
2. ffl (x% — 2x + 3)dx

el

!
f 2299 (dx
1

3
.fz(x3 —2x + 3)dx

3
f x5 dx
1

10. fo"(w cos x) dx

=)

o

73 sinu
12. 4 d
fo cos?u "

/3

14. sin? ¢ dt
f—w/

/6 5
16. fo (secx + tanx)” dx
18. f% (4sec ‘ot )d

NG
20. fﬁ(: L (2 + 4)dr

-1 5
y» -2y
2. | Sy

8 (13 23
24-‘]; x4+ 1)(2—x )dx

N

/3
26. fo/ (cos x + sec x)” dx
™1
2s.f0 3
2
0. [ (l—e*")dx
X

W3 dx
32. ——
fo 1+ 4x2
0 x—1
34. 17r dx

cos x + |cos x|]dx

In Exercises 35-38, guess an antiderivative for the integrand function.
Validate your guess by differentiation, and then evaluate the given
definite integral. (Hint: Keep the Chain Rule in mind when trying to
guess an antiderivative. You will learn how to find such antiderivatives
in the next section.)

L In x
35. fo xe*” dx 36. f
5 xdx /3
37. —_— 38. in? d
f2 0 f() sin? x cos x dx

Derivatives of Integrals
Find the derivatives in Exercises 39—44.

a. by evaluating the integral and differentiating the result.

b. by differentiating the integral directly.

39. —f costdt 40. —f 3t% dt
tan ¢
41. —f 42. %‘/; sec?ydy
d v d ff( 3
43. — ~tdt 4. — b4+ ———d
dx j;) ¢ dtJo s V1 — x2 .

Find dy/dx in Exercises 45-56.

X xl
_ 2 — 2
45. y fox/1+t dt 46. y fl cdi, x>0
0 x2
47.y:ffsint2dt 48.y:xf2 sin 3 dt

49.

<

. x t2 x t2
o f71z2+4dt f3 z2+4dl

. 3
50. y — (j; (3 + 1" dt)

o sin x dt E
sty = [ — ¥<3
o dr
52.y: tanx 1 + £2 53.y:f T
1 arcsin x
54,y:fzxi/fdt 55.y:f cos t dt

T
56. y = f,l arcsin t dt
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Area

In Exercises 57-60, find the total area between the region and the x-axis.

57.y = —x? —2x, -3<x<2
58. y =3x2 -3, -2<x<2
59,y = x3 —3x2+2x, 0<x<2
60.y = x3 —x, -1<x<8

Find the areas of the shaded regions in Exercises 61-64.
61.

=2
) Y
x=1
y=1+cosx
X
0 T
62. y
y =sinx
1+
\ )
T SN\
6 6
63. y 64. y
V2 2
y =secftan 6
1 1
_T 0 T o _/2
4 4 y=sect
y*l*t2
T g e
-V2F 4

Initial Value Problems

Each of the following functions solves one of the initial value prob-
lems in Exercises 65—68. Which function solves which problem? Give
brief reasons for your answers.

_ xl _ B X
a.y—fltdt 3 b.y—j;)sectdt+4

c. y:fxlsectdt+4

d.y:f:%dzf3

65. 4y = l, y(r) = =3 66. y = secx, y(—1)=4
dx X

67. v = secx, y(0) =4  68. Y %

y) = -3

Express the solutions of the initial value problems in Exercises 69 and
70 in terms of integrals.

69. ? =secx, y(2)=3 170. Z—y =l +x2, y) = -2
X

X

For Exercises 71 and 72, find a function f satisfying each equation.

71. f;«/f(t) dt = xInx 72. f(x) = e + j;xf(t)dt

Theory and Examples

73. Archimedes’ area formula for parabolic arches Archimedes
(287-212 B.C.), inventor, military engineer, physicist, and the great-
est mathematician of classical times in the Western world, dis-
covered that the area under a parabolic arch is two-thirds the base
times the height. Sketch the parabolic arch y = h — (4h/b?)x?,
—b/2 < x < b/2, assuming that / and b are positive. Then use
calculus to find the area of the region enclosed between the arch
and the x-axis.

74. Show that if k is a positive constant, then the area between the
x-axis and one arch of the curve y = sin kx is 2/k.

75. Cost from marginal cost The marginal cost of printing a poster
when x posters have been printed is

de 1

dx 2Vx
dollars. Find ¢(100) — ¢ (1), the cost of printing posters 2—100.

In Exercises 76-78, guess an antiderivative and validate your guess
by differentiation. (Hint: Keep the Chain Rule in mind when trying to
guess an antiderivative. You will learn how to find such antiderivatives
in the next section.)

76. Revenue from marginal revenue  Suppose that a company’s
marginal revenue from the manufacture and sale of eggbeaters is

dr 2
— =2-2 D7,
dx /(x +D

where r is measured in thousands of dollars and x in thousands of
units. How much money should the company expect from a pro-
duction run of x = 3 thousand eggbeaters? To find out, integrate
the marginal revenue fromx = Otox = 3.

77. The temperature 7(°C) of a room at time ¢ minutes is given by
T =30-2v25—-1¢t for 0<t<25.
a. Find the room’s temperature whent = 0, ¢t = 16, and
t = 25.
b. Find the room’s average temperature for 0 < ¢ < 25.
78. The height H(m) of a palm tree after growing for ¢ years is
given by
H=03-Vr+1+15% for 0<t<8.
a. Find the tree’s height whent = 0, t = 4,andt = 8.
b. Find the tree’s average height for0 < ¢ < 8.
79. Suppose that f,xf(t) dt = x? — 2x + 1. Find f(x).
80. Find f(4) iffoxf(t) dt = x cos7x.
81. Find the linearization of

x+1
f(x):27f2 litdz

atx = 1.

82. Find the linearization of

XZ
g(x) = 3 + fl sec(t — D dt

atx = —1.



83. Suppose that f has a positive derivative for all values of x and that
f(@) = 0. Which of the following statements must be true of the
function

g0 = [

Give reasons for your answers.
a. g is a differentiable function of x.
b. g is a continuous function of x.
c. The graph of g has a horizontal tangent line at x = 1.
d. g has alocal maximumatx = 1.
e. g has alocal minimum at x = 1.
f. The graph of g has an inflection point at x = 1.
g. The graph of dg/dx crosses the x-axis at x = 1.
84. Another proof of the Evaluation Theorem

a. Leta = x;, < x; < x,--- < x, = b be any partition of
[a, D], and let F be any antiderivative of f. Show that

F(b) — F(a) = i[F(x,-) — F(x,_)].
i=1

b. Apply the Mean Value Theorem to each term to show that
F(x;) — F(x,_,) = f(c)(x; — x,_,) for some c, in the inter-
val (x;_,x;). Then show that F'(b) — F(a) is a Riemann sum
for fon [a,b].

c. From part (b) and the definition of the definite integral,
show that

F(b) — F(a) = f " F(x) d.

85. Suppose that fis the differentiable function shown in the accom-
panying graph and that the position at time 7 (in s) of a particle
moving along a coordinate axis is

s = fotf(x)dx

meters. Use the graph to answer the following questions. Give
reasons for your answers.

y

y =1
(3.3)

.2 5.2)
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a. What is the particle’s velocity at time t = 57

b. Is the acceleration of the particle at time ¢ = 5 positive or
negative?

c. What is the particle’s position at time ¢t = 3?

d. At what time during the first 9 seconds does s have its largest
value?

e. Approximately when is the acceleration zero?

f. When is the particle moving toward the origin? Away from the
origin?

5.4 The Fundamental Theorem of Calculus 353

g. On which side of the origin does the particle lie at time

t =97
. . 1 r*dt

COMPUTER EXPLORATIONS

In Exercises 87-90, let F(x) = f: f(®)dt for the specified function
f and interval [a, b]. Use a CAS to perform the following steps and
answer the questions posed.

a. Plot the functions f and F together over [a, b].

b. Solve the equation F/(x) = 0. What can you see to be true
about the graphs of fand F at points where F'(x) = 0? Is
your observation borne out by Part 1 of the Fundamental
Theorem coupled with information provided by the first
derivative? Explain your answer.

c. Over what intervals (approximately) is the function F increas-
ing? Decreasing? What is true about f over those intervals?

d. Calculate the derivative f’ and plot it together with F. What
can you see to be true about the graph of F at points where
f'(x) = 0?]Is your observation borne out by Part 1 of the
Fundamental Theorem? Explain your answer.

87. f(x) = x3 — 4x2 + 3x, [0,4]

88. f(x) — 2x* — 17x% + 46x2 — 43x + 12, [0,%]
89. f(x) = sin2x cos%, [0,27]
90. f(x) = xcosmx, [0,27]

In Exercises 91-94, let F(x) = fa“(x)f(t) dt for the specified a, u, and
f. Use a CAS to perform the following steps and answer the questions
posed.

a. Find the domain of F.

b. Calculate F'(x) and determine its zeros. For what points in its
domain is F increasing? Decreasing?

c. Calculate F"(x) and determine its zero. Identify the local
extrema and the points of inflection of F.

d. Using the information from parts (a)—(c), draw a rough hand-
sketch of y = F(x) over its domain. Then graph F(x) on your
CAS to support your sketch.

9.a =1 ukx =x2 fx)=+1-x?
92.a =0, ux)==x% flx)=+1—x2
93.a=0, u(x)=1-x, f(x)=x>—2x—3
9.0 =0, u(x) =1-x2 f(x)=2x2-2x—3

In Exercises 95 and 96, assume that f is continuous and u(x) is
twice-differentiable.

u(x)
95. Calculate di f f(t) dt and check your answer using a CAS.
X a

2 u(x)
96. Calculate % f f () dt and check your answer using a CAS.
X a
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m Indefinite Integrals and the Substitution Method

The Fundamental Theorem of Calculus says that a definite integral of a continuous
function can be computed directly if we can find an antiderivative of the function. In
Section 4.8 we defined the indefinite integral of the function f with respect to x as
the set of all antiderivatives of f, symbolized by [ f(x) dx. Since any two antideriva-
tives of f differ by a constant, the indefinite integral | notation means that for any
antiderivative F of f,

f f(x)dx = F(x) + C,

where C is any arbitrary constant. The connection between antiderivatives and the definite
integral stated in the Fundamental Theorem now explains this notation:

[ f@dx = Fbo) ~ F(@) = [F®) + €1~ [F(@ + C]

b b
F(x) +C| =

ff(x) dx

When finding the indefinite integral of a function f, remember that it always includes an
arbitrary constant C.

‘We must keep in mind the difference between definite and indefinite integrals. A definite
integral fab f(x)dx is a number. An indefinite integral [ f(x)dx is a function plus an
arbitrary constant C.

So far, we have only been able to find antiderivatives of functions that are clearly
recognizable as derivatives. In this section we begin to develop more general techniques
for finding antiderivatives of functions.

Substitution: Running the Chain Rule Backwards

If u is a differentiable function of x, and n is any number different from — 1, the Chain Rule
tells us that

i(”nﬂ):un@
dx\n + 1 dx’

From another point of view, this same equation says that u"*+! / (n + 1) is one of the antide-
rivatives of the function u" (du/dx ). Therefore,
du u n+1

"n—dx = C. 1
udxx n+1+ M

The integral in Equation (1) is equal to the simpler integral

untl!
f u" du = + C,

n+1
which suggests that we can substitute the simpler expression du for (du/dx ) dx when com-
puting an integral. Leibniz, one of the founders of calculus, had the insight that indeed this
substitution could be done, leading to the substitution method for computing integrals. As
with differentials, when computing integrals we have

du

du = — dx.

dx

EXAMPLE 1 Find the integralf(x3 + x)°(3x2 + 1) dx.

Solution Wesetu = x3 + x. Then

du = P dx = 3x2 + 1) dx,
dx
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so that by substitution we have

f(x3 + x)5(3x2 + 1)dx Letu = x* + x, du = (3x* + 1)dx.

I
%
S
QU
<

= —+4+C Integrate with respect to u.

= ~——"—+ C Substitute x3+ x for u. [ ]

EXAMPLE 2  Find f J2x + 1dx.

Solution The integral does not fit the formula

fu” du,
withu = 2x + landn = 1/2, because

du = Mg — 24x,
dx

which is not precisely dx. The constant factor 2 is missing from the integral. However, we
can introduce this factor after the integral sign if we compensate for it by introducing a
factor of 1/2 in front of the integral sign. So we write

fx/2x+1dx=%fx/2x+l-2dx
u

du

1

= E fulﬂ du Letu=2x+1,du=2dx.
1 u3/2

= 53/—2 Integrate with respect to u.

= %(2)6 + 1)3/2 + C. Substitute 2x + 1 for u. ]

The substitutions in Examples 1 and 2 are instances of the following general rule.

THEOREM 6 —The Substitution Rule
If u = g(x) is a differentiable function whose range is an interval /, and f is
continuous on /, then

[ £ - gydx = [ fadu

Proof By the Chain Rule, F(g(x)) is an antiderivative of f(g(x)) - g’(x) whenever F
is an antiderivative of f, because

diF(g(x)) = F’(g(x)) : g’(x) Chain Rule
X

= fg(x) - g'(x). F =7
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If we make the substitution u = g(x), then

[ fetn g dx = [ Fig)ds

= F(g(x)) + C Theorem 8 in Chapter 4

=Fu + C u = g(x)

= fF’(u) du Theorem 8 in Chapter 4

= [ f@du. = f n

The use of the variable « in the Substitution Rule is traditional (sometimes it is referred
to as u-substitution), but any letter can be used, such as v, ¢, # and so forth. The rule pro-
vides a method for evaluating an integral of the form f f(g(x))g'(x) dx, given that the
conditions of Theorem 6 are satisfied. The primary challenge is deciding what expression
involving x to substitute for in the integrand. The following examples give helpful ideas.

The Substitution Method to evaluate ff(g(x))g’(x) dx

1. Substitute u = g(x) and du = (du/dx)dx = g'(x)dx to obtain | f(u) du.
2. Integrate with respect to u.

3. Replace u by g(x).

EXAMPLE 3 Findfsecz(Sx +1)-5dx

Solution We substitute u = 5x + 1 and du = 5 dx. Then

fsecz(Sx +1)-5dx = fseczudu Letu=5x + 1, du=5dx.
d 2
=tanu + C —tanu = sec-u
du
= tan(5x + 1) + C. Substitute 5x + 1 for u. [ |

EXAMPLE 4  Find fcos<79 +3)d6.

Solution Weletu = 70 + 3sothatdu = 7 df. There is a factor of 7 in this formula for
du, but there is no corresponding 7 preceding d6 in the integral. We can compensate for
this by multiplying and dividing by 7, using the same procedure as in Example 2. Then

fCOS(79 + 3)df = %fCOS(70 + 3) - 7d60 Place factor /7 in front of integral.

= %fcosudu Substitute u = 76 + 3, du = 7 d0.

1 .
? sinu + C Integrate.

= %sin(70 +3)+ C. Replace u by 70 + 3.
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There is another approach to this problem. With u = 70 + 3 and du = 7d0 as
before, we solve for df to obtain df = (1/7) du. Then the integral becomes

fCOS(79 +3)df = fcosu . ldu Substitute u = 760 + 3, du = 7 d6,
7 and df = (1/7)du.

= %sinu +C Integrate.

= %sin(79 +3)+ C. Replace u by 70 + 3.

We can verify this solution by differentiating and checking that we obtain the original
function cos (70 + 3). |

EXAMPLE 5 Sometimes we observe that a power of x appears in the integrand that is
one less than the power of x appearing in the argument of a function we want to integrate.
This observation immediately suggests we try a substitution for the higher power of x. For
example, in the integral below we see that x3 appears as the exponent of one factor, and
this factor is multiplied by x2. This suggests trying the substitution u = x3.

3 3
fxzex dx:fe)‘ - x2dx

o feu ] l du Substitute u = x3, du = 3x2 dx,
- 3 (1/3)du = x?dx.
1
= 5 fe” du
1 ., .
= 5 e + C Integrate with respect to u.
] x3 3
= 3 e +C Replace u by x3. [ ]

It may happen that an extra factor of x appears in the integrand when we try a substitu-
tion u = g(x). In that case, it may be possible to solve the equation u = g(x) for x in
terms of u. Replacing the extra factor of x with that expression may then result in an inte-
gral that we can evaluate. Here is an example of this situation.

EXAMPLE 6 Evaluate fx\/Zx + 1dx.

Solution  Our previous experience with the integral in Example 2 suggests the substitu-
tionu = 2x + 1 withdu = 2 dx. Then

V2x + ldx = =~u du.

1
2
However, in this example the integrand contains an extra factor of x that multiplies the fac-

tor v2x + 1. To adjust for this, we solve the substitution equation u = 2x + 1 for x to
obtain x = (u# — 1)/2 and find that

x\/2x+1dx:%(u—l)- Vu du.

N | —
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The integration now becomes

J _1 _ _ 1 _ 12 L
fx 2x + 1dx = 4f(u l)ﬁdu = 4f(u Du'* du Substitute.

= if(uyz —u'?)du Multiply terms by u'/2.
= i(%usﬂ — %MS/Z) + C Integrate.
= %(ZX + 1)5/2 — é(Zx + 1)3/2 + C. Replace u by 2x + 1.
EXAMPLE 7 Sometimes we can use trigonometric identities to transform an integral
we do not know how to evaluate into one that we can evaluate using the Substitution Rule.
1 —cos2 w03 2%
(a) fsinzxdx = f%dx sin?x = ﬂ

~1ra-
= 2f(l cos 2x) dx

1 1 sin 2x sin 2x

X
2 2 2 4

1 2 i 2 COS 2x
(b) fcoﬁxdx:f\$dx:§+sm4x+c e %

sin x —
(c) ftanxdu f dx = f ﬂ u = cosx, du = —sinxdx
u

cos x
—Inlul + C = —In|cosx| + C

1
|cos x|

= In

+ C = 1n|sec x| + C Reciprocal Rule

EXAMPLE 8 An integrand may require some algebraic manipulation before the
substitution method can be applied. This example gives two integrals for which we sim-
plify by multiplying the integrand by an algebraic form equal to 1 before attempting a
substitution.

e~ dx
(a) fdix = f Multiply by (e*/e*) = 1.
er + e * er +1
du Substiture u = e*, u? = e?,
u? +1 du = e* dx.
= arctanu + C Integrate with respect to u.
= arctan(e*) + C Replace u by e*.

(b) fsecxdx = f(secx)(l)dx

secx + tanx
= fsecx ——dx sec x + tan x

— " isequaltol.
secx + tanx secx + tanx 4

sec2x -+ sec x tan x
= f dx
sec x + tan x

f du .
= —_— u = tan x + sec x,
u

du = (sec?x + sec x tan x) dx

Injul + C = In|secx + tanx| + C. ]
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The integrals of cot x and csc x are computed in a way similar to the integrals of tan x
and sec x in Examples 7c and 8b (see Exercises 71 and 72). We summarize the results for
these four basic trigonometric integrals here.

Integrals of the tangent, cotangent, secant, and cosecant functions
ftanxdx:ln|secx|+C fsecxdx:1n|secx+tanx|+C

fcotxdx:1n|sinx|+C fcscxdx:—1n|cscx+cotx|+C

Trying Different Substitutions

The success of the substitution method depends on finding a substitution that changes an
integral we cannot directly evaluate into one that we can. Finding the right substitution gets
easier with practice and experience. If your first substitution fails, try another substitution,
possibly coupled with other algebraic or trigonometric simplifications to the integrand.
Several more complicated types of substitutions will be studied in Chapter 8.

EXAMPLE9  Evaluate | %.

Solution  We use the substitution method of integration as an exploratory tool. First we
substitute for the most troublesome part of the integrand and see how things work out. For
the integral here, we might try u = z? + 1, or we might even press our luck and take u
to be the entire cube root. In this example both substitutions turn out to be successful, but
that is not always the case. If one substitution does not help, a different substitution may
work instead.

Method 1: Substituteu = z2 + 1.

2zdz. rdu )
fﬁﬁ = W Letu = z? + 1, du = 2zdz.
= fu_l/3 du In the form ./'u” du
23
= I;? + C Integrate.
3 o
==u’’ +C
2

= %(Zz + 1)2/3 + C Replace u by z2 + 1.

Method 2: Substitute u = /z2 + 1 instead.

f 2zdz o f?’”z du Letu = ¥z2 + 1,
,3/Z2 4] - u u? = z2 + 1, 3u?du = 2zdz.

:3fudu

2
=3- % + C Integrate.
3 2 1 2/3 5 \1/3
5( + 1) +C Replace u by (z2 + 1)7".
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G 5.5

Evaluating Indefinite Integrals
In Exercises 1-16, make the given substitutions to evaluate the indefi-
nite integrals.

1.f2<2x+4>5dx, U= 2x+4

2.f7x/7x71dx, u="Tx—1

w

fzx(x2 15 dy, wu=2x2+5

3
4fL x, u=x*+1

(x* + 1)
5. f(3x £ 2)(3x2 + 4x) dx, u = 3x2 + 4x
1+ vx)”
6.f%dx, u=1+x
X

7. fsin3xdx, u = 3x

o

. fxsin(2x2)dx, u = 2x2

R

fsec 2ttan 2t dt, u = 2t

2
10. f(l — cosi) sinidt, u=1-— cos£
2 2 2

9r2dr
11. | ——, u=1-7r3
N1 —r3

12, [1200* + 4y + 17 (6° +20)dy, u =yt + 47 +1

13. f\/; sin2(x¥? — dx, u= x¥* -1

14. %cosz(l)dx, w=1
X X X

15. fcscz 20 cot 26 d6

a. Usingu = cot 20 b. Usingu = csc 20

dx

16. | ———

f\/SX +38

a. Usingu = 5x + 8 b. Usingu = ~/5x + 8

Evaluate the integrals in Exercises 17-66.

1
17. f\/3 " 2sds 18. fﬁds

19. fa Y102 40 20. f3y\/7 "3yl dy

1 -
21. | —————dx 22. | </sin x cos? x dx
f\/E(l +Vx)’ f

23.

25.

27.

29.

30.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

54.

55.

57.

59.

fsecz(3x + 2)dx
fsin5£ cosZ dx

3 3

3 5
frz(r— — 1) dr

18
f)cl/zsin()c3/2 + 1)dx

fCSC(U _

f sin(2t + 1) dr
cos?(2t + 1)

2

L cos(l — 1) dt
12 t

01—2 sm% cosng

X dx
V1 4+ x
fiz Zfldx
X X
x3 -3
f T dx

fx(x — D" dx

f(x + D20 = x)% dx

fx3\/x2 + 1ldx

fi( zx 5 dx
x2 —4)

f(cos x)esin* dx

sec?(eY™ + 1)dx

N

”)cot(“* 7T)dv

24. ftanzx sec? x dx

26. ftan7£ sec2 X gx
2 2

3
4 _ﬁ)
2. [ (7 ) ar

3. f secztanz

\/S€C Z

34, f% cos(N7 + 3)dt

r
36 [0 4p
V0 sin2 V0
1
38. f dx

1 [x2 -1
40. [\
42 >ty
f S dx
44.fxx/4—xdx

46. f(x +5)(x — 5P dx

48. f3x5\/x3 + ldx

X
50. fmdx

52. f(sin 20) %00 do

f%el/" sec(1 + e') tan(1 + e"*)dx
x

dx
x1nx

dz
1 + e*

Jsamar

56. [ 1“;/; di
s8. [ e ;{f‘_l

1
60. | ——db
f«/e%) —1
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oL f paresin x 6. f QATCCOS X ]y

V1 — x2 V1 — x2
63. arcsin x) 64 JJarctan x dx
f 1— x2 f 1+ x2

66 f#
*J (arcsin y)/1 — y?

If you do not know what substitution to make, try reducing the integral
step by step, using a trial substitution to simplify the integral a bit and
then another to simplify it some more. You will see what we mean if
you try the sequences of substitutions in Exercises 67 and 68.

7. flStan x sec? xdx
(2 + tan? x)

65. f arctany (1+y )

a. u = tan x, followed by v = u3,thenbyw = 2 + v
b. u = tan? x, followedby v = 2 + u

c.u = 2+ tan3x

68. f\/l + sin2(x — 1)sin(x — 1)cos(x — 1)dx

a. u = x — 1, followed by v = sinu, thenbyw = 1 4+ v2
b. u = sin(x — 1), followed by v = 1 + u?
c.u =1+sin?(x —1)

Evaluate the integrals in Exercises 69 and 70.

_ / 2
69-f(2r 1)cosv3(2r — 1) +6dr

Boer-12+6

70. f sm\/_

A0 cos?

71. Find the integral of cot x using a substitution like that in Example 7c.

72. Find the integral of csc x by multiplying by an appropriate form
equal to 1, as in Example 8b.

Initial Value Problems
Solve the initial value problems in Exercises 73-78.

73. % — 12032 = 1)}, s(1) = 3
dy ) Y
74.d—:4x(x +8) 77, y(0)=0
X
ds _ i02 L) _
75. <5 = 8sin (t+ Z). s =8
dr _ 2T ) _ T
76. S = 3cos (4 o). ro) =%
77, 425 _ —4sin(2t . 1) §'(0) = 100, 5(0) = 0
e 2) ’
d?y
78. prei 4sec?2xtan2x, y'(0) =4, y0) = —1
X

79. The velocity of a particle moving back and forth on a line is
v = ds/dt = 6sin2tm/s for all . If s = 0 when ¢t = 0, find
the value of s whent = 7/2s.

80. The acceleration of a particle moving back and forth on a line is
a = d*s/dt? = w2 cosntm/s?forallz.Ifs = Oandv = 8m/s
whent = 0, find s whent = Is.

m Definite Integral Substitutions and the Area Between Curves

There are two methods for evaluating a definite integral by substitution. One method is to
find an antiderivative using substitution and then to evaluate the definite integral by apply-
ing the Evaluation Theorem. The other method extends the process of substitution directly
to definite integrals by changing the limits of integration. We will use these methods to
compute the area between two curves.

The Substitution Formula

The following formula shows how the limits of integration change when we apply a substi-

tution to an integral.

g(x) = u, then

THEOREM 7 —Substitution in Definite Integrals
If ¢’ is continuous on the interval [a, b] and f is continuous on the range of

b 8(b)
[ e g = [ pw du
@ g(a)
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Proof Let F denote any antiderivative of f. Then

b x=b
[ Fle) - gy dx = Figt) @ ey = Flaogo
‘ x=a dx »
= f(g(x))g'(x)
= F(g(b)) — F(g(a))
u=g(b)
= F(u)
u=g(a)
g(b)
= f( ) S(w) du. Fundamental Theorem, Part 2 |
g(a

To use Theorem 7, we make the same u-substitution u = g(x) and du = g'(x) dx
that we would use to evaluate the corresponding indefinite integral. We then integrate the
transformed integral with respect to u from the value g(a) (the value of u at x = a) to the
value g(b) (the value of u at x = b).

1
EXAMPLE1  Evaluate [ 3x2V/x* + 1dx.

~1
Solution  We will show how to evaluate the integral using Theorem 7, and how to evalu-
ate it using the original limits of integration.

Method 1: Transform the integral and evaluate the transformed integral with the trans-
formed limits given in Theorem 7.

i ) Letu = x3 + 1, du = 3x? dx.
f 3x2Vx3 + 1dx = f Nudu Whenx = —1Lu=(-1)°+1=0.
- 0 Whenx = Lu = (1)) +1 = 2.
2 2
= Zy32 Evaluate the new definite integral.
3 0
2 2 42
5[23/2 — 0%2] = g[2\/5] ="

Method 2: Transform the integral as an indefinite integral, integrate, change back to x,
and use the original x-limits.

f3x2\/x3 + 1dx = f\/ﬁdu Letu = x* + 1,du = 3x?dx.
_2

u¥y? + C Integrate with respect to u.
2 3 32 3
= g(x + 17"+ C Replace u by x° + 1.

1
fl 3x2 /x3 +1ldx = z(x3 + 1)3/2} Use the integral just found, with
-1 3 _1

limits of integration for x.

[(<1>3 + 1) — (=D + 1)3/2]

[23/2 _ 03/2] — 2[2\5] — ﬂ [ |
3 3

W W
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Which method is better—evaluating the transformed definite integral with trans-
formed limits using Theorem 7, or transforming the integral, integrating, and transforming
back to use the original limits of integration? In Example 1, the first method seems easier,

but that is not always the case. Generally, it is best to know both methods and to use which-
ever one seems better at the time.

EXAMPLE 2 We use the method of transforming the limits of integration.

2 0 Let u = cotf, du = —csc? 6 db,
(a) f cot@csc20dl = f u - (—du) —du = csc? 6 db.
/4 1 When 0 = 7/4,u = cot(m/4) = 1.
0 When 0 = 7/2,u = cot(m/2) = 0.
= —f udu
_[u2)’
2 1
_ _[(0)2 _ (1)2} _1
2 2 2
/4 m/4 sin x
(b) f tan x dx = f dx
—m/4 —m/4 COS X
Let u = cos x, du = —sin x dx.
V2/2 ’ '
- _ / ﬂ When x = —7/4, u = »f2/2.
V22 u When x = 7/4, u = v"2/2.
=0 Zero width interval |

Definite Integrals of Symmetric Functions

The Substitution Formula in Theorem 7 simplifies the calculation of definite integrals of
even and odd functions (Section 1.1) over a symmetric interval [—a, a| (Figure 5.24).

A A
V

(a) (b)

FIGURE 5.24 (a) For fan even function, the integral from —a to a is twice the
integral from O to a. (b) For f'an odd function, the integral from —a to a equals 0.

THEOREM 8 Let f be continuous on the symmetric interval [ —a, a|.

(a) If £ is even, then f_“ fx)dx = 2 j; * £ (o) dx.

(b) If f is odd, then [ f(x)dx = 0.
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Upper curve

y=f)

| x

r b
Lower curve
y =g

FIGURE 5.25 The region between the
curves y = f(x)and y = g(x) and the
linesx = a and x = b.

y
y = f()
a=x 2 EAE I
T [T+
- = y=gl

FIGURE 5.26 We approximate the
region with rectangles perpendicular to the
X-axis.

(e flep)

T
Slew) — gley)

l— (¢ 8(c))
Axy

FIGURE 5.27 The area AA, of the
kth rectangle is the product of its height,
f(c,) — g(c,), and its width, Ax,.

Proof of Part (a)

a 0 a
dx = dx + d Additivity Rule for
f*a f(X) * ffa f(X) * 'fO f(x) * Definite Integrals
= —j;)iaf(x) dx + f:f(x) dx Order of Integration Rule
a a Letu = —x,du = —dx.
= —f f(—uw)(—du) + f f(x)dx Whenx = 0, u = 0.
0 0 When x = —a,u = a.
= fo F(—u)du + fo f(x)dx
_re ¢ f is even, so
_ fo Fu) du + fo £(x) dx B
2
fo f(x)dx
The proof of part (b) is similar, and you are asked to give it in Exercise 120. |
2
EXAMPLE3  Bvaluate [ x* — 4x> + 6dx.

Solution  Since f(x) = x* — 4x? + 6 satisfies f(—x) = f(x), it is even on the sym-
metric interval [—2, 2], so

2 2
fx4—4x2+6dx=2fx4—4x2+6dx
-2 0

5 4 2
= Z[X— ——x3 4 6x}
5 3 0

:2(2—21%2)—@.

= ]
5 3 15

Areas Between Curves
Suppose we want to find the area of a region that is bounded above by the curve y = f(x),
below by the curve y = g(x), and on the left and right by the lines x = a and x = b
(Figure 5.25). The region might accidentally have a shape whose area we could find with
geometry, but if f and g are arbitrary continuous functions, we usually have to find the area
by computing an integral.

To see what the integral should be, we first approximate the region with n vertical
rectangles based on a partition P = {x,, x,,...,x, } of [a, b] (Figure 5.26). The area of
the kth rectangle (Figure 5.27) is

AA, = height x width = [ f(c,) — g(c,)] Ax,.

We then approximate the area of the region by adding the areas of the n rectangles:

n

A x> DA =) [ fle) — gle)] Ax,.
=1

= k=1

Riemann sum

As ||P|| — 0, the sums on the right approach the limit fab [f(x) — g(x)]dx because f and
g are continuous. The area of the region is defined to be the value of this integral. That is,

n

b
A= lim D@~ glepldn, = [0~ g00ldx

k=1



0517 (x, gx)

0 1

FIGURE 5.28 The region in Example 4
with a typical approximating rectangle.

(x, f(x))

|
—_
=)
—_
)

_(x, 8(x)
L y=—x L(2,-2)

FIGURE 5.29 The region in Example 5
with a typical approximating rectangle
from a Riemann sum.
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DEFINITION If f and g are continuous with f(x) > g(x) throughout [a, b], then
the area of the region between the curves y = f(x)and y = g(x) froma to
b is the integral of (f — g) from a to b:

A= [0 - goldx

When applying this definition it is usually helpful to graph the curves. The graph reveals
which curve is the upper curve [ and which is the lower curve g. It also helps you find the
limits of integration if they are not given. You may need to find where the curves intersect
to determine the limits of integration, and this may involve solving the equation
f(x) = g(x) for values of x. Then you can integrate the function f — g for the area
between the intersections.

EXAMPLE 4 Find the area of the region bounded above by the curve y = 2e¢~* + x,
below by the curve y = e*/2, on the left by x = 0, and on the right by x = 1.

Solution Figure 5.28 displays the graphs of the curves and the region whose area we
want to find. The area between the curves over the interval 0 < x < 1is

A:f [(Ze‘x—l—x)——ex]dx—[ 2e 7 + xz—le"}:}

2
o1 |
=2t s - ge) (203
—3_2_¢ 4009051, n
e 2

EXAMPLE 5 Find the area of the region enclosed by the parabola y = 2 — x? and
the liney = —x.

Solution  First we sketch the two curves (Figure 5.29). The limits of integration are

found by solving y = 2 — x?and y = —x simultaneously for x.
2 —x2=—x Equate f(x) and g(x).
x2—x—-2=0 Rearrange terms.
(x+Dx—-—2)=0 Factor.
X = —1, x = 2. Solve.
The region runs from x = —1to x = 2. The limits of integrationarea = —1, b = 2.

The area between the curves is
b 2
A= [T - gldx = [ [(2 - x) ~ (-0)]dx

2 2 3
:f(2+x—x2)dx=[2x—|—x——x—
-1 2 3_1

4 8) ( 1 1) 9
et 8 (L Y29 m
(+2 3 +2+3 2

If the formula for a bounding curve changes at one or more points, we subdivide the
region into subregions that correspond to the formula changes and apply the formula for
the area between curves to each subregion.
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N

y
2
y=Vax
2F Area = O\ﬂc dx \ G F)) %)
. f00) BA
\ y=x—2
& @, g(x)
° L
ol /S y=0n2 s "
(x, g(x))

FIGURE 5.30 When the formula for a
bounding curve changes, the area integral
changes to become the sum of integrals to
match, one integral for each of the shaded
regions shown here for Example 6.

EXAMPLE 6 Find the area of the region in the first quadrant that is bounded above by
y = ~/x and below by the x-axis and the line y = x — 2.

Solution Figure 5.30 shows that the region’s upper boundary is the graph of
f(x) = ~x.The lower boundary changes from g(x) = Ofor 0 < x <2tog(x) = x — 2
for 2 < x < 4 (both formulas agree at x = 2). We subdivide the region at x = 2 into
subregions A and B, shown in Figure 5.30.

The limits of integration for region A are @ = 0 and b = 2. The left-hand limit for
region B is a = 2. To find the right-hand limit, we solve the equations y = ~/x and
y = x — 2 simultaneously for x:

\/; =x—-2 Equate f(x) and g(x).

x = (x — 2)2 =x2 —4x + 4 Square both sides.

x2—-5x+4=0 Rewrite.
(x—D(x—-—4) =0 Factor.
x =1, x = 4. Solve.

Only the value x = 4 satisfies the equation ~/x = x — 2.The value x = 1 is an extrane-
ous root introduced by squaring. The right-hand limitis b = 4.

For0 < x <20 f(x)—gx) =~vx—0=+x
For2 <x<4 fx)—gx)=+Vx—(x—-2)=+Vx —x+2

We add the areas of subregions A and B to find the total area:

Total area = L/:\/;dx + f;(\/; —x + 2)dx

area of A area of B

— z 3/2}2 {z 3/2_£ 2 ¢
[3x 0+3x 2+x

2

_ 20532 _ 24032 _ (2932 _

~(2) 0+(3<4> 8+8) (3<2> 2+4)
2 10

=28)-2= - n
3( ) 3

Integration with Respect to y

If aregion’s bounding curves are described by functions of y, the approximating rectangles
are horizontal instead of vertical, and the basic formula has y in place of x.
To find the areas of regions like these:

y y y

rd] pi
=) x=f0) a

i

v v TAy

Ay ¥TE0) “A x
T T

x=gy| € ‘r x=f(y)

0 0

use the formula

A= [T170) - sy



l=f(y) — is’(y)—>l
0] y=0 2 4

FIGURE 5.31 It takes two integrations
to find the area of this region if we inte-
grate with respect to x. It takes only one if
we integrate with respect to y (Example 7).

y
4.2)

2F S
y=x—2 2

Area = 2

I<—2—>

X
0 y=0 2 4

FIGURE 5.32 The area of the blue
region is the area under the parabola
y = ~/x minus the area of the triangle.
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In this equation f always denotes the right-hand curve and g the left-hand curve, so
f(y) — g(y)is nonnegative.

EXAMPLE 7 Find the area of the region in Example 6 by integrating with respect to y.

Solution We first sketch the region and a typical horizontal rectangle based on a parti-
tion of an interval of y-values (Figure 5.31). The region’s right-hand boundary is the line
x = y+ 2,50 f(y) = y + 2. The left-hand boundary is the curve x = y2,s0g(y) = y2.
The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2
and x = y? simultaneously for y:

y+2=y2  Equatef(y)=y+2andg(y) = y*
y2—y—-2=0 Rewrite.
(y + 1)(y -2)=0 Factor.
y = -1, y = 2. Solve.

The upper limit of integration is » = 2. (The value y = —1 gives a point of intersection
below the x-axis.)
The area of the region is

A= fcd[f(y) —g(ldy = foz[y + 2 — y*ldy

2
=f0[2+y—y2]dy

4 8 10
=44+ - —=-=—
2 3 3
This is the result of Example 6, found with less work. |

Although it was easier to find the area in Example 6 by integrating with respect to y
rather than x (as we did in Example 7), there is an easier way yet. Looking at Figure 5.32,
we see that the area we want is the area between the curve y = ~x and the x-axis for
0 < x < 4, minus the area of an isosceles triangle of base and height equal to 2. So by
combining calculus with some geometry, we find

4 1
Area — fo Vx dx — 2@
4
= zx”} -2
3 0

2 10
=28)-0-2=—.
3 3

Evaluating Definite Integrals

1 1
Use the Substitution Formula in Theorem 7 to evaluate the integrals in 2. a. f r~N1—r2dr b. f r~N1 —r2dr
0 -1

Exercises 1-48.

3 0 /4 0
1. a.fO\/erldy b. f,l\/y+1dy 3. a.j;/tanxseczxdx b. fiﬂﬂtanxseczxdx
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10. a.

11.

12.

13.

14.

15.

17.

19.

21.

22.

23.

25.

27.

Chapter 5 Integrals

®

™
f 3 cos? x sin x dx
0

1
fot3(1 + 14 dt

®

®

.
fo (2 + P ar

! S5r
a. | —X _ar
f—l (4 +r2)?

L 10vw
O (14 v¥?)

[
a. ————dx
0 x?+1

[

®

1
j:)l\/4 T 5tdr

®

/6
j:) (1 — cos3¢t)sin 3¢ dt

/3 .
b. j;/ﬁ (1 — cos3¢t)sin 3¢ dt

CoS Z

2
a fO \/4 + 3s1nz

fo (2 + tani)seczidt
—n/2 2 2

/2 t 2t
b. fiﬂ/2<2 + tanz)sec Edt

®

1

fo ViS5 21 (56% + 2)dt
/6

j;) cos—3 260 sin 20 df

ﬂ5(5 — 4cost)™sintde
0

37
3 cos? xsin x dx
27

&

=3

! 3
.f1t3(1+t4) dt

&

0
5 /3
f_ﬁ t(t> + 1) de

' 5r
b. [ G

f4 10vv d
_AOWu__ g,
U1+ o2)

bf\/§47xdx
a1

&

=2

Wipe -

=3

9
f1 N

COS Z

b. f,ﬂ J4 + 3sinz dz

dy

gy (1 + )

18. f:ﬂ/zcoﬁ(%)secz(%)d@

20f

32

— sin 2¢)7" cos 2r dt

1
fo (4y — y2 4+ 4y3 + 1) P(12y2 — 2y + 4)dy

1

fo(y3 +6y* —
¥z

fo VO cos? (0¥?) db
/4

fo (1 +e™?)sec20dl

™ sint

—dt
02— cost

12y + 9)" 2 (y2 + 4y — 4)dy

-2 . 1
-2 2 -
24. fil t—2sin (1+ t)dt
26. [ (14 ey ese20a0
/4

73 48in 6
28.
f 1 — 4cos 9

/2 x

33. f( tanZ dx
/3

35. f tan26 cos 0 df
0

37 fT/Z 2cosfdi
“Jown 1 4 (sin6)?

Inv3 e¥dx
O

4 dx
30. fz xInx
dx

0 16
) fZ 2x+/In x

/2
34. fm cottdt

/12
36. fo 6 tan 3x dx

38 fvr/4 csc? x dx
w6 14 (cot x)*

40 fem 4 dt
“Jio1+ m?o)

(3/4)V2 ds

0 V9 — 452

44 fz cos(sec!x)dx
“Joyvs o xx2 -1

42,

ydy
4. | Gl
fl/\f3 cos(tan~! 3x)

48.
N 1+ 9x2

Find the total areas of the shaded regions in Exercises 49-64.

a1 1 4ds
“Jo 4 — 2
2 sec2(sec ' x)dx
43. fﬁ—x —
—V2/2 dy
45. —
f—l y )4y2 _ l
Utan—!x
47.
01+ x2 dx
Area
49. y
y=xV4—x?
L X
=2 0 2
51. y
L Il Il x
-7\ —2 -1 0
2_
_3_
y =3(sinx)\/1 + cosx
53. )
1 y=1
y =cos’x
L > x
0 s ™
2

50. Y

y = (1 — cosx) sinx

54.




55. y

y=x4—2x2

NOT TO SCALE
56. Y
L 3
R
X = y2
; X
0 1
57. y
1 x = 12y2 = 12)3
x = 2y2 — 2y
|
0 1
58. Y 59.
1 = x2
—1 0 o
y=—2x*
2 —
60. Y

61. y
(=3,5)
y=x"—4
L > x
-3 0\ 1
y= —x% = 2x
(=3,-3) a,=3)

62.
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63. y 64.

(2,4

-5 (3,-95)

Find the areas of the regions enclosed by the lines and curves in
Exercises 65-74.

65.y =x2—-2 and y=2

66. y = 2x — x> and y = —3

67.y = x* and y = 8x

68. y = x> —2x and y = x

69.y = x* and y = —x? + 4x

70.y = 7 —2x2 and y = x2+4

71.y = x* —4x2 4+ 4 and y = x2

72.y = xNa? —x*, a>0, and y =0

73. y = \/m and 5y = x + 6 (How many intersection points

are there?)
74.y =|x* —4] and y = (x%/2)+ 4
Find the areas of the regions enclosed by the lines and curves in
Exercises 75-82.
75.x = 2y%2, x =0, and y =3
76. x = y> and x =y+2
77. y> —4x =4 and 4x —y =16
78. x —y2 =0 and x + 2y? =3
79. x + y? =0 and x4 3y2 =2
80.x —y¥ =0 and x+ y* =2
8L.x = y2 —1 and x = |y[J1 —y?

82.x =y*—y2 and x =2y

Find the areas of the regions enclosed by the curves in Exercises 83—86.
83.4x2+y=4 and x* —y=1

84.x —y=0 and 3x2 -y =4

8. x+4y2 =4 and x+y* =1 for x >0

86. x + y2 =3 and 4x + y? =

Find the areas of the regions enclosed by the lines and curves in
Exercises 87-94.

87.y = 2sinx and y =sin2x, 0<x <7

88. y =8cosx and y =sec’x, —7/3 <x < 7/3

89. y = cos(mx/2) and y =1— x?

90. y = sin(mx/2) and y = x

91. y = sec?x, y = tan’x, x = —7n/4, and x = 7w/4
92.x = tan’y and x = —tan’y, —w/4 <y < 7/4
93. x = 3siny\/cosy and x =0, 0<y<7/2

94. y = sec?(mx/3) and y =x"?, —1<x<1
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Area Between Curves

95. Find the area of the propeller-shaped region enclosed by the
curve x — y3 = 0 and the linex — y = 0.

96. Find the area of the propeller-shaped region enclosed by the
curvesx — y3 = 0andx — y¥° = 0.

97. Find the area of the region in the first quadrant bounded by
the line y = x, the line x = 2, the curve y = I/x?, and the
Xx-axis.

98. Find the area of the “triangular” region in the first quadrant
bounded on the left by the y-axis and on the right by the curves
y = sinx and y = cos x.

99. Find the area between the curves y = Inx and y = In 2x from
x =1tox = 5.
100. Find the area between the curve y = tan x and the x-axis from
x = —m/4tox = 7/3.
101. Find the area of the “triangular” region in the first quadrant that
is bounded above by the curve y = e2*, below by the curve
y = e*, and on the right by the line x = In 3.

102. Find the area of the “triangular” region in the first quadrant that
is bounded above by the curve y = ¢*?, below by the curve
y = e~%2, and on the right by the line x = 21In 2.

103. Find the area of the region between the curve y = 2x/(1 + x2)
and the interval —2 < x < 2 of the x-axis.

104. Find the area of the region between the curve y = 2'-* and the
interval —1 < x < 1 of the x-axis.

105. The region bounded below by the parabola y = x?2and above by
the line y = 4 is to be partitioned into two subsections of equal
area by cutting across it with the horizontal line y = c.

a. Sketch the region and draw a line y = ¢ across it that looks
about right. In terms of ¢, what are the coordinates of the
points where the line and parabola intersect? Add them to
your figure.

b. Find ¢ by integrating with respect to y. (This puts ¢ in the
limits of integration.)

c. Find ¢ by integrating with respect to x. (This puts ¢ into the
integrand as well.)

106. Find the area of the region between the curve y = 3 — x? and
the line y = —1 by integrating with respectto a. x, b. y.

107. Find the area of the region in the first quadrant bounded
on the left by the y-axis, below by the line y = x/4, above left
by the curve y = 1+ /x, and above right by the curve
y = 2/ Vx.

108. Find the area of the region in the first quadrant bounded on
the left by the y-axis, below by the curve x = 2./y, above left
by the curve x = (y — 1)?, and above right by the line

x=3—-y

y

x=(y—1?
2r x=3-—y
1

x=2\/y

1 I X

0 1 2

109. The figure here shows triangle AOC inscribed in the region cut
from the parabola y = x2 by the line y = a?. Find the limit of
the ratio of the area of the triangle to the area of the parabolic
region as a approaches zero.

y
y=x?
\A c/y=d*
(—a,a® (a, a?
I I X
—a (0] a

110. Suppose the area of the region between the graph of a positive
continuous function f and the x-axis from x = a tox = b is
4 square units. Find the area between the curves y = f(x) and
y = 2f(x)fromx = atox = b.

111. Which of the following integrals, if either, calculates the area of
the shaded region shown here? Give reasons for your answer.

a. fjl (x = (—x))dx = fjl 2x dx

b. f_ll (=x — (0))dx = f] —2xdx

112. True, sometimes true, or never true? The area of the region between
the graphs of the continuous functions y = f(x) and y = g(x)
and the vertical linesx = aandx = b(a < b)is

[ @ = g

Give reasons for your answer.

Comparing Areas

Compute the areas of the light blue and dark blue regions in each
of Exercises 113 to 116 and determine which is larger, or show that
they have equal area.

113. »
y=sinx + 0.6
1+
y =sinx
L X
0 s T
2



114. v
y =sinx + cos x
1
y =sinx
! X
0 LT o
4 2
115. vy

y=et 1+ 301 -2

y=e*—1

Theory and Examples
117. Suppose that F(x) is an antiderivative of f(x) = (sinx)/x,

x > 0. Express
38in 2
f sin2x
X

in terms of F.
118. Show that if f is continuous, then

1 1
fof(x)dx - fof(l — .
119. Suppose that
fo Y dx = 3.
Find
0
[ fwdx

if a. fisodd, b. fiseven.
120. a. Show that if f is odd on [—a, a], then

f, f(x)dx = 0.

b. Test the result in part (a) with f(x) = sinxanda = 7/2.
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121. If fis a continuous function, find the value of the integral
a f(x)dx
0 f() + fla—x)
by making the substitution # = a — x and adding the resulting
integral to /.

122. By using a substitution, prove that for all positive numbers x and y,

I{X}édt:fly%dt.

The Shift Property for Definite Integrals A basic property of
definite integrals is their invariance under translation, as expressed
by the equation

b b—c
[ rdr = [7pet erdx (M

The equation holds whenever f is integrable and defined for the
necessary values of x. For example, in the accompanying figure,

show that
-1 5 o
jlz (x +2) dxfj;x dx

because the areas of the shaded regions are congruent.
y

yi(x+2)3 y:x3

/—ﬁ —1 /0 1

123. Use a substitution to verify Equation (1).

124. For each of the following functions, graph f(x) over [a, b] and
f(x + ¢) over [a — ¢, b — c] to convince yourself that Equa-
tion (1) is reasonable.

a. f(x) =x%, a=0, b=1 c¢c=1
b. f(x) = sinx, a =0, b=m ¢ =72
c. f(x) =~x—-4, a=4, b=8 c=5

COMPUTER EXPLORATIONS

In Exercises 125-128, you will find the area between curves in the
plane when you cannot find their points of intersection using simple
algebra. Use a CAS to perform the following steps:

a. Plot the curves together to see what they look like and how
many points of intersection they have.

b. Use the numerical equation solver in your CAS to find all the
points of intersection.

c. Integrate | f(x) — g(x)| over consecutive pairs of intersection
values.

d. Sum together the integrals found in part (c).

3 2
125.f(x):%—x7—2x+%, g(x) = x — 1

126. f(x) = % —3x3 +10, g(x) =8 —12x
127. f(x) = x + sin(2x), gx) = x3
128. f(x) = x%cosx, gx) = x3 —x
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w Questions to Guide Your Review

1.

Chapter 5 Integrals

How can you sometimes estimate quantities like distance traveled,
area, and average value with finite sums? Why might you want to
do so?

. What is sigma notation? What advantage does it offer? Give

examples.

. What is a Riemann sum? Why might you want to consider such

a sum?

4. What is the norm of a partition of a closed interval?

. What is the definite integral of a function f over a closed interval

[a,b]? When can you be sure it exists?

. What is the relation between definite integrals and area? Describe

some other interpretations of definite integrals.

. What is the average value of an integrable function over a closed

interval? Must the function assume its average value? Explain.

. Describe the rules for working with definite integrals (Table 5.6).

Give examples.

9.

10.

11.

12.

13.

14.

15.

16.

What is the Fundamental Theorem of Calculus? Why is it so
important? [llustrate each part of the theorem with an example.

What is the Net Change Theorem? What does it say about the
integral of velocity? The integral of marginal cost?

Discuss how the processes of integration and differentiation can
be considered as “inverses” of each other.

How does the Fundamental Theorem provide a solution to the
initial value problem dy/dx = f(x), y(xy,) = y,, when f is
continuous?

How is integration by substitution related to the Chain Rule?
How can you sometimes evaluate indefinite integrals by substitution?
Give examples.

How does the method of substitution work for definite integrals?
Give examples.

How do you define and calculate the area of the region between
the graphs of two continuous functions? Give an example.

w Practice Exercises

Finite Sums and Estimates

1.

The accompanying figure shows the graph of the velocity (m/s)
of a model rocket for the first 8 s after launch. The rocket
accelerated straight up for the first 2 s and then coasted to reach its
maximum height at = 8s.

200

b N

/\
.

0" 4 6 8

Time after launch (s)

Velocity (m/s)

a. Assuming that the rocket was launched from ground level,
about how high did it go? (This is the rocket in Section 3.4,
Exercise 17, but you do not need to do Exercise 17 to do the
exercise here.)

b. Sketch a graph of the rocket’s height above ground as a func-
tion of time for 0 < ¢ < 8.

. a. The accompanying figure shows the velocity (m/s) of a body

moving along the s-axis during the time interval from ¢ = 0
tot = 10s. About how far did the body travel during those
10 s?

3.

b. Sketch a graph of s as a function of # for 0 < ¢ < 10, assum-
ing s(0) = 0.

: N
iy VARN
5 / \
22
s 1/ \
1
/ \
0 2 4 6 8 10
Time (s)

10 10
Suppose that Z a, = —2and Z b, = 25. Find the value of
k=1

k=1

10

a > L b. > (b, — 3a,)
k=1 4 k=1
10 10 5

e > (a, + b, — 1) d (E—bk)
k=1 k=1

20 20
4. Suppose that Z a, = 0and Z b, = 7. Find the value of

20
a. Z 3a,
k=1

k=1 k=1

20
b. > (a, + b,)
k=1

20
d. > (a, —2)
k=1



Definite Integrals

In Exercises 5-8, express each limit as a definite integral. Then evalu-
ate the integral to find the value of the limit. In each case, P is a par-
tition of the given interval, and the numbers ¢, are chosen from the
subintervals of P.

lim Z 2¢, — 1)7Y* Ax,, where P is a partition of [1, 5]

IPl—0

6. lim c
\P\HOZ ,
7. lim (cos(
HP\HOZ

)3 Ax,, where P is a partition of [1, 3]

)Axk, where P is a partition of [—m, 0]

8. H}Diumo Z (sin c;)(cos ¢;) Ax,, where P is a partition of [0, 7/2]
V=1

9.1f [%3f(x)dx = 12, [, f(x)dx = 6,and [, g(x)dx = 2,
find the value of each of the following.

a. fi f(x)dx b. fz ? (x) dx

. fs 7 o(x) dx d. sz (—7g(x)) dx

¢ sz (M)d}c

10. If [ f(x)dx = 7 [) 7g(x)dx = 7, and [, g(x)dx = 2, find
the value of each of the following.

a. f( )2 g(x) dx b. f1 *o(x) dx

c. fz " F(x) dx d. f( )2\/5 f(x) dx

. f( )z(g(x) — 3f(x))dx

Area
In Exercises 11-14, find the total area of the region between the graph
of f and the x-axis.

11. f(x) = x> —4x+3, 0<x<3
12, f(x) =1 —(x2/4), 2 <x <3
13. f(x) = 5—-5x%, -1<x<8
4. fx) =1—+x, 0<x <4
Find the areas of the regions enclosed by the curves and lines in
Exercises 15-26.
15,y =x, y=1/x% x=2
16. y = «x, yzl/\/;, x =2
17.Vx +Jy =1 x=0, y=0
y
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18.x34+Jy =1, x=0, y=0, for 0<x<1
y

] PHVy=10=x=1

0 1

19. x =2y2, x=0, y=3 20.x=4—y% x=0
21. y2 = 4x, y =4x -2
22. 2 =4x + 4, y=4x —16

23,y =sinx, y=x, 0<x<n/4
24,y = |sinx|, y=1 -m2<x<7/2
25.y = 2sinx, y =sin2x, 0 <x <7

26. y = 8cosx, y =sec’x, —m/3 < x < /3

27. Find the area of the “triangular” region bounded on the left by
x + y = 2,onthe right by y = x2,and above by y = 2.
28. Find the area of the “triangular” region bounded on the left by
y = x, onthe right by y = 6 — x, and below by y = 1.
29. Find the extreme values of f(x) = x? — 3x2, and find the area
of the region enclosed by the graph of f and the x-axis.
30. Find the area of the region cut from the first quadrant by the curve
X2 4 yli2 = g2,
31. Find the total area of the region enclosed by the curve x = y%3
and the linesx = yandy = —1.
32. Find the total area of the region between the curves y = sin x and
y = cosxfor0 < x < 3m/2.
33. Find the area between the curve y = 2(Inx)/x and the x-axis
fromx = ltox = e.
34. a. Show that the area between the curve y = 1/x and the x-axis
fromx = 10 tox = 20 is the same as the area between the
curve and the x-axis fromx = ltox = 2.
b. Show that the area between the curve y = 1/x and the x-axis
from ka to kb is the same as the area between the curve and
the x-axis fromx = atox = b(0 < a < b,k > 0).

Initial Value Problems

35. Show thaty = x2 + fl x% dt solves the initial value problem

4y Lo yay =3 yy =1,
X

36. Show that y = fx(l + 24/sect)dt solves the initial value
problem 0

= 4/sec x tan x;

Express the solutions of the initial value problems in Exercises 37
and 38 in terms of integrals.
dy sin x

37. 2 = . y(5) = =3
I P ¥(5)

8. D _ 2 intx, oy =2

dx

y'(0) =3, y(0) = 0.
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Solve the initial value problems in Exercises 39—42.

39.
40.
41.

42.

For Exercises 43 and 44, find a function f that satisfies each equation.

43. f(f(l + f(O)dt

dy 1

—_ = —_—, 0)=0
T T2 ¥(0)

dy 1

— = -1, 0) =
dx  x? +1 ()

dy 1

—_— = x> 1
dx xVx?2 —1

ﬂ: 1 2

>

dx 1+ x2 J1—x2

oo =1+ flxtf(t)dt

Evaluating Indefinite Integrals
Evaluate the integrals in Exercises 45-76.

45.

47.

48.

49.

50.

52.

53.

54.

55.

57.

5

61.

63.

65.

67.

69.

71.

73.

12 .
72 sin x dx

f2(cosx)

1
y2) =7

y0) =2

4. f(x) =

46. f(tan x) sec?xdx

f(zo + 1+ 2cos(20 + 1))do

=

(-2 Y

f(t+1)2—

f(sec@tan 0)\J1 + sec 6 do

fe*‘ sec2(e® — 7)dx

+ 2sec?(20 — ﬂ))d@

51. f\/E sin(26¥2) dt

feycsc(e«" T Deot(er + Ddy

f(seczx)e“‘“ dx

f—]l 3xdi 4

42t
9'j:)7:2725d[

f (Inx)™* dx

X

fo-‘zdx
f 3dr

V1 =40 —1)?
f dx

2+ (x—1?
f dx

2x — DJ2x — D2 — 4

e arcsiny/x dx

J

f\/arctany(l + y?)

75f sin 260 — cos 260 40

(sin 26 + cos 20)’

56. f(cchx)e“"“' dx

e JInx
58. fl L d

60. ftan(lnu)dv

v
62. flcscz(l + Inr)dr
r

64. f2"“"" sec?x dx

66. f 6dr

V4 —(r 4+ 1)

dx
68. | —————
fl + GBx + 1?2

dx
70.
f(x T+ HVx + 32 -

7. f Jaresin x dx

V1—x2

74. arctanx
f 1+ x2

76. fcosa - sin (sin 0) df

Evaluating Definite Integrals

Evaluate the integrals in Exercises 77-116.

1
77. f1(3x2 — 4x + T)dx

79. flzidu

U2
4 dt
1. —
8 fl Nt

1 36dx
83 | ————
fo 2x +1)°

1
“13(1 _
85. fl/g (1

87. foﬂsinz Srdr

¥ dx

/3
2
89. fo sec?6df
91. [Tco X a
.fW cot o X

0
93. fim sec x tan x dx

/2 . 32
95.f 5(sin x)”" cos x dx

97. f7/2 3sin x cos x
[§

»J1 + 3sin?x
4 x 1
99.f1 (§ n Z)dx
—1
101. fz e~ gy

In5
103.f0 er(3er + 1) dr

105. flel(l 4 7Inx) " dx
X

8
107. f1 %dé

34 6 dx
109. —_—
f*3/4 V9 — 4x2

2 3dt
111 f,z 4 + 32
1 dy
113. —_——
fl/~/§ yWay? —1
23 dy
115. fﬁﬁlyl BT

Average Values

78.

80.

82.

84

88.

90.

92.

9.

96.

98

100.

102.

104.

106.

108.

110.

11

11

&

1
fo (853 — 1252 + 5)ds

27
f x93 dx
1

f4(1 + Vu)”
1

d
7 u

! dr
), 7 -5

86.

1/2
fo/ x3(1 4+ 9x#) ¥ dx

/4 T
2 _ £
fo cos (4t 4)dt

3m/4
f csc? x dx
/4
fwtan2 o do
0 3
3n/4
f csczceotzdz
/4

/2 .
f 15sin*3x cos 3x dx
—m/2

sec2 x

/4
. f — " dx
0 (1+ 7tanx)

S (5 = e
fjﬂ e dw

In9
fo e(e? — 1)V d

3 2
(In(v + 1)) dv
1 v+ 1

fe 81n310g30d0
1 0

fl/S 6 dx
15 V4 — 25x2

3dt
2'ff33+z2

114.

8 24 dy
fm wWy? — 16
f-fé/fs dy
5[y =3

117. Find the average value of f(x) = mx + b

a. over [—1,1]
118. Find the average value of
a. y = v3x over [0, 3]

b. over [—k, k]

b. y = Vax over [0,a]



119.

120.

121.

122.

123.

124.

Let f be a function that is differentiable on [a, b]. In Chapter 2
we defined the average rate of change of f over [a, b]to be

fb) — f(a)
b—a
and the instantaneous rate of change of f at x to be f/(x). In this

chapter we defined the average value of a function. For the new defi-
nition of average to be consistent with the old one, we should have

S) — f(a)
b—a

Is this the case? Give reasons for your answer.

= average value of f’ on [a,D].

Is it true that the average value of an integrable function over an
interval of length 2 is half the function’s integral over the interval?
Give reasons for your answer.

a. Verifythatflnxdx =xlnx —x + C.

b. Find the average value of In x over [1, e].

Find the average value of f(x) = I/x on [1,2].

Compute the average value of the temperature function

fx) = 205in<%(x - 101)) 4

for a 365-day year. (See Exercise 98, Section 3.6.) This is one way
to estimate the annual mean air temperature in Fairbanks, Alaska.
The National Weather Service’s official figure, a numerical average
of the daily normal mean air temperatures for the year, is —3.5°C,
which is slightly higher than the average value of f(x).

Specific heat of a gas  Specific heat C,, is the amount of heat
required to raise the temperature of one mole (gram molecule) of
a gas with constant volume by 1°C. The specific heat of oxygen
depends on its temperature 7 and satisfies the formula

C, =827 +1075(26T — 1.87T?2).

Find the average value of C, for 20°C < T < 675°C and the
temperature at which it is attained.

Differentiating Integrals
In Exercises 125-132, find dy/dx.

125.

127.

129.

131.

7x2
126. y = f2 2 + cos’tdrt

2 1
128y = [ g

Y 3
y—fz 2 4 cos’rdt

L6
y_fx3+t4dl

0
— oS ¢
Y -/;n x2
sin~lx dt

0 N1 — 212

ex
130. y :fl In(£2 + 1)dr

/4
y = 132. y = fwlxeff dt
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Theory and Examples

133.

134.

135.

136.

137.

138.

Is it true that every function y = f(x) that is differentiable on
[a,b] is itself the derivative of some function on [a,b]? Give
reasons for your answer.

Suppose that f(x) is an antiderivative of f(x) = VI + x*.
Express folx/l + x* dx in terms of F and give a reason for your
answer.

Find dy/dx if y = fxl\/l + 2 dt. Explain the main steps in your
calculation.

Find dy/dx if y = fc‘jm (1/(1 — ¢?))dt. Explain the main steps
in your calculation.

A new parking lot To meet the demand for parking, your town
has allocated the area shown here. As the town engineer, you have
been asked by the town council to find out if the lot can be built
for $10,000. The cost to clear the land will be $1.00 a square
meter, and the lot will cost $2.00 a square meter to pave. Can
the job be done for $10,000? Use a lower sum estimate to see.
(Answers may vary slightly, depending on the estimate used.)

0Om

Vertical spacing = 5 m

T

14 m

Ignored

Skydivers A and B are in a helicopter hovering at 2000 m. Sky-
diver A jumps and descends for 4 s before opening her parachute.
The helicopter then climbs to 2200 m and hovers there. Forty-five
seconds after A leaves the aircraft, B jumps and descends for 13 s
before opening his parachute. Both skydivers descend at 4.9 m/s
with parachutes open. Assume that the skydivers fall freely (no
effective air resistance) before their parachutes open.

a. At what altitude does A’s parachute open?
b. At what altitude does B’s parachute open?
¢. Which skydiver lands first?

Theory and Examples

1.

a. 1ff017f(x)dx -7, doesfolf(x)dx - 1?

b. If fo 'f(x)dx = 4and f(x) > 0, does

fOl\/f(x)dx = V& =27

Give reasons for your answers.

2.

—m Additional and Advanced Exercises

Suppose fi fx)dx = 4, f2 Y f)dx = 3, fi g(x)dx = 2.

Which, if any, of the following statements are true?

a. f;f(x)dx — 3 b fi(f(x) 1 g(x)dx =9

c. f(x) < g(x)ontheinterval =2 < x < 5
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3. Initial value problem Show that
1 .
== t — t)dt
y P L f(®)sina(x )
solves the initial value problem

2
934wy = o,

dy = 0andy = 0 whenx = 0.
dx? dx

(Hint: sin(ax — at) = sin ax cos at — cos ax sin at.)

4. Proportionality Suppose that x and y are related by the equation

P R —
0 N1+ 4¢2

Show that d2y/dx? is proportional to y, and find the constant of
proportionality.
5. Find f(4) if

x2 f(x)
a. fo f(®)dt = xcosmx b. fo

6. Find f(7/2) from the following information.
i) fis positive and continuous.
ii) The area under the curve y = f(x)fromx = Otox = a is

t2dt = xcosmx.

ar  a . T
= + Zsina + =cosa.
2 + 2 + 2

7. The area of the region in the xy-plane enclosed by the x-axis, the
curve y = f(x), f(x) > 0, and the lines x = 1 and x = b is

equal to~/b2 + 1 — ~/2 forallb > 1.Find f(x).
8. Prove that

j:(fo”f(t)dt)d“ = j:f(u)(x — u)du.

(Hint: Express the integral on the right-hand side as the difference
of two integrals. Then show that both sides of the equation have
the same derivative with respect to x.)

9. Finding a curve Find the equation for the curve in the xy-plane
that passes through the point (1,—1) if its slope at x is always
3x2 + 2.

10. Shoveling dirt You sling a shovelful of dirt up from the bottom
of a hole with an initial velocity of 9.8 m/s. The dirt must rise
5.2 m above the release point to clear the edge of the hole. Is that
enough speed to get the dirt out, or had you better duck?

Piecewise Continuous Functions
Although we are mainly interested in continuous functions, many
functions in applications are piecewise continuous. A function f(x)
is piecewise continuous on a closed interval I if f has only finitely
many discontinuities in /, the limits
lim f(x) and lim f(x)
x—c” x—ct
exist and are finite at every interior point of /, and the appropriate one-
sided limits exist and are finite at the endpoints of 1. All piecewise con-
tinuous functions are integrable. The points of discontinuity subdivide /
into open and half-open subintervals on which f is continuous, and
the limit criteria above guarantee that f has a continuous extension to
the closure of each subinterval. To integrate a piecewise continuous

function, we integrate the individual extensions and add the results.
The integral of

l—x, —-1<x<0
f(x) = { x2, 0<x<?2
-1, 2<x<3

(Figure 5.33) over [—1, 3] is

[ rwac= [ a-war+ [Tt [Tna

R,
=X - | T|=x
2 1 3 Jo 2
3 .8 19
=240 1=
2+3 6
y
4
3r y=x?
2_
y—]\
o
| | | | ¥
-1 0 1 2 3
y=-—1
_1— *—2

FIGURE 5.33 Piecewise continuous
functions like this are integrated piece by piece.

The Fundamental Theorem applies to piecewise continuous func-
tions with the restriction that (d/dx) f ax f(#) dt is expected to equal f(x)
only at values of x at which f is continuous. There is a similar restriction
on Leibniz’s Rule (see Exercises 25-32).

Graph the functions in Exercises 11-16 and integrate them over
their domains.

x¥, —8<x<0

LS =

11. f(x) 4 0<x<3
Vx4 <x<0

12 fx) =1 ° =rs
x2 — 4, <x<3

" e 0<t<l1

- 80 = sinmr, 1 <t<2
V1 =z, 0< 1

14. h(z) = =
(7z—6)7", 1<z<2
1, —2<x< -1

15. fx) = 11 —x2, —-1<x<1
2, 1<x<2
r, —-1<r<o0

16. h(r) = 11 —r2, 0<r<l1
1, 1<r<2




17. Find the average value of the function graphed in the accompany-
ing figure.

y

0 1 2

18. Find the average value of the function graphed in the accompany-

ing figure.
y
1—o0 Oo—0
L b b >
0 1 2 3
Limits
Find the limits in Exercises 19-22.
. b dx .1 r
19. Jim [ = 20. lim fo arctan 7 di
. 1 1 1
21 1 ( Lo _)
r.ljlolcrz—f—lJrr1—|—2+ Jr2n
22, lim L(e 4 e 4 g et 4 enn)
n—oo N

Defining Functions Using the Fundamental Theorem
23. A function defined by an integral The graph of a function
f consists of a semicircle and two line segments as shown. Let

gx) = [\ f@dr.

y
3
y—f(x)/\‘
1+
I [ \ I |/| ¥
-3 —1_1_1 3

a. Find g(1). b. Find g(3). c. Find g(—1).

d. Find all values of x on the open interval (—3,4) at which g
has a relative maximum.

e. Write an equation for the line tangent to the graph of g at
x = —1.

f. Find the x-coordinate of each point of inflection of the graph
of g on the open interval (—3,4).

g. Find the range of g.

24. A differential equation Show that both of the following condi-
tions are satisfied by y = sinx + fx cos2tdt + 1:
i) y/ = —sinx + 2sin2x
ii) y = land y’ = —2whenx = 7.
Leibniz’s Rule In applications, we sometimes encounter functions
defined by integrals that have variable upper limits of integration and

variable lower limits of integration at the same time. We can find the
derivative of such an integral by a formula called Leibniz’s Rule.
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Leibniz’s Rule
If f is continuous on [a, b] and if u(x) and v(x) are differen-
tiable functions of x whose values lie in [a, b], then

d [ = dv du
Ej;(x) f@dt = flo@) e = fu) 5o

To prove the rule, let F be an antiderivative of f on [a, b]. Then
v(x)
fu o, 0t = Fu) = Fu).
Differentiating both sides of this equation with respect to x gives the
equation we want:

d v(x) d
- f(dt = —[F(v(x)) — F(u(x))]
dx Jux) dx

= F’(v(x))@ — F/(u(x))d—u Chain Rule
dx dx

= f(x) % — flu(x) %.

Use Leibniz’s Rule to find the derivatives of the functions in
Exercises 25-32.

1 sin x 1

25. f(x) = fl/x;dz 26. f(x) = f L ar
2.0y 2

27. g(y) = f[yy sin 72 dt 28. g(y) = ff‘y %dt

é/;,
30. y = ff Intdt

x

X2
29. y = j;z/zln\/;dt

Inx e2x
31.y:f0 sine’ dt 32.y:fe4&1ntdt

Theory and Examples

33. Use Leibniz’s Rule to find the value of x that maximizes the value
of the integral

x+3
f (5 — t)dt.

34. For what x > 0 does x(*') = (x*)*? Give reasons for your
answer.
35. For the two curves y = 2(log,x)/x and y = 2(log, x)/x:
a. Find the area between the first curve and the x-axis from
x =1tox = e.
b. Find the area between the second curve and the x-axis from
x =1tox = e.
c. Consider the two areas obtained in parts (a) and (b). What is
the ratio of the larger area to the smaller?

36. a. Find df /dx if

e 21
flx) = f1 t“ Lar.

b. Find £(0).

c. What can you conclude about the graph of f? Give reasons
for your answer.

37. Find £'(2) if f(x) = e¢® and g(x) = f2 H;z“ dt.
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38. Use the accompanying figure to show that

/2 . 1 .
f sinxdx = = — f arcsin x dx.
0 0

T
2

™
2| y= arcsinx

0

39. Napier’s inequality Here are two pictorial proofs that

Inb — 1
b>a>0 = L2 -ma 1
b b—a a

Explain what is going on in each case.

a.

b.

40. Bound on an integral

y Ly

y=Inx

L,

y

X
ol  «a b

(Source: Roger B. Nelson, College Mathematics Journal,
Vol. 24, No. 2, March 1993, p. 165.)
Let f be a continuously differentiable

function on [a, b] satisfying fabf(x) dx = 0.

a.

b.

C.

If ¢ = (a + b)/2, show that

fbxf(x) dx = fc(x — o) f(x)dx + fb(x — ) f(x) dx.

Lett = |x — cland ¢ = (b — a)/2. Show that

b l
fHXf(x)dx = fo t(fc+ 1) — flc—n)dt

Apply the Mean Value Theorem from Section 4.2 to part (b)
to prove that

U;bxf(x)dx < %M,

where M is the absolute maximum of f’ on [a, b].

Approximating Finite Sums with Integrals

In many applications of calculus, integrals are used to approximate
finite sums—the reverse of the usual procedure of using finite sums to
approximate integrals.

For example, let’s estimate the sum of the square roots of the first

n positive integers, V1 + ~/2 + --- + ~/n. The integral

1 2 0 2
= Zx3¥2| = =2
fox/;dx 3x L 3

is the limit of the upper sums

Therefore, when 7 is large, S, will be close to 2/3 and we will have

SN SE RN -
n n n n

NI+ V244V
- PEP :

J’_
=
<=

y=Vax

0 1 2

1 n—11
non n

Rootsum:\/IJr\/EerJr\/ﬁ:Sn-n3/2z%n

The following table shows how good the approximation can be.

n Root sum ( 2/3),,3/2 Relative error
10 22.468 21.082 1.386/22.468 ~ 6%
50 239.04 235.70 1.4%
100 671.46 666.67 0.7%
1000 21,097 21,082 0.07%
41. Evaluate
5 5
lim D 2° +35 + 0
n—oo n6

42.

43.

4.

by showing that the limit is

j:x5 dx

and evaluating the integral.
See Exercise 41. Evaluate
lim %(13 + 23+ 33 4 -4 nd).
n—oc N
Let f(x) be a continuous function. Express
tim |G+ o)+ oG]
n—oo N n n n
as a definite integral.

Use the result of Exercise 43 to evaluate

a. lim (2 4 44 6 + - + 2n),

n—oo N
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Technigues of
Integration

OVERVIEW The Fundamental Theorem tells us how to evaluate a definite integral once
we have an antiderivative for the integrand function. However, finding antiderivatives (or
indefinite integrals) is not as straightforward as finding derivatives. In this chapter we
study a number of important techniques that apply to finding integrals for specialized
classes of functions such as trigonometric functions, products of certain functions, and
rational functions. Since we cannot always find an antiderivative, we develop numerical
methods for calculating definite integrals. We also study integrals for which the domain or
range is infinite, called improper integrals.

m Using Basic Integration Formulas

Table 8.1 summarizes the indefinite integrals of many of the functions we have studied so
far, and the substitution method helps us use the table to evaluate more complicated func-
tions involving these basic ones. In this section we combine the Substitution Rules (studied
in Chapter 5) with algebraic methods and trigonometric identities to help us use Table 8.1.
A more extensive Table of Integrals is given at the back of the chapter, and we discuss its
use in Section 8.6.

Sometimes we have to rewrite an integral to match it to a standard form of the type
displayed in Table 8.1. We start with an example of this procedure.

EXAMPLE 1 Evaluate the integral
f 2x -3
Vx? —3x +1

Solution We rewrite the integral and apply the Substitution Rule for Definite Integrals
presented in Section 5.6, to find

f X73 f”du t = x? —3x + 1,du = (2x — 3)dx;
Vvx2 — 3x +1 u =1whenx = 3, u = 11 whenx = 5

:fl u="? du

11

= 2\/& = Z(Jﬁ — l) =~ 4.63. Table 8.1, Formula 2 |

1

473



474 Chapter 8 Techniques of Integration

TABLE 8.1 Basic integration formulas

l.fkdx = kx + C (any number k) 12.ftanxdx = In|secx| + C

u . xn+l B - .
Z.I)c dx—n+1+C (n=-1) 13.fcotxdx71n|smx|+C
3.f@:1n|x|+c 14.fsecxdx:1n|secx+tanx|+C

x
4.fexdx:e"+C 15.fcscxdx:—ln|cscx+cotx|—|—C
5.faxdx: @ L C (a>0,a=1 16.fsinhxdx:coshx+C

Ina

6.fsinxdx:—cosx+C 17.fcoshxdx:sinhx+C
7.fcosxdx = sinx + C ls.f% = arcsin(i) +C
S-ISCCZde =tanx + C 19.Iﬁ = %arctan(i) +C

9. fcsczxdx = —cotx +C = larcsec‘i‘ +C
a

dx
20.f7x =

_ dx P
10.fsecxtanxdx-secx+C 21'f7a2+x2 = sinh (a)—i—C (a > 0)

_ dx . i x
ll.fcscxcotxdxf cscx + C 22.f—x2_a2 = cosh (a)JrC (x >a > 0)

EXAMPLE 2 Complete the square to evaluate

j‘ dx .
V8x — x2
Solution We complete the square to simplify the denominator:
8x — x? = —(x? —8x) = —(x2 —8x + 16 — 16)
= —(x2=8x+16)+16 = 16 — (x — 4)*.
Then

d d
f\/gxixzzf\/m_(i_é‘)z

_ f du a=4,u=(x—4),
1/aZ — u2 du = dx
. u
= arcsm(—) + C Table 8.1, Formula 18
a

arcsin(x — 4) + C.
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EXAMPLE 3 Evaluate the integral
f(cos xsin2x + sin x cos 2x) dx.

Solution We can replace the integrand with an equivalent trigonometric expression
using the Sine Addition Formula to obtain a simple substitution:

f(cosxsin 2x + sinx cos2x)dx = fsin(x + 2x)dx

= fsin 3x dx
1.
= §SII1 udu u = 3x,du = 3dx
1
= —§COS 3x + C. Table 8.1, Formula 6 |

In Section 5.5 we found the indefinite integral of the secant function by multiplying it
by a fractional form equal to one, and then integrating the equivalent result. We can use
that same procedure in other instances as well, as we illustrate next.

EXAMPLE 4 Find | "/41‘17"

sin x’

Solution We multiply the numerator and denominator of the integrand by 1 + sin x.
This procedure transforms the integral into one we can evaluate:

J’W/‘1 dx _ f”/4 1 ) 1 + sinx dx Multiply and divide by
o 1—sinx 0 1—sinx 1+ sinx conjugate.
m/4 1 4 sin x
_ f T ix Simplify.
2
0o 1—sin“x
/41 + sinx
= -  dx 1 —sin?x = cos?x
0 cos?x
Use Table 8.1,

/4
= f (sec?x + sec x tan x)dx
0

Formulas 8 and 10

/4
= |tanx + secx :(1+\/§—(0+1)):\/§. [
0
EXAMPLE 5 Evaluate
2 _
3x 7x dx.
3x +2
X3 Solution The integrand is an improper fraction since the degree of the numerator is
3x+2i3x2—7x . . .
greater than the degree of the denominator. To integrate it, we perform long division to
3x? + 2x obtain a quotient plus a remainder that is a proper fraction:
—9x
—9x — 6 2 _
- 3x Tx _ X34 6

3x + 2 3x + 2
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Therefore,
3x2 — Tx ( 6 x2
= —dx = -3 dx = — -3 21n|3 2 C.
312 x fx +3x+2 X 5 x + 21In|3x + 2| +

Reducing an improper fraction by long division (Example 5) does not always lead to

an expression we can integrate directly. We see what to do about that in Section 8.5.

EXAMPLE 6 Evaluate

3x+2
\/l—x2

Solution We first separate the integrand to get

Bx+2 x dx dx
=3 + 2| —.
Vl—x2 f\/l—)c2 f\/l—xz

In the first of these new integrals, we substitute

u=1-—x2, du = —2x dx, SO xdx = —%du.

Then we obtain

xdx (—1/2)du 3 ]
—_— _—_— = —— 7/2
S = = e
3 M1/2
— Wi—x2 4+,
5 1/2 +C, = x>+ C,

The second of the new integrals is a standard form,

dx .
Zfi = 2arcsin x + Cz. Table 8.1, Formula 18
V1 — x?
Combining these results and renaming C, + C, as C gives

3x + 2

DX T & — _3J1 _ 2 .
mdx— 3v1 — x? 4 2arcsinx + C.

The question of what to substitute for in an integrand is not always quite so clear.
Sometimes we simply proceed by trial-and-error, and if nothing works out, we then try
another method altogether. The next several sections of the text present some of these new

methods, but substitution works in the following example.
EXAMPLE 7 Evaluate

dx
Sy

Solution We might try substituting for the term ~/x, but the derivative factor 1/ Vx is
missing from the integrand, so this substitution will not help. The other possibility is to

substitute for (1 + Vx ), and it turns out this works:

f dx = f 2(u —31)du u=1+x,du = 2\1/;&\";
(1 + \/;) u dx = 2¥xdu = 2(u — 1 du

=S - )
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When evaluating definite integrals, a property of the integrand may help us in calculat-

ing the result.

EXAMPLE 8

Solution

Evaluate

/2
f x3cos x dx.
—/2

No substitution or algebraic manipulation is clearly helpful here. But we

observe that the interval of integration is the symmetric interval [—7/2, 7/2]. Moreover,
the factor x3 is an odd function, and cos x is an even function, so their product is odd.

Therefore,

/2
f x3cosxdx = 0. Theorem 8, Section 5.6
—m/2

Assorted Integrations
The integrals in Exercises 1-44 are in no particular order. Evaluate
each integral using any algebraic method, trigonometric identity, or
substitution you think is appropriate.
2. f 2x2 dx
x* 41

1.f01

16x
8x2 + 2

2 /3 dx
3. f(secx tan x)~ dx .fm o x tanx
5. l—x 6 dx
V1 — x2 ) x — Jx
—cotz 7nz3
7. [£—ua 8. d
J sinzz ¢ 162
dz 2 8 dx
9, | ——— 10. _
fez-i-e* j;xz—2x+2

4 dx

0 -7
11. _
f,] 1+ 2x + 1?

3 4x2
12.]12x+3dx

. [ ﬁ 14, [escrsindiar
/4 1 + sin @
15 [P ESY 4 16. [——40
fo cos?0 f\/20 — 02

17.

19.

21.

23.

25.

27.

29.

30.

31.

33.

f Iny
y+4yln?y Y

f do
sec + tan 6

f4t3 1_2
fo””mde

16tdt

f
e —1
2dx

fx~/1—41n X

2 dy

‘/‘2\/5
d
=

f X + 2\/_
2xvx — 1

18.

20.
22,

24. f(sect + cotr)* dt

6dy
26.
ff(l +¥)

dx

28.
f(x—Z)\/x2—4x+3

f(cscx — sec x)(sin x + cosx)dx

f3sinh(§ n 1n5)dx
3 2x3
fﬁ x2 —1

O 1+y
ffl l—ydy

dx

1
32. f T4 x7sin x dx

34. f e dz
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7 dx
35.
f(x—l)\/xz —2x — 48

203 —176% + 760
3. f 20 -5

39 fl+e*

Hint: Use long division.

3x
41. [ 4—a
fe‘Jrl x

1
43. | ————d.
f\/Z(1+x) *

Theory and Examples

45. Area Find the area of the region bounded above by y = 2 cos x
and below by y = secx, —m/4 < x < w/4.

46. Volume Find the volume of the solid generated by revolving the
region in Exercise 45 about the x-axis.

47. Arc length Find the length of the curve y = In(cosx),

0<x <3

48. Arc length Find the length of the curve y = In(sec x),

0 < x < w4,

49. Centroid Find the centroid of the region bounded by the x-axis,
the curve y = sec x, and the lines x = —7/4, x = /4.

tan0+3

dx 51. The functions y = ¢*’ and y = x3e*’ do not have elementary
2x + 1)\/4x + 4x?2 antiderivatives, but y = (1 + ’:‘uc3)eX3 does. Evaluate
a0 Ja+3x0)er ax,
cosf — 1

52. Use the substitution # = tan x to evaluate the integral

X
1+ x3 * f dx
Hint: Letu = x¥2. 1 + sin%x

53. Use the substitutionu = x* + 1 to evaluate the integral
f x7Vx* + ldx.
54. Using different substitutions Show that the integral
[ =+ 1) ax

can be evaluated with any of the following substitutions.

T sing

au=1/(x+1

b.u = ((x — D/(x + D) fork = 1, 1/2, 1/3, —1/3, —2/3,
and —1

. U = arctan x

c
d. u = tan~'Vx
e. u = tan~'((x — 1)/2)
f. u = arccos x
g. u = cosh~'x

What is the value of the integral?

50. Centroid Find the centroid of the region bounded by the x-axis,
the curve y = csc x, and the lines x = 7/6, x = 57/6.

m Integration by Parts

Integration by parts is a technique for simplifying integrals of the form
f u(x)v'(x) dx.

It is useful when u can be differentiated repeatedly and v’ can be integrated repeatedly
without difficulty. The integrals

fx cos x dx and fxze)‘ dx

are such integrals because u(x) = x or u(x) = x? can be differentiated repeatedly, and
v'(x) = cos x or v'(x) = e* can be integrated repeatedly without difficulty. Integration
by parts also applies to integrals like

fln x dx and fe" cos x dx.

In the first case, the integrand In x can be rewritten as (In x)(1), and u(x) = In x is easy
to differentiate while v/(x) = 1 easily integrates to x. In the second case, each part of the
integrand appears again after repeated differentiation or integration.

Product Rule in Integral Form

If u and v are differentiable functions of x, the Product Rule says that

di[u(x)v(x)] = ' (x)v(x) + u(x)v'(x).
X
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In terms of indefinite integrals, this equation becomes
f%[u(x)v(x)]dx = f[u’(x)v(x) + u(x)v'(x)]dx
or
f%[u(x)v(x)] dx = fu’(x)v(x) dx + fu(x)v’(x) dx.
Rearranging the terms of this last equation, we get
[uwax = [ %[u(x)v(x)] dr — [veou)dx,

leading to the following integration by parts formula.

Integration by Parts Formula

fu(x)z/(x) dx = u(x)v(x) — fv(x)u’(x) dx (1)

This formula allows us to exchange the problem of computing the integral Ju(x)v'(x) dx
for the problem of computing a different integral, Jv@)u'(x)dx. In many cases, we can
choose the functions u# and v so that the second integral is easier to compute than the first.
There can be many choices for u and v, and it is not always clear which choice works best,
so sometimes we need to try several.

The formula is often given in differential form. With v/(x) dx = dv and u'(x) dx = du,
the integration by parts formula becomes

Integration by Parts Formula—Differential Version

fudv:uv—fvdu (2

The next examples illustrate the technique.

EXAMPLE 1 Find
fx cos x dx.

Solution There is no obvious antiderivative of x cos x, so we use the integration by parts
formula

fu(x) V(x)dx = u(x)v(x) — fv(x) u'(x) dx

to change this expression to one that is easier to integrate. We first decide how to choose
the functions u(x) and v (x). There is more than one way to do this, but here we choose to
factor the expression x cos x into

u(x) = x and v'(x) = cosx.
Next we differentiate u(x) and find an antiderivative of v/(x),

u'(x) =1 and wv(x) = sin x.
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When finding an antiderivative for v/(x), we have a choice of how to pick a constant of
integration C. We choose the constant C = 0, since that makes this antiderivative as sim-
ple as possible. We now apply the integration by parts formula:

f xcosxdx = xsinx — f sin x (1) dx Integration by parts formula

u(x) v'x) u(x) v(x) v(x) u'(x)
= xsinx + cosx + C Integrate and simplify.
and we have found the integral of the original function. |

There are at least four apparent choices available for u(x) and v'(x) in Example 1:

1. Letu(x) = land v/(x) = x cos x. 2. Letu(x) = x and v/(x) = cos x.

3. Letu(x) = xcosx and v'(x) = 1. 4. Letu(x) = cos x and v/'(x) = x.

We used choice 2 in Example 1. The other three choices lead to integrals that we do not
know how to evaluate. For instance, Choice 3, with u/(x) = cos x — x sin x, leads to the
integral

f(x cos x — x2sin x)dx.

The goal of integration by parts is to go from an integral Ju(x)v'(x) dx that we don’t
see how to evaluate to an integral f v(x)u'(x) dx that we can evaluate. Generally, we choose
v'(x) first to be as much of the integrand as we can readily integrate; then we let u(x) be
the leftover part. When finding v (x) from v/(x), any antiderivative will work, and we usu-
ally pick the simplest one. In particular, no arbitrary constant of integration is needed in
v(x) because it would simply cancel out of the right-hand side of Equation (2).

EXAMPLE 2  Find f In x dx.

Solution We have not yet seen how to find an antiderivative for In x. If we setu(x) = In x,
then u/(x) is the simpler function 1/x. It may not appear that a second function v/(x) is
multiplying u(x) = In x, but we can choose v/(x) to be the constant function v/(x) = 1.
We use the integration by parts formula given in Equation (1), with

u(x) = Inx and o'(x) = 1.

We differentiate u(x) and find an antiderivative of v/(x),

u'(x) = 1 and v(x) = x.

X
Then
Inx-ldx = (I Ly ' :
nx - x = (lnx)x — X X X Integration by parts formula
| | RN

u(x) v'(x) ux) v(x) V(X) U'(x)

=xlnx — fl dx

=xlnx—-—x+C Simplify and integrate. |

In the following examples we use the differential form to indicate the process of
integration by parts. The computations are the same, with du and dv providing shorter
expressions for u/(x) dx and v'(x) dx.

Sometimes we have to use integration by parts more than once, as in the next example.

EXAMPLE 3 Evaluate

fxze" dx.
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Solution We use the integration by parts formula given in Equation (1), with
u(x) = x* and v'(x) = e*.

We differentiate u(x) and find an antiderivative of v/(x),
u'(x) = 2x and wv(x) = e*.

We summarize this choice by setting du = u/(x) dx and dv = v'(x) dx, so

du = 2xdx and dv = e*dx.

We then have
fxzex dx = x%e* — | e*2xdx = x%e* — 2fxex dx  Integration by parts formula
Nl

Nt
1‘1 dv 1‘1 z‘ v ([‘u

The new integral is less complicated than the original because the exponent on x is reduced
by one. To evaluate the integral on the right, we integrate by parts again with
u = x,dv = e*dx. Thendu = dx, v = e~,and

fx e*dx = xe* — fe-‘ dx = xe* — e* + C. Integration by parts Equation (2)

_— —

‘ ‘ | ‘ | 7 u=x, dvo = e*dx
u dv u v du v = et du — dx

Using this last evaluation, we then obtain
fxzex dx = x2%e* — 2f)ce~r dx
= x2e* — 2xe* + 2e* + C,

where the constant of integration is renamed after substituting for the integral on the right.
|

The technique of Example 3 works for any integral | x"e* dx in which n is a positive
integer, because differentiating x” will eventually lead to a constant, and repeatedly inte-
grating e~ is easy.

Integrals like the one in the next example occur in electrical engineering. Their evalu-
ation requires two integrations by parts, followed by solving for the unknown integral.

EXAMPLE 4 Evaluate
fe* cos x dx.
Solution Letu = e* anddv = cos xdx. Thendu = e* dx, v = sin x, and
fe*cosxdx = e¥sin x — fe*sinxdx.

The second integral is like the first except that it has sin x in place of cos x. To evaluate it,
we use integration by parts with

u=-e* dv=sinxdx, v= —cosx, du = e*dx.

Then
fe)‘cosxdx = e*sinx — (—excos X — f(—cos x)(e* dx))
=e'sinx + e‘cosx — fe*cosxdx.

The unknown integral now appears on both sides of the equation, but with opposite signs.
Adding the integral to both sides and adding the constant of integration gives

2fexcosxdx = e*sinx + e*cosx + C,.
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Dividing by 2 and renaming the constant of integration then gives

e*sin x + e*cos x
fe"cosxdx: > + C. |

EXAMPLE 5 Obtain a formula that expresses the integral
fcos” X dx
in terms of an integral of a lower power of cos x.
Solution We may think of cos” x as cos”!x - cos x. Then we let
u = cos" lx and dv = cos x dx,
so that
du = (n — 1)(cos"2x)(—sinxdx)  and v = sinx.
Integration by parts then gives
fcos”xdx =cos" !xsinx 4+ (n — l)fsinzx cos" 2 x dx
= cos" lxsinx + (n — l)f(l — cos?x)cos" 2xdx
=cos" !xsinx + (n — l)fcos”—Zx dx — (n — l)fcos”xdx.
If we add
(n — l)fcos"xdx
to both sides of this equation, we obtain
nfcos”xdx = cos" !xsinx 4+ (n — l)fcos"*zxdx.
We then divide through by 7, and the final result is

cos"™lxsinx gp5—1
fcos"xdx = + fcos”*zxdx. [ |
n n

The formula found in Example 5 is called a reduction formula because it replaces an
integral containing some power of a function with an integral of the same form having the
power reduced. When 7 is a positive integer, we may apply the formula repeatedly until the
remaining integral is easy to evaluate. For example, the result in Example 5 tells us that

cos?x sin x
3

fcos3xdx +§fcosxdx

= %coszx sin x + %sin x + C.

Evaluating Definite Integrals by Parts

The integration by parts formula in Equation (1) can be combined with Part 2 of the
Fundamental Theorem in order to evaluate definite integrals by parts. Assuming that both
u’ and v’ are continuous over the interval [a, b], Part 2 of the Fundamental Theorem gives

Integration by Parts Formula for Definite Integrals
b

b b
f w(x)v'(x)dx = u(x)v(x)| — f v(x) ' (x) dx 3)

a




EXAMPLE 6

x-axis from x =

8.2 Integration by Parts
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Find the area of the region bounded by the curve y = xe* and the

Otox = 4.

Solution The region is shaded in Figure 8.1. Its area is

4
f xe ™ dx.
0

Letu = x, dv = e *dx, v = —e~, and du = dx. Then

I:

FIGURE 8.1 The region in Example 6.

4
xe Ydx = —xe™*

0

= [~de~ — (~0e0)] + [erax

4
—de=* — ¥

0

—4e ™t — (et —e V) =1-—

S5e~* ~ 0.91.

4
— f (—e ) dx Integration by parts Formula (3)
0

Integration by Parts

Evaluate the integrals in Exercises 1-24 using integration by parts.

L fxsin%dx
3. [12costar
fllenxdx
7. [xerax

- [x2erdx

11. ftan*‘ydy

g

e

13. fx sec?x dx

15. fx3ex dx

17. [(x2 = 5x)e* dx
19. foe" dx

21 [esin 0o

23. fe2x cos 3x dx

Using Substitution

2. f@ cos w6 df

4, fxzsin x dx

. fleﬁlnxdx
. fxe3x dx

10. f(xz ~2x + e dx

=)

o]

12. farcsinydy

14. f4x sec? 2x dx

16. fp“e’l’ dp

18. [(r 4 r+ Derar
20. [12e* ar

22, fe*-"cos ydy

24. f e~2vsin 2x dx

29. [ 'sin(In x) dx
Evaluating Integrals

require integration by parts.

31. fx sec x2 dx
33. fx(ln x)* dx

3s. flz—zxdx

37. fx3e"4 dx

39. [0x + Tax
41. f sin 3x cos 2x dx
43. f\/}mxdx

45. fcosﬁdx

/2
47.f0/ 02sin 20 do

2
—1
49. fz/ﬁ tsec~!tdt

51. fx arctan x dx

Evaluate the integrals in Exercises 25-30 by using a substitution prior

to integration by parts.
25. [0 ds

/3
27.fo/ x tan? x dx

1
26.f x~T = x dx
0

28. fln(x + x2)dx

53. f(1 1 2x2)ex? dx

55, f Vx (arcsinvx) dx

30. fz(ln 2)’ dz

Evaluate the integrals in Exercises 31-56. Some integrals do not

32

34.

36.

38.

40.

42.

44.

46.

48.

50.

52.

5

56.

.fCOS\/;dX

[
f

J =k

Vx

1
f x(In x)* @

f (In x)*

dx

e* dx

sin x3 dx

fsin 2x cos 4x dx
f%dx
fx/;e‘/; dx

/2
j;) x3 cos 2x dx
/2
j;) 2x arcsin(x2) dx
fx2 tan—! * dx
2
4. f(x

G

xe*

in— x)d
N
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Theory and Examples

57. Finding area Find the area of the region enclosed by the curve
y = x sin x and the x-axis (see the accompanying figure) for

a. 0 < x <.
b. 7 < x < 2.
c. 2m < x < 3m.

d. What pattern do you see here? What is the area between the
curve and the x-axis fornm < x < (n + )7, n an arbitrary
nonnegative integer? Give reasons for your answer.

y
10~ y=xsinx
sk
N\ .
0 [ 27 3w
5L

58. Finding area Find the area of the region enclosed by the curve
y = x cos x and the x-axis (see the accompanying figure) for

a. /2 < x < 37/2.
b. 37/2 < x < 5m/2.
c. 57/2 < x < Tm/2.
d

. What pattern do you see? What is the area between the curve
and the x-axis for

(2n—l

Jrees|

]

N

n an arbitrary positive integer? Give reasons for your answer.

10 _
y=XcCos X

>

of ™N_Jz 52\ [Im

2 2 2 2

_10 —

59. Finding volume Find the volume of the solid generated by
revolving the region in the first quadrant bounded by the coordi-
nate axes, the curve y = e~, and the line x = In 2 about the line
x = In2.

60. Finding volume Find the volume of the solid generated by
revolving the region in the first quadrant bounded by the coordi-
nate axes, the curve y = ¢, and the line x = 1
a. about the y-axis.

b. about the line x = 1.

61. Finding volume Find the volume of the solid generated by
revolving the region in the first quadrant bounded by the coordi-
nate axes and the curve y = cosx, 0 < x < 7T/2, about

a. the y-axis.
b. the line x = /2.

62. Finding volume Find the volume of the solid generated
by revolving the region bounded by the x-axis and the curve
y = xsinx, 0 < x < 7, about

a. the y-axis.
b. the line x = 7.
(See Exercise 57 for a graph.)

63. Consider the region bounded by the graphs of y = Inx, y = 0,
andx = e.

a. Find the area of the region.

b. Find the volume of the solid formed by revolving this region
about the x-axis.

c¢. Find the volume of the solid formed by revolving this region
about the line x = —2.

d. Find the centroid of the region.

64. Consider the region bounded by the graphs of y = arctan x, y = 0,
and x = 1.

a. Find the area of the region.

b. Find the volume of the solid formed by revolving this region
about the y-axis.

65. Average value A retarding force, symbolized by the dashpot in
the accompanying figure, slows the motion of the weighted spring
so that the mass’s position at time ¢ is

y = 2e'cost, t > 0.

Find the average value of y over the interval 0 < ¢ < 27.

Dashpot

66. Average value In a mass-spring-dashpot system like the one in
Exercise 65, the mass’s position at time ¢ is

y = 4de'(sint —cost), t>0.

A

Find the average value of y over the interval 0 < ¢ < 2.

Reduction Formulas
In Exercises 67—73, use integration by parts to establish the reduction
formula.

67. fx" cos xdx = x"sinx — nfx"*‘ sin x dx

68. fx" sin xdx = —x" cos x + nfx"*' cos x dx



x"eax

69. fx”e‘“c dx = - % fx”*‘e‘”‘ dx, a =0

a

70. f(lnx x = x(Inx)" —nf(lnx)'“1 dx
71.fxm Inx)"d
Xm+1 n n n—1
= (Inx)" = —— [ x"(Inx)" dx,m = —1
m+ 1 m+ 1
72.fx"x/x T ldx
2x 32 2n _
= [PRLp— iy (P N
a3 T T3 +3fx e
73, [ ax
f\/x—l—l
2x" Nl x"1
= 1
it 2n+1 Ix

74. Use Example 5 to show that

/2 . /2
f sin” x dx = f cos” x dx
0 0

1)1'3'5“'("_1)
2 2-4-6

‘46 (_l)nodd
1-3-5- ’

, neven

75. Show that

fab(fxbf(t)dt)dx = j;h(x — a) f(x)dx.

76. Use integration by parts to obtain the formula

f\/l—x dx:—x\/l—x +1fm

Integrating Inverses of Functions
Integration by parts leads to a rule for integrating inverses that usually
gives good results:

y=f"', x = f(y

ff*‘(x)dx = fyf’(y)dy dx = f'(y)dy

Integration by parts with
u =y, dv = f'(y)dy

vf0 = [fody

xf@ = [ Fordy

The idea is to take the most complicated part of the integral, in this
case f~!(x), and simplify it first. For the integral of In x, we get

flnde*fyeydy

yeY —e¥ + C

y=1Inx, x=¢eY
dx = eYdy

xlnx — x + C.
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For the integral of arccos x, we get

farccosxdx = X arccos x — fcos ydy

Yy = arccos x
= xarccosx —siny + C

= x arccos x — sin(arccos x) + C.

Use the formula

[riwde = xf@ = [fody =70 @

to evaluate the integrals in Exercises 77-80. Express your answers in
terms of x.

71. farcsec X dx 78. farctan X dx

79. fsec‘lxdx 80. flogzxdx

Another way to integrate f~'(x) (when f~!is integrable) is to
use integration by parts withu = f~!(x) and dv = dx to rewrite the
integral of f~!as

j}>mm¢x:xf4u)—j}Q%f4uﬁdm )

Exercises 81 and 82 compare the results of using Equations (4)
and (5).

81. Equations (4) and (5) give different formulas for the integral of
arccos x:

a. farccos xdx = xarccos x — sin(arccosx) + C  Eq.(4)

b. farccosxdx = xarccosx — V1 —x2 + C Eq. (5)

Can both integrations be correct? Explain.

82. Equations (4) and (5) lead to different formulas for the integral of
arctan x:

a. farctan xdx = xarctanx — Insec(arctanx) + C Eq. (4)

b. farctanxdx = xarctanx — In~1 + x2 + C Eq. (5)
Can both integrations be correct? Explain.
Evaluate the integrals in Exercises 83 and 84 with (a) Eq. (4) and (b)

Eq. (5). In each case, check your work by differentiating your answer
with respect to x.

83. f sinh~! x dx

84. f tanh~! x dx
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m Trigonometric Integrals

Trigonometric integrals involve algebraic combinations of the six basic trigonometric
functions. In principle, we can always express such integrals in terms of sines and cosines,
but it is often simpler to work with other functions, as in the integral

fseczx dx = tanx + C.
The general idea is to use identities to transform the integrals we must find into integrals

that are easier to work with.

Products of Powers of Sines and Cosines

We begin with integrals of the form
fsin"’ X cos” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the appropriate
substitution into three cases according to m and n being odd or even.

Case 1 Ifmis odd in f sin™ x cos” x dx,we write m as 2k + 1 and use the identity
sin2x = 1 — cos?x to obtain

. . . k- ko
sin” x = sin?**!x = (sin2x)"sin x = (1 — cos?x)" sin x. (1
Then we substitute # = cos x and du = —sin x dx.

Case 2 Ifnisoddin f sin™ x cos” x dx, we write n as 2k + 1 and use the identity
cos?2x = 1 — sin? x to obtain

k . k
cos"x = cos?*tly = (cos?x)"cosx = (1 — sin?x)" cosx.
We then substitute # = sin x and du = cos x dx.

Case 3 If both m and n are even in f sin” x cos” x dx, we substitute

) 1 — cos 2x 1 + cos 2x
sin?xy = ——, cos?x = —— 2)
2 2
to reduce the integrand to one in lower powers of cos 2.x.
Here are some examples illustrating each case.
EXAMPLE 1 Evaluate fsin3 x cos? x dx.
Solution This is an example of Case 1.
fsin3x cos?xdx = fsinzx cos? x sin x dx m is odd.
= f(l — cos?x)(cos?x)sin x dx sin?x = 1 — cos?x
= f(l — uz)(uz)(—du) u = cosx, du = —sin x dx
= f(u4 — u2)du Distribute.
5 3 5 3
_w _ud ., cosPx  cosPx . -

5 3 5 3
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EXAMPLE 2 Evaluate

fcosS x dx.

Solution This is an example of Case 2, where m = 0 isevenandn = 5 is odd.

fcosSxdx = fcos“x cos x dx

= f(l — sin2x)*cos x dx

:f(lfuz)z du u = sinx, du = cos x dx
= f(l — 2u? + u*)du Square 1 — u?.
2 4 1 . 2. 1.
=u-—-= = C = sinx — Zsin? —sin’ C |
u 3u + SM + X 3 mn’x + 5 X +

EXAMPLE 3 Evaluate

fsinz x cos* x dx.
Solution This is an example of Case 3.

1— 2
fsinzxcos“xdx: f( cos 2x
2

2
) dx m and n both even

(1 + cos 2x
2

= %f(l — cos2x)(1 + 2cos2x + cos? 2x)dx

= éf(l + cos2x — cos? 2x — cos’ 2x)dx

= %[x + %sin 2x — f(c0s2 2x + cos? 2x)dx

For the term involving cos? 2x, we use
Use the identity

% f(l + cos4x)dx cos? 0 = (1 + cos 20)/2,

with 0 = 2x.

fcos2 2x dx

1 1.
E(x + Zsm4x) + C,.
For the cos? 2x term, we have

fcos3 2xdx = f(l — sin? 2x)cos 2x dx u = sin2x, du = 2cos 2x dx

1 —uydu = Ysin2x — Lgin3 )
> f(l u?)du = 2(sm2x 3s1n 2x | + C,.

Combining everything and simplifying, we get

fsinzx costxdx = %(x — isin 4x + %sin3 Zx) + C. [ |
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Eliminating Square Roots

In the next example, we use the identity cos? 0 = (1 + cos 26)/2 to eliminate a square
root.

EXAMPLE 4 Evaluate

f07r/4~/1 + cos 4x dx.

Solution To eliminate the square root, we use the identity

1 20
cos2f = % or 1+ cos20 = 2cos? 0.

With § = 2x, this becomes

1+ cos4x = 2cos?2x.

Therefore,

‘/:(/4 J1 + cosdx dx = fom J2cos?2x dx = fom 2. Jcos? 2x dx

7(/4 ﬂ/4 s 2x
=2 fO |cos 2x| dx = V2 fo cos 2x dx 2?11;‘774?

sin 2x
2

/4
:Q[I—O]zﬁ [ |

=2 )
0 2 2

Integrals of Powers of tan x and sec x

We know how to integrate the tangent and secant functions and their squares. To integrate
higher powers, we use the identities tan?>x = sec?>x — 1 and sec>x = tan?x + 1, and inte-
grate by parts when necessary to reduce the higher powers to lower powers.

EXAMPLE 5 Evaluate

ftan“ x dx.

Solution

ftan“xdx = ftan2x~ tan? x dx
= ftanzx - (sec?x — 1)dx tan’x = sec?x — 1
= ftanzx sec?xdx — ftanzxdx
= ftanzx sec?x dx — f(seczx —1)dx tan>x = sec?x — 1

= ftanzx secZxdx — fseczxdx + fdx
In the first integral, we let

u = tan x, du = sec?xdx



8.3 Trigonometric Integrals 489
and have
2 N
u*du = -u’ + C,.
3
The remaining integrals are standard forms, so

ftan4xdx:%tan3x7tanx+x+C. [ |

EXAMPLE 6 Evaluate

fsec3 X dx.

Solution We integrate by parts using

U = Sec Xx, dv = sec?xdx, v = tan x, du = sec x tan x dx.
Then
fsec3x dx = sec x tan x — f(tan x)(sec x tan x) dx Integrate by parts.
= sec x tan x — f(seczx — 1)sec x dx tan2x = sec?x — 1

= sec x tan x — fsec3xdx + fsecxdx
Combining the two secant-cubed integrals gives
2fsec3xdx = sec x tan x + fsecxdx

and therefore

fsec3xdx = %secxtanx+%ln|secx+tanx|+C. |

EXAMPLE 7 Evaluate

ftan“ x sec* x dx.

Solution
f(tan“x)(sec“x)dx = f(tan“x)(l + tan?x)(sec?x)dx sec?x = 1 + tanx
= f(tan“x + tan®x)(sec?x)dx Distribute.
w u’ u = tanx,
:f(u4 + u®)du = ?+7+C dit — see? x dx
_tanx | tan’x Lc m

5 7
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Products of Sines and Cosines

The integrals

fsin mx sin nx dx,

fsin mx cos nx dx,

and

fcos mx cos nx dx

arise in many applications involving periodic functions. We can evaluate these integrals
through integration by parts, but two such integrations are required in each case. It is sim-
pler to use the following identities.

sin mx sin nx =

%[cos(m —n)x —cos(m + n)x]
sin mx cos nx = %[sin(m —n)x + sin(m + n)x]

COS mMX COS nx = %[cos(m —n)x + cos(m + n)x]

3

“)

(&)

These identities come from the angle sum formulas for the sine and cosine functions
(Section 1.3). They give functions whose antiderivatives are easily found.

EXAMPLE 8

Evaluate

fsin 3x cos Sx dx.

Solution From Equation (4) with m = 3and n = 5, we get

cos 8x
16

fsin 3x cos Sxdx = %f[sin(—bc) + sin 8x]dx

%f(sin 8x — sin 2x)dx

cos 2x

4

+ C.

RN 8.3

Powers of Sines and Cosines
Evaluate the integrals in Exercises 1-22.

1.fcos 2x dx 2. fo"3 sin%dx
3. fcos3x sin x dx 4. fsin“Zx cos 2x dx
5.fsin3xdx 6.fcos34xdx
7.fsin5xdx 8. f;sinsgdx

/6
9. fcos3x dx 10. ‘/; 3cos’3x dx

11. fsin3x cos3 x dx
13. fcoszxdx

15. fomsin7ydy

17. j:SSin4xdx

19. flésinzxcoszxdx

21. fs cos326 sin 20 d6

12

14.

16

18

20

22,

. fcos32x sin’ 2x dx
/2 .
f sin? x dx
0
.f7cos7tdt
. f8c05427rxdx
.IWSSin“ycoszydy
0

/2
fo / sin2 26 cos3 260 do



Integrating Square Roots
Evaluate the integrals in Exercises 23-32.

2 [1 — T
3. [ ,/%dx 24. fo JT = cos 2x dx

25. foﬂx/usinzzdt 26. foﬂx/ucoszede

72 Sin2x /6 -
27. Lﬂ mdx 28. ‘/; \/1 + sin x dx

i
[Hint: Multiply by s ]

1 — sin x~

™ COS4 x 3ﬁ/4 -
29. L » de 30. fm JT = sin 2x dx

)2 L
31.f0/ 0T — cos 20 df 32.f (1 - cos2t)? dr

Powers of Tangents and Secants
Evaluate the integrals in Exercises 33-52.

33. fseczxtanxdx 34. fsecxtanzxdx
35. fsec3xtanxdx 36. fsec3xtan3xdx
37. fseczxtanzxdx 38. fsec4xtan2xdx
39. fi/ngec»‘xdx 40.fe"sec3e" dx
41. fsec“@d@ 42. ftan“x sec’ x dx
43. f;f csc*0do 44. fsec6xdx

45. f4tan3xdx 46. fj{;6tan4xdx
47. ftanSxdx 48. fc0t62x dx

49, j:;fcoﬁxdx 50. [8cottrar

51. Ljftan%sec“ﬂd& 52. fcot3tcsc4tdz

Products of Sines and Cosines
Evaluate the integrals in Exercises 53-58.

53. f sin 3x cos 2x dx 54, f sin 2x cos 3x dx

55.

57.
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7T . . 7r/2 3
f sin 3x sin 3x dx 56. f sin x cos x dx
o 0

/2
fcos 3x cos 4x dx 58. f //2 cos x cos 7x dx

Exercises 59-64 require the use of various trigonometric identities
before you evaluate the integrals.

59.

61.

63.

fsin2 0 cos 30 dO 60. fcosz 26 sin 6 dO
fcos3 0 sin 20 do 62. fsin39 cos 20 d6
fsin 0 cos 0 cos 36 db 64. fsin 0 sin 26 sin 360 d6

Assorted Integrations
Use any method to evaluate the integrals in Exercises 65-70.

65. sec? X4 66. sin? X g
f tanx f cos* x

tan? x cot x
67. 68.

f csc x f cos? x
69. fxsin%cdx 70. fxcos3xdx
Applications
71. Arclength Find the length of the curve

72.

73.

74.

75.

76.

71.

78.

y = In(sin x), <x <

™
2

B!

Center of gravity Find the center of gravity of the region
bounded by the x-axis, the curve y = sec x, and the lines
x = —7/4, x = 7/4.

Volume Find the volume generated by revolving one arch of the
curve y = sin x about the x-axis.

Area Find the area between the x-axis and the curve
y=41+cosdx,0 < x <.

Centroid Find the centroid of the region bounded by the graphs
ofy =x+cosxandy = Ofor0 < x < 2.

Volume Find the volume of the solid formed by revolving the
region bounded by the graphs of y = sinx + secx,y = O,
x = 0,andx = 7/3 about the x-axis.

Volume Find the volume of the solid formed by revolving the
region bounded by the graphs of y = arctanx, x = 0, and
y = 7/4 about the y-axis.

Average Value Find the average value of the function

_ 1
fx) = g™ [0, 7/6].

no
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64. What is the largest value that
[
can have for any a and b? Give reasons for your answer.
COMPUTER EXPLORATIONS

In Exercises 65 and 66, use a CAS to perform the integrations.

65. Evaluate the integrals

a.fxlnxdx b. flenxdx c. fx31nxdx.

d. What pattern do you see? Predict the formula for J x*In x dx
and then see if you are correct by evaluating it with a CAS.

e. What is the formula for f x"In x dx, n > 1? Check your
answer using a CAS.

67. a.

. What is the formula for

1
f nx d.
X n
Check your answer using a CAS.
Use a CAS to evaluate

/2 sin” x
[ —
0 smn"x + cos"x

where n is an arbitrary positive integer. Does your CAS find
the result?

. In succession, find the integral whenn = 1, 2, 3, 5, and 7.

Comment on the complexity of the results.

c¢. Now substitute x = (7/2) — u and add the new and old
66. Evaluate the integrals integrals. What is the value of
In x In x In x
| — .| — . | —dx. /2 in”
afxz dx bfx3 dx c fx4 dx f __sin"x dx?
) 0 sin"x + cos"x

d. What pattern do you see? Predict the formula for

In x This exercise illustrates how a little mathematical ingenuity
f —dx can sometimes solve a problem not immediately amenable to

X

and then see if you are correct by evaluating it with a CAS.

W@ Numerical Integration

solution by a CAS.

The antiderivatives of some functions, like sin(x2), 1/In x, and V1 + x*, have no elementary
formulas. When we cannot find a workable antiderivative for a function f that we have to
integrate, we can partition the interval of integration, replace f by a closely fitting polyno-
mial on each subinterval, integrate the polynomials, and add the results to approximate the
definite integral of f. This procedure is an example of numerical integration. In this section
we start by revisiting the Midpoint Rule, which we studied in Section 5.2. We then study two
new methods, the Trapezoidal Rule and Simpson’s Rule. A key goal in our analysis is to con-
trol the possible error that is introduced when computing an approximation to an integral.

Approximating Integrals with the Midpoint Rule

In Section 5.2 we introduced the Midpoint Rule to approximate a definite integral over an

interval [a, b]. The rule is based on subdividing [a, b]into n equal subintervals,
[x0, X1 1 [xp, X515 ooy [X,5 %, ]

each of width

b—a
—

Ax =

We then approximate the integral using n rectangles, where the height of the kth rectangle
is the value of f at the midpointc, = (x,_; + x,)/2 of the kth subinterval [x,_,, x,].

Midpoint Rule for Approximating a Definite Integral
b u b —
[ rwar = 3 feo(2=4
“ k=1

n
Xy T X

| = e + fle) + o+ + fle ) 2=4)

withe, = andx, = a + k(bJ).
n
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Trapezoidal Approximations

The Trapezoidal Rule for the value of a definite integral is based on approximating the region
between a curve and the x-axis with trapezoids instead of rectangles, as in Figure 8.7. It is not
necessary for the subdivision points x, x,, x,, ..., x,, in the figure to be evenly spaced,
but the resulting formula is simpler if they are. We therefore assume that the length of each
subinterval is

The length Ax = (b — a)/n is called the step size or mesh size. The area of the trapezoid
that lies above the ith subinterval is

AX(M) — &()’H ),

2 2
y=f
Trapezoid area
%()ﬂ +y2)Ax
Y1 Y2 Yn—1 |Yn
X
Xo=a X X5 Je—] X, X,=b

FIGURE 8.7 The Trapezoidal Rule approximates short
stretches of the curve y = f(x) with line segments. To
approximate the integral of f from a to b, we add the
areas of the trapezoids made by vertically joining the ends
of the segments to the x-axis.

where y;, | = f(x,_ ;) and y; = f(x;). (See Figure 8.7.) The area below the curve
y = f(x) and above the x-axis is then approximated by adding the areas of all the
trapezoids:

1 1
T = 5()’0 + y1) Ax + E(yl + y) Ax + -

1 1
=+ E(yn72 + ynfl)Ax + E(ynfl + yn)Ax

1 1
= Ax(z)’o Tyt Yyt y, Tt EYn)

A
= {(yo 2y 4+ 2y, o 29, + ),

where

Yo = fla), y, = f(x)seoes ¥y = fx, ) ¥, = f(b).

The Trapezoidal Rule says: Use T to estimate the integral of f from a to b.
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y

36
16

25
16

FIGURE 8.8 The trapezoidal approxima-
tion of the area under the graph of y = x2
fromx = 1tox = 2is aslight overesti-
mate (Example 1).

TABLE 8.2

=
<

Il
=

R NG Fo NI N TUN
(@)

Ola=xy x; x Ih>l x4 x=0b

FIGURE 8.9 Simpson’s Rule approxi-
mates short stretches of the curve with
parabolas.

The Trapezoidal Rule

To approximate Lb f(x)dx, use
Ax
T = 7()’0 + 2y + 2y, o 2y, + )

The y’s are the values of f at the partition points
Xo=a,x,=a+ Ax,x, =a+2Ax, ..., x, , =a+ (n—1)Ax, x, = b,
where Ax = (b — a)/n.

EXAMPLE 1 Use the Trapezoidal Rule with n = 4 to estimate flzx2 dx. Compare
the estimate with the exact value.

Solution Partition [1, 2] into four subintervals of equal length (Figure 8.8). Then evalu-
ate y = x? at each partition point (Table 8.2).

Using these y-values, n = 4, and Ax = (2 — 1)/4 = 1/4 in the Trapezoidal Rule,
we have

A
T = TX()’O + 2y, + 2y, + 2y; + yy)

- 1(1 n 2(2) + 2(ﬁ) + 2(§) +4)

8 16 16 16
=15 _ 534375,
32

Since the parabola is concave up, the approximating segments lie above the curve, giving
each trapezoid slightly more area than the corresponding strip under the curve. The exact
value of the integral is

fzxzdx:x_}r:§_l:z
1 1 3 3 '

The T approximation overestimates the integral by about half a percent of its true value of
7/3. The percentage error is (2.34375 — 7/3)/(7/3) ~ 0.00446, or 0.446%. |

Simpson’s Rule: Approximations Using Parabolas

Another rule for approximating the definite integral of a continuous function results from
using parabolas instead of the straight-line segments that produced trapezoids. As before,
we partition the interval [a, b]into n subintervals of equal length i = Ax = (b — a)/n,
but this time we require that n be an even number. On each consecutive pair of intervals we
approximate the curve y = f(x) > 0 by a parabola, as shown in Figure 8.9. A typical
parabola passes through three consecutive points (x,_, y;_;), (x;, ¥;), and (x,, 1, y;,;)
on the curve.

Let’s calculate the shaded area beneath a parabola passing through three consecu-
tive points. To simplify our calculations, we first take the case where x, = —h, x; = 0,
and x, = h (Figure 8.10), where h = Ax = (b — a)/n. The area under the parabola
will be the same if we shift the y-axis to the left or right. The parabola has an equation of
the form

y = Ax? + Bx + C,



y

(O’ yl)

hye) ~ [ n)

y:sz +Bx+C
Yo Y1 Y2

—h 0 h

FIGURE 8.10 By integrating from —h
to h, we find the shaded area to be

h
g()’o + 4y, + ¥y)

HISTORICAL BIOGRAPHY

Thomas Simpson

(1720-1761)

Simpson was a successful text writer and
did most of his research on probability.
Simpson’s rule to approximate definite
integrals was developed before he was born.
It is another of history’s beautiful quirks that
one of the ablest mathematicians of the 18th
century is remembered not for his own work
but for a rule that was never his, that he
never claimed, and that bears his name only
because he happened to mention it in one of
his books.

To know more, visit the companion Website.
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so the area under it fromx = —htox = his

h
A, = fih(sz + Bx + C)dx

Ax3 | Bx? h
Axt | BxC ¢
[3 Tt e,
2Ah3 h

Since the curve passes through the three points (—A, y, ), (0, y,), and (A4, y,), we also have
Yo = Ah?* — Bh + C, vy, = C, vy, = Ah?> + Bh + C.
After some algebraic manipulation, we find that

h
Ap = 5()’0 + 4y, + y,).

Now shifting the parabola horizontally to its shaded position in Figure 8.9 does not change
the area under it. Thus the area under the parabola through (x,, y,), (x,, ¥;),and (x,, ¥,)
in Figure 8.9 is still

%()’o + 4y, + yy)

Similarly, the area under the parabola through the points (x,, y,), (x5, y3),and (x4, y,)is
%(yz +4y; + y4)

Computing the areas under all the parabolas and adding the results give the approximation

b h h
L f)dx =~ g(yo + 4y, + y,) + 5()’2 +4y; + y,) +

h
+ g(yan + 4ynfl + yn)

h
= 30 + 4y + 2y, + 4y + 2y, o 29,0 AV )
The result is known as Simpson’s Rule. The function need not be positive, as in our deriva-
tion, but the number n of subintervals must be even for us to apply the rule because each
parabolic arc uses two subintervals.

Simpson’s Rule

To approximate fab f(x)dx, use
Ax
S = T(}’o +4y + 2y + Ay o+ 2y, 0 + Ay )

The y’s are the values of f at the partition points
Xo=a,x,=a+ Ax,x, =a+ 2Ax, ..., x, , =a+ (n—1)Ax, x, = b.

The number 7 is even, and Ax = (b — a)/n.

Note the pattern of the coefficients in the above rule: 1,4,2,4,2,4,2,...,4, 1.

EXAMPLE 2 Use Simpson’s Rule with n = 4 to approximate f02 S5x* dx.



514 Chapter 8 Techniques of Integration

TABLE 8.3

x y = 5x¢
0 0

1 S

2 16

1 5

3 405

2 16

2 80

Solution  Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition
points (Table 8.3). Then apply Simpson’s Rule withn = 4 and Ax = 1/2:

A
§ = _x()’o + 4y, + 2y, +4y; + yy)

3
=glo+4(5) (&) +#)
— Lo a(2) £ 205 +4[2D) 4 80
S0+ a{sz) 25 +4(T2) +
— 3L
12

This estimate differs from the exact value (32) by only 1/12, a percentage error of less than
three-tenths of one percent, and this was with just four subintervals. |

Error Analysis

Whenever we use an approximation technique, we must consider how accurate the approx-
imation might be. The following theorem gives formulas for estimating the errors when
using the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule. The error is the dif-
ference between the approximation obtained by using the rule and the actual value of the

definite integral f;b f(x)dx.

THEOREM 1 —Error Estimates in the Midpoint, Trapezoidal,

and Simpson’s Rules

If /" is continuous and M is any upper bound for the values of | /| on [a, b], then
the error £, in the Midpoint Rule approximation of the integral of f from a to b
for n steps satisfies the inequality

M — a)’

E,| <
1wl < 24n2

Midpoint Rule

If /" is continuous and M is any upper bound for the values of | /| on [a, b], then
the error E; in the Trapezoidal Rule approximation of the integral of f from a to
b for n steps satisfies the inequality

M — a)’

E,| <
Bl = 12n2

Trapezoidal Rule

If £ is continuous and M is any upper bound for the values of | /| on [a, b], then
the error E ¢ in the Simpson’s Rule approximation of the integral of f from a to b
for n steps satisfies the inequality

M(b — a)’
180n*

Simpson’s Rule

|Eg| <

To give an idea of why Theorem 1 is true in the case of the Trapezoidal Rule, we begin
with a result which says that if f” is continuous on the interval [a, b], then

Lo preyany?

b
f f(x)dx = T —
for some number ¢ between a and b. This result follows from Taylor’s Remainder Theorem,
which we discuss in Theorem 24 of Section 9.9. It follows that as Ax approaches zero, the
error defined by
b —

Ep = =25 f1(0) (Ax)?

approaches zero at the rate of the square of Ax.
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The inequality
Byl < 2 max] (0] (A,

where “max” refers to the maximum of | f”(x)| over the interval [a, b], gives an upper bound
for the magnitude of the error. In practice, we usually cannot find the exact value of max| f”(x)|
and have to estimate an upper bound or “worst case” value for it instead. If M is any upper
bound for the values of | f”(x)| on [a, b], sothat | f”(x)] < M forevery xin [a, b}, then

b —

a 2
D M(Ax)”~.

|Er| <

If we substitute (b — a)/n for Ax, we get

M(b — a)’

E,;| <
Bl < 12n2

The upper bound for the error in the Midpoint Rule,

M — a)’

E,| < ,
1wl < 24n2

is based on a similar argument. Taylor’s Remainder Theorem implies that the Midpoint
Rule approximation and the definite integral differ by at most

|| (b — a)’
24n?

for somec € [a, b]. Taking M to be at least as large as the maximum of | f”(c)| on [a, b], we
obtain the error bound in Theorem 1. Note that this is half as large as the error bound for
the Trapezoidal Rule. This does not mean that the Midpoint Rule is always more accurate
than the Trapezoidal Rule, but rather that the largest possible error that might occur is only
half as large as the largest possible error for the Trapezoidal Rule.

To estimate the error in Simpson’s Rule, we start with a result, again following from
Taylor’s Remainder Theorem, that says that if the fourth derivative f* is continuous, then

b—a

L F@ 4
130 F®()(Ax)

j;bf(x)dx -5

for some point ¢ between a and b. Thus, as Ax approaches zero, the error,

b —da 4
E. = — A C)) A
s 180 f@(e)(Ax)",

approaches zero as the fourth power of Ax. (This helps to explain why Simpson’s Rule is
likely to give better results than the Trapezoidal Rule.)
The inequality

b—a
180

|Eg| < max| f @ ()] (Ax)*,

where “max” refers to the maximum of | /) (x)| over the interval [a, b], gives an upper
bound for the magnitude of the error. As with max| f”| in the error formula for the Trapezoidal
Rule, we usually cannot find the exact value of max| f ¥ (x)| and have to replace it with an
upper bound. If M is any upper bound for the values of | f ) (x)| on [a, b], then

b—a

M(Ax)*.
180 M(Ax)

|Esl <

Substituting (b — a)/n for Ax in this last expression gives
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You might wonder why we don’t just take M to be the maximum value of | /”(x)|
on [a, b]for the first two rules, or the maximum value of | f ® (x)| for Simpson’s Rule.
The reason is that sometimes this maximum is hard to compute, while a less accurate
upper bound is easily found. We can certainly set M to the maximum value if we can
compute it.

EXAMPLE 3 Find an upper bound for the error in estimating J. 02 5x% dx using Simpson’s
Rule with n = 4 (Example 2).

Solution  To estimate the error, we first find an upper bound M for the magnitude of the
fourth derivative of f(x) = 5x* on the interval 0 < x < 2. Since the fourth derivative
has the constant value f®(x) = 120, we take M = 120. With b — a = 2 and n = 4,
the error estimate for Simpson’s Rule gives

M —a) _120(2)° _ 1

E | < = .
Esl < 180n* 180 - 44 12

This estimate is consistent with the result of Example 2. |

Theorem 1 can also be used to estimate the number of subintervals required when
using the Trapezoidal or Simpson’s Rule if we specify a certain tolerance for the error.

EXAMPLE 4 Estimate the minimum number of subintervals needed to approximate
the integral in Example 3 using Simpson’s Rule with an error of magnitude less than 104,

Solution Using the inequality in Theorem 1, if we choose the number of subintervals n
to satisfy

M — a)’

Tsont <1074

then the error E in Simpson’s Rule satisfies | E;| < 1074, as required.
From the solution in Example 3, we have M = 120 and b — a = 2, so we want n to
satisfy

120(2)° 1
180n* 104’
or, equivalently,
64 - 104
4> =T
" 3

It follows that

|/4
n> 10(%) ~ 21.5.

Since n must be even in Simpson’s Rule, we estimate the minimum number of subin-
tervals required for the error tolerance to ben = 22. |

EXAMPLE 5 As we saw in Chapter 7, the value of In 2 can be calculated from the
integral

2
In2 = fl L
X

Table 8.4 shows values of 7 and S for approximations of J, 12 (1/x) dx using various
values of n. Notice how Simpson’s Rule dramatically improves over the Trapezoidal Rule.
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TABLE 8.4 Trapezoidal Rule app;oximations (T,) and Simpson’s Rule
approximations (S,) of In2 = [; (1/x)dx

|Error| |Error|

n T, less than... S, less than...

10 0.6937714032 0.0006242227 0.6931502307 0.0000030502

20 0.6933033818 0.0001562013 0.6931473747 0.0000001942

30 0.6932166154 0.0000694349 0.6931472190 0.0000000385

40 0.6931862400 0.0000390595 0.6931471927 0.0000000122

50 0.6931721793 0.0000249988 0.6931471856 0.0000000050
100 0.6931534305 0.0000062500 0.6931471809 0.0000000004

In particular, notice that when we double the value of n (thereby halving the value of h = Ax),
the T error is divided by 2 squared, whereas the S error is divided by 2 to the fourth.

This has a dramatic effect as Ax = (2 — 1)/n gets very small. The Simpson approxi-
mation for n = 50 rounds accurately to seven places and for n = 100 is accurate to nine
decimal places (billionths)! [ |

If f(x) is a polynomial of degree less than 4, then its fourth derivative is zero, and

b—a
180

Eg = L= aroant = - (0)(Ax)* = 0.
180
Thus, there will be no error in the Simpson approximation of any integral of f. In other
words, if f is a constant, a linear function, or a quadratic or cubic polynomial, Simpson’s
Rule will give the value of any integral of f exactly, whatever the number of subdivisions.
Similarly, if f is a constant or a linear function, then its second derivative is zero, and
b b

E; = —2=4 (o) = —

—a )
3 (0)(Ax)= = 0.

The Trapezoidal Rule will therefore give the exact value of any integral of f. This is no
surprise, for the trapezoids fit the graph perfectly.

Although decreasing the step size Ax reduces the error in the Simpson and Trapezoidal
approximations in theory, it may fail to do so in practice. When Ax is very small, say
Ax = 10-3, computer or calculator round-off errors in the arithmetic required to evaluate
S and T may accumulate to such an extent that the error formulas no longer describe what
is going on. Shrinking Ax below a certain size can actually make things worse. You should
consult a text on numerical analysis for more sophisticated methods if you are having
problems with round-off error using the rules discussed in this section.

EXAMPLE 6 A town wants to drain and fill a polluted swamp (Figure 8.11).
The swamp averages 1.5 m deep. About how many cubic meters of dirt will it take to fill
the area after the swamp is drained?

Solution To calculate the volume of the swamp, we estimate the surface area and multi-
ply by 1.5. To estimate the area, we use Simpson’s Rule with Ax = 6 m, and the y’s equal
to the distances measured across the swamp, as shown in Figure 8.11.

A
S = Tx(yo + 4y, + 2y, + 4yy + 2y, + 4ys + )

:2(44—1—1484—46—&—64—1—24—&-36—1—4):732

The volume is about (732)(1.5) = 1098 m?3. |
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For some exercises, a calculator may be helpful for expressing answers
in decimal form.

Estimating Definite Integrals

The instructions for the integrals in Exercises 1-10 have three parts,
one for the Midpoint Rule, one for the Trapezoidal Rule, and one for
Simpson’s Rule.

I. Using the Midpoint Rule

a. Estimate the integral withn = 4 steps and find an upper
bound for | E,|.

b. Evaluate the integral directly and find | E ,|.

¢. Use the formula (| E ;| /(true value)) x 100 to express | E /|
as a percentage of the integral’s true value.

II. Using the Trapezoidal Rule

a. Estimate the integral with n = 4 steps and find an upper
bound for |E|.

b. Evaluate the integral directly and find | E,|.

c. Use the formula (| E,|/(true value)) x 100 to express | E |
as a percentage of the integral’s true value.

III. Using Simpson’s Rule

a. Estimate the integral with n = 4 steps and find an upper
bound for | E|.

b. Evaluate the integral directly and find | E .

¢. Use the formula (| Eg|/(true value)) x 100 to express | E| as
a percentage of the integral’s true value.

. flzxdx

. fjl (x2 + 1)dx

[

2. f13(2x — D)dx

w

4. fi(xz ~1dx

9]

2 1
fo (13 + t)dt 6. f,l(’z T Ddt

.flzsizds 8. f:ﬁds
f(:sintdt

Estimating the Number of Subintervals

In Exercises 11-22, estimate the minimum number of subintervals
needed to approximate the integrals with an error of magnitude less
than 10— by (a) the Trapezoidal Rule and (b) Simpson’s Rule. (The
integrals in Exercises 11-18 are the integrals from Exercises 1-8.)

11. j:zxdx

2

»

1
10. j; sin 7t dt

3
12. j; (2x — Dy dx
13. fll(x2 + Ddx 14. foo(xz ~1dx

15. f:(ﬁ + 0)dt 16. fll(ﬁ + Ddt

2] 4 1
17.f1 Sds 18. [ T

19. [(VxFid 2. (L _4
.fox+x '«/;)\/x_—i-lx

2 1
21. fo sin(x + 1)dx 22. f lcos(x + m)dx

Estimates with Numerical Data

23. Volume of water in a swimming pool A rectangular swimming
pool is 5 m wide and 10 m long. The accompanying table shows
the depth % (x) of the water at 1-m intervals from one end of the
pool to the other. Estimate the volume of water in the pool using
the Trapezoidal Rule with n = 10 applied to the integral

10
V:fo 5. h(x)dx.

Position (m) Depth (m) Position (m) Depth (m)
x h(x) x h(x)
0 1.20 6 2.30
1 1.64 7 2.38
2 1.82 8 2.46
3 1.98 9 2.54
4 2.10 10 2.60
5 2.20

24. Distance traveled The accompanying table shows time-to-
speed data for a car accelerating from rest to 130 km/h. How far
had the car traveled by the time it reached this speed? (Use trap-
ezoids to estimate the area under the velocity curve, but be care-
ful: The time intervals vary in length.)

Speed change Time (s)

Zero to 30 km/h 22
40 km/h 32

50 km/h 4.5

60 km/h 5.9

70 km/h 78

80 km/h 10.2

90 km/h 12.7

100 km/h 16.0

110 km/h 20.6

120 km/h 26.2

130 km/h 37.1

25. Wing design The design of a new airplane requires a gasoline
tank of constant cross-sectional area in each wing. A scale draw-
ing of a cross-section is shown here. The tank must hold 2000 kg



of gasoline, which has a density of 673 kg/m?3. Estimate the
length of the tank by Simpson’s Rule.

yo |y1 [Y2 Y3 |Y4 |Y5 |Ye

Y9=05m, y;=055m, y,=0.6m, y;=0.65m,
y4=0.7m, ys=ys=0.75m Horizontal spacing =0.3 m

26. Oil consumption on Pathfinder Island A diesel generator runs

continuously, consuming oil at a gradually increasing rate until it
must be temporarily shut down to have the filters replaced. Use
the Trapezoidal Rule to estimate the amount of oil consumed by
the generator during that week.

Qil consumption rate

Day (liters/hour)
Sun 0.019
Mon 0.020
Tue 0.021
Wed 0.023
Thu 0.025
Fri 0.028
Sat 0.031
Sun 0.035

Theory and Examples
27. Usable values of the sine-integral function The sine-integral

function,

Si(x) = j: %n[ dt, “Sine integral of x”
is one of the many functions in engineering whose formulas can-
not be simplified. There is no elementary formula for the anti-
derivative of (sin #)/t. The values of Si(x), however, are readily
estimated by numerical integration.

Although the notation does not show it explicitly, the func-
tion being integrated is

in ¢
ﬂ, t =0
f@® =4 t
1, t =0,

the continuous extension of (sin#)/t to the interval [0, x]. The
function has derivatives of all orders at every point of its domain.
Its graph is smooth, and you can expect good results from
Simpson’s Rule.

2

28.

29.

30.

31.
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a. Use the fact that | /¥ < 1 on [0, 7/2] to give an upper
bound for the error that will occur if

S\ _ [m2sint
Sl(E) B L/:) t a
is estimated by Simpson’s Rule withn = 4.

b. Estimate Si(7/2) by Simpson’s Rule withn = 4.

c. Express the error bound you found in part (a) as a percentage
of the value you found in part (b).

The error function The error function,

— l * —2
erf(x) = fo e dt,

which is important in probability and in the theories of heat flow
and signal transmission, must be evaluated numerically because
there is no elementary expression for the antiderivative of e *.

a. Use Simpson’s Rule with n = 10 to estimate erf (1).

b. In [0, 1],

< 12.

d*, _
e

Give an upper bound for the magnitude of the error of the

estimate in part (a).
Prove that the sum 7 in the Trapezoidal Rule for fa b f(x)dx
is a Riemann sum for f continuous on [a, b]. (Hint: Use the
Intermediate Value Theorem to show the existence of ¢, in the sub-
interval [x,_;, x| satisfying f(c,) = (f(x,_)) + f(x,))/2)
Prove that the sum S in Simpson’s Rule for fah f(x)dx is a
Riemann sum for f continuous on [a, b]. (See Exercise 29.)

Elliptic integrals The length of the ellipse
S
a’> b2

turns out to be
Length = 4a fﬁ/zx/l — e?cos’t dt
0 ’

where e = Va? — b? /a is the ellipse’s eccentricity. The integral

in this formula, called an elliptic integral, is nonelementary except

whene = Oor 1.

a. Use the Trapezoidal Rule with n = 10 to estimate the length
of the ellipse whena = lande = 1/2.

b. Use the fact that the absolute value of the second derivative of
f(t) = ~1 — e?cos?t is less than 1 to find an upper bound
for the error in the estimate you obtained in part (a).

Applications
32.

The length of one arch of the curve y = sin x is given by
L = j:\/l + cos?x dx.

Estimate L by Simpson’s Rule withn = 8.
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When solving Exercises 33-40, you may need to use a calculator or a
computer.

33.

34.

8.8

Your metal fabrication company is bidding for a contract to make
sheets of corrugated iron roofing like the one shown here. The
cross-sections of the corrugated sheets are to conform to the curve
y = sin3—7rx, 0<x<20cm.
20
If the roofing is to be stamped from flat sheets by a process that
does not stretch the material, how wide should the original mate-

rial be? To find out, use numerical integration to approximate the
length of the sine curve to two decimal places.

Original sheet Corrugated sheet

£ 4

=sin fx

Your engineering firm is bidding for the contract to construct the
tunnel shown here. The tunnel is 90 m long and 15 m wide at
the base. The cross-section is shaped like one arch of the curve
y = 7.5cos(mx/15). Upon completion, the tunnel’s inside sur-
face (excluding the roadway) will be treated with a waterproof
sealer that costs $26.11 per square meter to apply. How much will
it cost to apply the sealer? (Hint: Use numerical integration to find
the length of the cosine curve.)

y y=17.5cos (wx/15)

/\

7.5

x (m)
NOT TO SCALE

Improper Integrals

Find, to two decimal places, the areas of the surfaces generated by
revolving the curves in Exercises 35 and 36 about the x-axis.

35.
36.
37.

38.

39.

40.

y=sinx, 0 <x <7
y=x2/4, 0<x <2

Use numerical integration to estimate the value of

0.6 dx

0o N1 —x2

For reference, arcsin 0.6 = 0.64350 to five decimal places.

arcsin 0.6 =

Use numerical integration to estimate the value of

L |
7r—4j;)]+x2dx.

Drug assimilation An average adult under age 60 years assimi-
lates a 12-hour cold medicine into his or her system at a rate mod-
eled by

dy

— = 6 — In(2t%> — 31 + 3),

i ( )
where y is measured in milligrams and ¢ is the time in hours since
the medication was taken. What amount of medicine is absorbed
into a person’s system over a 12-hour period?

Effects of an antihistamine The concentration of an antihista-
mine in the bloodstream of a healthy adult is modeled by

C =125 —41n(t> — 3t + 4),

where C is measured in grams per liter and ¢ is the time in hours
since the medication was taken. What is the average level of con-
centration in the bloodstream over a 6-hour period?

Up to now, we have required definite integrals to satisfy two properties. First, the
domain of integration [a, b] must be finite. Second, the range of the integrand must be
finite on this domain. In practice, we may encounter problems that fail to meet one or

both of these conditions. The integral for the area under the curve y =

(Inx)/x? from

=1 to x = oo is an example for which the domain is infinite (Figure 8.12a). The
integral for the area under the curve of y = 1/\/; between x = 0 and x = 1 is an
example for which the range of the integrand is infinite (Figure 8.12b). In either case, the
integrals are said to be improper and are calculated as limits. We will see in Chapter 9
that improper integrals are useful for investigating the convergence of certain infinite

series.
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m Sequences

OVERVIEW In this chapter we introduce the topic of infinite series. Such series give us
precise ways to express many numbers and functions, both familiar and new, as arithmetic
sums with infinitely many terms. For example, we will learn that

and

COS X — l_x__’_ﬁ_x_s_’_x—_m.
2 24 720 40,320

We need to develop a method to make sense of such expressions. Everyone knows
how to add two numbers together, or even several. But how do you add together infinitely
many numbers? Or, when adding together functions, how do you add infinitely many pow-
ers of x? In this chapter we answer these questions, which are part of the theory of infinite
sequences and series. As with the differential and integral calculus, limits play a major role
in the development of infinite series.

One common and important application of series occurs in making computations with
complicated functions. A hard-to-compute function is replaced by an expression that looks
like an “infinite degree polynomial,” an infinite series in powers of x, as we see with the
cosine function given above. Using the first few terms of this infinite series can allow for
highly accurate approximations of functions by polynomials, enabling us to work with
more general functions than those we have encountered before. These new functions are
commonly obtained as solutions to differential equations arising in important applications
of mathematics to science and engineering.

The terms “sequence” and “‘series” are sometimes used interchangeably in spoken
language. In mathematics, however, each has a distinct meaning. A sequence is a type of
infinite list, whereas a series is an infinite sum. To understand the infinite sums described
by series, we first must understand infinite sequences.

HISTORICAL ESSAY

Sequences and Series

To read this essay, visit the companion
Website.

538

Sequences are fundamental to the study of infinite series and to many aspects of mathematics.
We saw one example of a sequence when we studied Newton’s Method in Section 4.7.
Newton’s Method produces a sequence of approximations x, that become closer and closer
to the root of a differentiable function. Now we will explore general sequences of numbers
and the conditions under which they converge to a finite number.
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Representing Sequences
A sequence is a list of numbers

ap,dy,dy,..., 0

sUys---

in a given order. Each of a,, a,, a5, and so on represents a number. These are the terms of
the sequence. For example, the sequence

2,4,6,8,10,12,...,2n, ...

has first terma; = 2, second terma, = 4, and nthterma, = 2n. The integer n is called
the index of a, and indicates where a, occurs in the list. Order is important. The sequence
2,4,6,8... is not the same as the sequence 4,2, 6,8 ....

We can think of the sequence

a,;,a,,ds,...,a

sy .-

as a function that sends 1 to a,, 2 to a,, 3 to a,, and in general sends the positive integer n to
the nth term a,. More precisely, an infinite sequence of numbers is a function whose
domain is the set of positive integers. For example, the function associated with the sequence

2,4,6,8,10,12,...,2n, ...

sends 1 to a;, = 2,2 to a, = 4, and so on. The general behavior of this sequence is
described by the formulaa, = 2n.
We can change the index to start at any given number n. For example, the sequence

12,14,16,18,20,22...

is described by the formulaa, = 10 4 2n, if we start withn = 1. It can also be described
by the simpler formula b, = 2n, where the index n starts at 6 and increases. To allow such
simpler formulas, we let the first index of the sequence be any appropriate integer. In the
sequence above, {a, } starts with a, while {b, } starts with b.

Sequences can be described by writing rules that specify their terms, such as

a, = \/;, bn = (_1)11+ll, c = n—1 d,, _ (_l)lH»l’
n

n n >

n

or by listing terms:

{a,} = {V1,¥2,~/3,..,</n,..}

11 1 1
b = {1,__5_5__5" 5 _1 s > }
{b,} 234 (=D
1234 n—1
= 0’_7_9_’_»-"a s }
tead { 2345 n
{d,} ={L-L1L-1L1—-1L..,(—D"" .}

We also sometimes write a sequence using its rule, as with
o0
{a,} = {¥n},_,

and

b} = {=pmii}

nJnp=1

Figure 9.1 shows two ways to represent sequences graphically. The first marks the
first few points from a,, a,, a;, ..., a,,... on the real axis. The second method shows the
graph of the function defining the sequence. The function is defined only on integer
inputs, and the graph consists of some points in the xy-plane located at (1,a,),

(2,a5),...,(n,a,),....
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L L+e

L+eg
LF—-——————————- (n,a)-~-s—--
S L—¢
. . . '(N,aN)
L1 L1 n
of 1 2 3 N n

FIGURE 9.2 In the representation of a
sequence as points in the plane, a, — L if

y

= L is a horizontal asymptote of the

sequence of points {(n, a,)}. In this figure,

all the a,’s after a,, lie within € of L.
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Frenchman Oresme went to the University
of Paris in the 1340s, studying theology and
liberal arts. Later he was a faculty member
and administrator at the same university. His
work entitled De configurationibus (1350s)
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first to present graphs of velocities. The
argument we use to show the divergence of
the harmonic series was devised by Oresme

in this publication.
To know more, visit the companion Website.
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FIGURE 9.1 Sequences can be represented as points on the real line or

as points in the plane where the horizontal axis 7 is the index number of the
term and the vertical axis a,, is its value.

Convergence and Divergence

Sometimes the numbers in a sequence approach a single value as the index n increases.
This happens in the sequence
{1 111 1 }
’2?394""?’1"" 9

whose terms approach 0 as n gets large, and in the sequence

{Oal’z7§’i""’l_l7"'}’
2345 n

whose terms approach 1. On the other hand, sequences like
(VT2 )
have terms that get larger than any number as n increases, and sequences like
{L-LL-LL—1..(=D"" ..}

bounce back and forth between 1 and — 1, never converging to a single value. The follow-
ing definition captures the meaning of having a sequence converge to a limiting value. It
says that if we specify any number ¢ > 0, then by going far enough out in the sequence,
taking the index n to be larger than some value N, the difference between a, and the limit
of the sequence becomes less than .

DEFINITIONS The sequence {a, } converges to the number L if for every
positive number ¢ there corresponds an integer N such that

la, — L| < ¢ whenever n > N.

If no such number L exists, we say that {a,, } diverges.
If {a, } converges to L, we write lim a, = L, or simply a, — L, and call

n—oo

L the limit of the sequence (Figure 9.2).

The definition is very similar to the definition of lim f(x), the limit of a function f(x)

X—00

as x tends to oo, discussed in Section 2.5. We will exploit this connection to calculate limits
of sequences.
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FIGURE 9.3 (a) The sequence diverges
to co because no matter what number M
is chosen, the terms of the sequence after
some index N all lie in the yellow band
above M. (b) The sequence diverges to
—oo because all terms after some index N
lie below any chosen number m.
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EXAMPLE 1 Show that

(a) lim 1 =0 (b) lim k = k (where k is a constant)

n—oo N n—oo

Solution

(a) Lete > 0 be given. We must show that there exists an integer N such that
‘l— O‘ <e€ whenever n > N.
n

The inequality |1/n — 0] < ¢ will hold if 1/n < € or n > 1/e. If N is any integer
greater than 1/¢, the inequality will hold for alln > N.This proves that lim 1/n = 0.

n—oo
(b) Let k be a constant, and let ¢ > 0 be given. We must show that there exists an integer
N such that

lk — k| < e whenever n > N.

Since k — k = 0, we can use any positive integer for N and the inequality |k — k| < ¢
will hold. This proves that lim k = k. |

n—o0o

EXAMPLE 2 Show that the sequence {1, —1,1,—1,1,—1,...,(=1)"*',...} diverges.

Solution  Since the terms in this sequence alternate between 1 and —1, our intuition is
that they cannot approach arbitrarily close to some single limit L. To prove this, suppose
that there did exist a number L that is the limit of this sequence. The definition of conver-
gence then tells us that for every number ¢ > 0, there is an integer N such that
|a, — L| < € for all n > N. No matter what positive number € we consider, such an
integer N must exist. In particular, for the number e = 1/2, there must exist some integer
N such that |a, — L| < 1/2foralln > N.If n > N is odd, then a, = 1, so we have
1 —L| <1/2,0r
1 3

- <L <=
2 2

On the other hand, if n > N is even, thena, = —1, and so we have |—-1 — L| < 1/2,0or

EA P
2 2
Howeyver, these two conditions on L cannot both hold, so we have reached a contradiction.
Therefore there is no number L to which this sequence converges.
We chose € = 1/2 in this argument simply for convenience. The same argument
would work if we had instead chosen e = 1/4, or any value less than 1. |

The sequence {x/ﬁ} also diverges, but for a different reason. As n increases, its terms
become larger than any fixed number. We describe the behavior of this sequence by writing

lim Vn = oc.

n—0o0
In writing infinity as the limit of a sequence, we are not saying that the differences between
the terms a, and oo become small as n increases, nor are we asserting that there is some
number infinity that the sequence approaches. We are merely using a notation that captures
the idea that a, eventually gets and stays larger than any fixed number as n gets large
(see Figure 9.3a). The terms of a sequence might also decrease to negative infinity, as in
Figure 9.3b.
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DEFINITION The sequence {a, } diverges to infinity if for every number M
there is an integer N such that for all n larger than N, a, > M. If this condition
holds, then we write

lim a, = oo or a, — o0.

n—o0

Similarly, if for every number m there is an integer N such that for alln > N, we
have a, < m,then we say {a, } diverges to negative infinity and write

lim a, = —o0 or a, — —oo.

n—oo

A sequence may diverge without diverging to infinity or negative infinity, as we saw in
Example 2. The sequences {1, —2,3,—4,5,-6,7,—8,...} and {1,0,2,0,3,0,...} are also
sequences that diverge but do not diverge to infinity or negative infinity.

The convergence or divergence of a sequence is not affected by the values of any num-
ber of its initial terms (whether we omit or change the first 10, the first 1000, or even the
first million terms does not matter). From Figure 9.2, we can see that only the part of the
sequence that remains after discarding some initial number of terms determines whether
the sequence has a limit and the value of that limit when it does exist.

Calculating Limits of Sequences

Since sequences are functions with domain restricted to the positive integers, it is not sur-
prising that the theorems on limits of functions given in Chapter 2 have versions for
sequences.

THEOREM 1 Let{a, } and {b, } be sequences of real numbers, and let A and B
be real numbers. The following rules hold if ,}LTC a, = Aand nlggo b, = B.

1. Sum Rule: ’}Lrilo(an +b,) =A+B

2. Difference Rule: '}ergc(an —-b,)=A-B

3. Constant Multiple Rule: nanolo (k-b,) = k-B (any number k)

4. Product Rule: ,}Lnolc (a, -b,) =A-B

5. Quotient Rule: ’}LnoloZ—” = % if B =0

The proof is similar to that of Theorem 1 in Section 2.2 and is omitted.

EXAMPLE 3 By combining Theorem 1 with the limits of Example 1, we have:

(a) lim (_l) — —1-lim l ——1-0=0 Constant Multiple Rule
n—00 n n—oo N and Example la
. (n—1 . 1 . .1 Difference Rule
by Tim (“=4) = Tim (1= 1) = gim 1= Jim L =10 =1 Dt
n—s 00 n n—00 n N0 n—oo N and Example 1a
. 5 .1 .1
(¢) lim - = 5-lim—-Ilim—-=5-0-0=20 Product Rule
n—oo N n—oo N n—oo N
.4 — Tpd . (4 nﬁ) -7 0—7 Divide numerator and denominator
(d lim ———— = lim / = = —7.  bynS and use the Sum and

nmoe 1S + 3 oo L+ (3/m6) 140

Quotient Rules.
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FIGURE 9.4 The terms of sequence
{b, } are sandwiched between those of
{a, }and {c, }, forcing them to the same
common limit L.

2r (1,2)

1 510
&)

L)

—t 44—
1

11
32

FIGURE9.5 Asn — oo,1/n — 0
and 2V" — 29 (Example 6). The terms
of {1/n} are shown on the x-axis; the
terms of {2/} are shown as the y-values
on the graph of f(x) = 2*.
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Be cautious in applying Theorem 1. It does not say, for example, that both of the
sequences {a, } and {b, } have limits if their sum {a, + b, } has a limit. For instance,
{a,} = {1,2,3,...} and {b,} = {—1,—2,—3,...} both diverge, but their sum
{a, +b,} = {0,0,0,...} clearly converges to 0.

One consequence of Theorem 1 is that every nonzero multiple of a divergent sequence
{a, }diverges. Suppose, to the contrary, that { ca,, } converges for some numberc = 0. Then,
by taking k = 1/c in the Constant Multiple Rule in Theorem 1, we see that the sequence

(e} = ta)
¢
converges. Thus, {ca, } cannot converge unless {a, } also converges. If { a,, } does not con-
verge, then {ca, } does not converge.

The next theorem is the sequence version of the Sandwich Theorem in Section 2.2.
You are asked to prove the theorem in Exercise 119. (See Figure 9.4.)

THEOREM 2—The Sandwich Theorem for Sequences

Let {a,},{b,}, and {c,} be sequences of real numbers. If a, < b, < ¢,
holds for all n beyond some index N, and if lim a, = lim ¢, = L, then
lim b, = L also. e e

n—o0o

An immediate consequence of Theorem 2 is that if |b,| < ¢, and ¢, — 0, then
b, — 0because —c, < b, < c,. We use this fact in the next example.

EXAMPLE 4 Since 1/n — 0, we know that
(a) cosn — 0 because 1 < cosn < l;
n n n
(b) 1 — 0 because 0< 1 < l;
2n 2n n
nl 1 a1 1
© (-D"'"=—=20 because —— < (=D)'= < -
n n n n
() If|a,| — O,thena, — 0 because —la,| <a, <la,l. |

The application of Theorems 1 and 2 is broadened by a theorem stating that applying
a continuous function to a convergent sequence produces a convergent sequence. We state
the theorem, leaving the proof as an exercise (Exercise 120).

THEOREM 3—The Continuous Function Theorem for Sequences
Let {a, } be a sequence of real numbers. If ¢, — L and if f is a function that is
continuous at L and defined at all a,, then f(a,) — f(L).

EXAMPLE 5

Show that \/(n + 1)/n — 1.

Solution We know that (n + 1)/n — 1. Taking f(x) = Vx and L = 1 in Theorem 3

gives \/(n + 1)/n — V1= 1. [ |

EXAMPLE 6 The sequence {1/n} converges to 0. By taking a, = 1/n, f(x) = 2%,
and L = 0in Theorem 3, we see that 2'/* = f(1/n) — f(L) = 2° = 1. The sequence
{27} converges to 1 (Figure 9.5). [ |

Using L'Hé6pital’s Rule

The next theorem formalizes the connection between lim a, and lim f(x). It enables us
X— 00

n—oo

to use I’Hdpital’s Rule to find the limits of some sequences.



544

Chapter 9 Infinite Sequences and Series

THEOREM 4  Suppose that f(x) is a function defined for all x > n, and that
{a, }is a sequence of real numbers such thata, = f(n) for n > n,.Then

lima, = L whenever lim f(x) = L.

n—00 X— 00

Proof Suppose that lim f(x) = L. Then for each positive number ¢, there is a
number M such that e

[f(x) =Ll < ¢ whenever x> M.

Let N be an integer that is both greater than M and greater than or equal to n,. Since
a, = f(n), it follows that for alln > N, we have

la, — L| = 1f(n) — LI < = m

EXAMPLE 7 Show that

I
lim " — 0.

n—oo N

Solution The function (Inx)/x is defined for all x > 1 and agrees with the given
sequence at positive integers. Therefore, by Theorem 4, lim (Inn)/n will equal

n—oo

lim (In x)/x if the latter exists. A single application of 1"Hopital’s Rule shows that

X— 00

1 1
fim X g XX 20
x—oo X x—oo | 1
We conclude that lim (Inn)/n = 0. u

n—o0

EXAMPLE 8 Does the sequence whose nth term is

anZ(nJrl), n>?2
n—1

converge? If so, find lim a,.

n—00

Solution The function f(x) = (X——H) is defined for all real numbers x > 2 and

agrees with g, at all integers n > 2. If we can show that lim (X—Jri) = L, then by
n xX—00 \ X —
Theorem 4, lim (n_—i—}) = L.
n—oo\ N —
The limit lim f(x) leads to the indeterminate form 1*°. To evaluate this limit, we

apply I’Hopital’s Rule after taking the natural logarithm of f(x):

In f(x) = ln(x T 1) = xln(x——H).
x —1 x —1
Then
lim In f(x) = lim x 1n("—+i) 5 - 0 form
X—00 X—00 X —
ln(x + 1)
= lim x =1 9 form
X—00 1/)( 0
—2/(x? =1
= lim /(x ) Apply I’'Hopital’s Rule.
X—00 —1/x2
2
= lim 2x = 2. Simplify and evaluate.

Therefore, lim (X—_Fi) = lim f(x) = lim e™/® = ¢2 Applying Theorem 4, we

x—oo \ X — X—00 X—00

conclude that the sequence {a, } also converges to e2. |



Factorial Notation

-

The notation n! (“n factorial)

means the productl -2 -3---n

of the integers from 1 to n. Notice
that(n + D! = (n + 1) - nl.

Thus, 4! =1-2-3-4 = 24and
51=1-2-3-4.5=15-4!=120.
We define 0! to be 1. Factorials grow
even faster than exponentials, as the
table suggests. The values in the table are
rounded.

n e n!
1 3 1
5 148 120
10 22,026 3,628,800
20 4.9 x 108 2.4 x 1018
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Commonly Occurring Limits

The next theorem gives some limits that arise frequently.

THEOREM 5 The following six sequences converge to the limits listed below.

Inn

1. lim — =0 2. lim ¥n =1
n—oo N n—00
3. limx =1 (x > 0) 4. limx" =0 (x| <1
5. lim (1 + E) = e (any x) 6. lim x—r; =0 (anyx)
n—o00 n n—oo M.

In Formulas (3) through (6), x remains fixed asn — oc.

Proof The first limit was computed in Example 7. The next two can be proved by taking
logarithms and applying Theorem 4 (Exercises 117 and 118). The remaining proofs are
given in Appendix A.6. u

EXAMPLE 9 These are examples involving the limits in Theorem 5.
In(n?) 2lInn
o

(b) ¥n? = n?" = (n'")’ — ()? =1

(a) —-2-0=0

Formula 1

Formula 2

(€ ¥Y3n =3 (n¥") - 1-1=1

Formula 3 with x = 3 and Formula 2

Formula 4 with x = ——

w4 o

2
n n
(e) (}’l 2) = (l + —2) — e 2 Formula 5 withx = —2
n n
n
) 100 — 0 Formula 6 with x = 100 |

n!

Recursive Definitions

So far, we have calculated each a,, directly from the value of n. But sequences are often
defined recursively by giving
1. The value(s) of the initial term or terms, and

2. a rule called a recursion formula for calculating any later term from terms that
precede it.

EXAMPLE 10
(a) The statements a, =1 and a, = a,_, +1 for n > 1 define the sequence
1,2,3,...,n,... of positive integers. With a; = 1, we have a, = a; + 1 = 2,

ay = a, +1 = 3, and so on.

(b) The statements a, =1 and a, = n-a,_ , for n > 1 define the sequence
1,2,6,24,...,n!,... of factorials. With a, =1, we have a, =2 .a, = 2,
ay =3-a, = 6,a, = 4-ay = 24, and so on.

(¢) The statements a;, = l,a, =1, and a,,, = a, + a, ; for n > 2 define the

sequence 1,1,2,3,5,... of Fibonacci numbers. With a, = 1 and a, = 1, we have
ay =14+1=2a, =2+1=3,a;, =3+ 2 = 5,andsoon.
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Convergent sequences are bounded.

FIGURE 9.6 Some bounded sequences
bounce around between their bounds and
fail to converge to any limiting value.

(d) As we can see by applying Newton’s method (see Exercise 145), the statements x, = 1
and x,,, = x, —[(sinx, — x,%)/(cosx, — 2x,)] for n > 0 define a sequence
that, when it converges, gives a solution to the equation sin x — x> = 0. ]

Bounded Monotonic Sequences

Two concepts that play a key role in determining the convergence of a sequence are those
of a bounded sequence and a monotonic sequence. First we define bounded sequences.

DEFINITION A sequence {a, }is bounded from above if there exists a number
M such that a, < M for all n. The number M is an upper bound for {a, }. If
M is an upper bound for {a, } but no number less than M is an upper bound for
{a, }, then M is the least upper bound for {a, }.

A sequence {a, } is bounded from below if there exists a number m such
that ¢, > m for all n. The number m is a lower bound for {a, }. If m is a lower
bound for {a, } but no number greater than m is a lower bound for {a,, }, then m
is the greatest lower bound for {a,, }.

If {a, } is bounded from above and below, then {a, } is bounded. If {a, } is
not bounded, then we say that {a, } is an unbounded sequence.

EXAMPLE 11

(a) The sequencel, 2,3,..., n,... has no upper bound because it eventually surpasses every
number M. However, it is bounded below by every real number less than or equal to 1.
The number m = 1 is the greatest lower bound of the sequence.

(b)Thesequencel,z,g,..-, .
2'3°4 n+1

than or equal to 1. The upper bound M = 1 is the least upper bound (Exercise 137).

is bounded above by every real number greater

The sequence is also bounded below by every number less than or equal to %, which is
its greatest lower bound. ]

Suppose that a sequence {a, } converges to a number L. Applying the definition of
convergence with the particular value ¢ = 1, there must exist a number N such that
la, — L| < lifn > N.Thatis,

L—-1<a, <L+1 forn> N.

If M is a number larger than both L + 1 and all of the finitely many numbers a,, a,, ..., ay,
then for every index n we have a, < M, and therefore {a, } is bounded from above.
Similarly, if m is a number smaller than both L — 1 and all of the numbers a,, a,, ..., ay,
then m is a lower bound for the sequence. Therefore, all convergent sequences are bounded.

Although it is true that every convergent sequence is bounded, there are bounded
sequences that fail to converge. One example is the bounded sequence { (—1)”“} dis-
cussed in Example 2. The problem here is that some bounded sequences bounce around in
the band determined by any lower bound m and any upper bound M but do not converge
(Figure 9.6). An important type of sequence that does not behave that way is one for which
each term is at least as large, or at least as small, as its predecessor.

DEFINITIONS A sequence {a, } is nondecreasing if a, < a,, for all n. That
is,a; < a, < ay <.... The sequence is nonincreasing if a, > a,, for all n.
The sequence {a, } is monotonic if it is either nondecreasing or nonincreasing.
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EXAMPLE 12

(a) The sequence 1,2, 3,...,n,... is nondecreasing.

(b) The se uencel, z,é e n ,... 1s nondecreasing.
quence -3 +1 &
n
(¢) The sequence 1, l, l, l, ey i, is nonincreasing.
2°4°8 n

(d) The constant sequence 3, 3,3, ..., 3,... is both nondecreasing and nonincreasing.

(e) The sequencel,—1,1,—1,1,—1,... is not monotonic. |

A sequence that is bounded from above always has a least upper bound. Likewise, a
sequence bounded from below always has a greatest lower bound. These results are based
on the completeness property of the real numbers, discussed in Appendix A.9. We now
prove that if L is the least upper bound of a nondecreasing sequence, then the sequence
converges to L, and that if L is the greatest lower bound of a nonincreasing sequence, then
the sequence converges to L.

THEOREM 6 —The Monotonic Sequence Theorem
If a sequence {a,, } is both bounded and monotonic, then the sequence converges.

y Proof Suppose { a, } is nondecreasing, L is its least upper bound, and we plot the points
(La,).(2,a,),....(n,a,),... in the xy-plane. If M is an upper bound of the sequence, all
y=M these points will lie on or below the line y = M (Figure 9.7). The line y = L is the lowest
M such line. None of the points (n, a, ) lies above y = L, but some do lie above any lower
y=1L liney = L — ¢,if ¢ is a positive number (because L — ¢ is not an upper bound). That is,
L D
_,..-"' a. a, < L for all values of n, and
L— — . . . .
° R b. given any € > 0, there exists at least one integer N for whicha, > L — «.
o !
’ | The fact that {a, } is nondecreasing tells us further that
|
0 N . a, >ay >L—¢  forallm > N.

Thus, all the numbers a, beyond the Nth number lie within € of L. This is precisely the
condition for L to be the limit of the sequence {a, }.
The proof for nonincreasing sequences bounded from below is similar. ]

FIGURE 9.7 If the terms of a nonde-
creasing sequence have an upper bound M,
then they have a limit L < M.

It is important to realize that Theorem 6 does not say that convergent sequences are
monotonic. The sequence {(— 1"+t / n} converges and is bounded, but it is not monotonic
since it alternates between positive and negative values as it tends toward zero. What the
theorem does say is that a nondecreasing sequence converges when it is bounded from
above, but it diverges to infinity otherwise.

EXERCISES M

Finding Terms of a Sequence 5 _2n 6 _2n—1
Each of Exercises 1-6 gives a formula for the nth term a,, of a sequence s = 2+l T 2n
{a, }. Find the values of a,,4,, a5, and a,. Each of Exercises 7-12 gives the first term or two of a sequence along
l.a — l—n 2 a4 — 1 with a recursion formula for the remaining terms. Write out the first
" n? ! n! ten terms of the sequence.
_qyntl 7., =1, a, , = a, + (1/2"
3.4, = D hoa =24 (1) i 4 (1/2")
2n —1 8a =1 a,,=a,/n+1)
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9.4, =2, a,, =(—D""a,/2
10.a;, = -2, a,, = na,/(n +1)
.a =a,=1 a,,=a,,+a,
2.4, =2, a, =-1 a,, =a,,/a,

Finding a Sequence’s Formula

In Exercises 13-30, find a formula for the nth term of the sequence.

13. 1,-1,1,-1,1,...
14. -1,1,-1,1,—1,...
15.1,—-4,9,-16,25, ...

16. 1, —

17. -, = = = =
9°12°15°18 21

s 3 1135

27 67127207307
19. 0,3,8,15,24,...

20. -3,-2,-1,0,1,...
21. 1,5,9,13,17, ...

22.2,6,10,14,18, ...

23 5 8 1114 17

g L 8 27 64 125
"25°125°625°3125°15,625° "

25.1,0,1,0,1,...
26. 0,1,1,2,2,3,3,4, ...

RS U S S S U S

28. 5 — V4,6 — 5,7 — V6,8 —

s

1’s with alternating signs
1’s with alternating signs

Squares of the positive
integers, with alternating
signs

Reciprocals of squares of
the positive integers, with
alternating signs

Powers of 2 divided by
multiples of 3

Integers differing by 2
divided by products of
consecutive integers
Squares of the positive
integers diminished by 1
Integers, beginning with —3

Every other odd positive
integer

Every other even positive
integer

Integers differing by 3
divided by factorials

Cubes of positive integers
divided by powers of 5

Alternating 1’s and 0’s

Each positive integer
repeated

V...

29. sin ,sin ,sin ,sin s
1+ 4 1+9 1+ 16 1+ 25
30. \ﬁ,«/lﬂli,q/ﬂ,...
8 V11 V14 V17

Convergence and Divergence

Which of the sequences { a,, } in Exercises 31-100 converge, and which

diverge? Find the limit of each convergent sequence.

3.a, =2+ (0.1)" 32.a,
3B.q, = L= 20 3M.a,
14+ 2n
_ 5,4
35.a, = ii 36. a,
n* + 8n3
2 _
Ma, = =2F1 50 384
n—1
39.aq, =1+ (D" 40. a,

_n+ =D
o n
2n + 1
1—3vn

- n—+3
nr+ 5146
1—n3
70 — 4n?

-2

_ (nt 1)( _ l) — (L 1
41.a, = ( - 2.a, =2 zn)(s + 2n)
n+l n
43.q = D 4. 4 — (_l)
" 2n —1 " 2
45. a, = |21 46.a, = L
n+1 (0.9)"
L (mo 1
47. a, = sm(a + —) 48. a, = nmwcos(nm)
n
49.a, — sinn 50.a, sin?n
n 2n
Sl.a, = L 52.4, = -
2n n’
In(n + 1) Inn
53. = ——— 54. =
@ In “ = Tn2n
55. a, = 8V 56. a, = (0.03)""
57.a, = (1 + 1)" 58.q, — (1 - l)
n n
59. a, = ¥10n 60. a, = ¥Yn?
3\ 1(n+4)
6l. a, = (;) 62.a, = (n+ 4)
1
63.a, = nnl—/:l 64.a, = Inn —In(n + 1)
65.a, = VY4mn 66. a, = Y32+l
67. a, = ™ (Hint: Compare with 1/n.)
nn
68.a, — =" 69.a, = 12
n! 1067
0.0 — n! 4 — (l)l/(lnn)
T 2n . 3n T n
72, a, = 2t D! 73.a, = 2Lt D!
n (n + 3)! " 2n — 1!
n —n —2n __ —3n
74.an:u 75. a, _e M =2
e" + 3e " e — e
1 1 1 1 1
76.a, = (1-2)+(53-3)+(5-)+
a = | 2) 273 Ty
=) e
* (n -2 n-1 * n—1 n
77.a, = (In3 —In2) + (In4 —In3) 4+ (In5 — In4) + ---
+ (In(n — 1) —=In(n —2)) + (Inn — In(n — 1))
78. a4, — ln(l n l) 79. a4, — (M)
n 3n —1
n n I/n
80.an:( n ) 81. a, X ) x>0
n+1 2n + 1
B 1y 36
82.q, = (1 - n_z) 8.a, = 25
10/11)"
84.a, = (nO/ ) — 85.a, = tanhn
(9/10)" + (11/12)
2
86. a, = sinh(Inn) 8.a, = " sinl

" 2n —1 n



1 .1
88..a, = (1~ cos| 89. a, = nsin——
a, =n cos a, nsin—
90. a, = (3" + 5m)"" 91. a, = tan~'n
92.a, = Larctann 93.a, = (l)" + 1
n \/ﬁ n 3 /2n
Inn)2%
94. a, =Yn?>+n 95-%:%
n
(Inn)’
96. a, = 97.a, =n—~n?>—n
Vn
98. a, = !
"oVn2—1—-Vn2+n
_ 1l - ("L
99.a, = [ ~dx 100.an—f]xpdx, p>1

Recursively Defined Sequences
In Exercises 101-108, assume that each sequence converges and find
its limit.

101.a, =2, a,, = 112
an
102.0, = 1, a,, =% 12
a'l

103. a, = —4, a,,, = 8+ 2a,
8 + 2a,
105. a, = 5, a,,, = /5a,

106. a; = 3, a,,, =12 — a,
+
2

104.a, =0, a, , =

107. 2,2 + %,2+

108. V1,1 + V1,81 + N1 + V1,
\/1+\/1+x/1+\f1,...

Theory and Examples

109. The first term of a sequence is x;, = 1. Each succeeding term is
the sum of all those that come before it:

Xppp = X+ Xy + 0+ X,

Write out enough early terms of the sequence to deduce a general
formula for x, that holds forn > 2.

110. A sequence of rational numbers is described as follows:

13717 aa+2b
1’2°5°12°°"°"b  a+ b7

Here the numerators form one sequence, the denominators form
a second sequence, and their ratios form a third sequence. Let x,
and y, be, respectively, the numerator and the denominator of the

nth fractionr, = x,/y,.
a. Verify that x? — 2y? = —1, that x3 — 2y? = +1, and,
more generally, that if a> — 2b2 = —1 or +1, then

(a+2b) —2(a+ b)* = +1 or —1,

respectively.
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b. The fractions r, = x,/y, approach a limit as n increases.
What is that limit? (Hint: Use part (a) to show that
r2 — 2 = £(1/y,)” and that y, is not less than n.)
111. Newton’s method The following sequences come from the
recursion formula for Newton’s method,

f@&,)
" fl('xﬂ ) ’

el = X

Do the sequences converge? If so, to what value? In each case,
begin by identifying the function f that generates the sequence.

2
x2 =2 X 1
a. x, =1, x =x, — =& =24+ —
0 ’ n+1 n 2xn 2 xn
tanx, — 1
boxg = L X,y = x, -t
sec’x,
cxy=1 x,,=x,-1

112. a. Suppose that f(x) is differentiable for all x in [0,1] and that
f(0) = 0. Define sequence {a, } by the rule a, = n f(1/n).
Show that lim a, = f’(0). Use the result in part (a) to find

the limits onf tloloe following sequences {a, }.

b.a, = ntan*]l
n

R c.a, = n(e —1)

n

d.a, = nin(1+ 2)
n
113. Pythagorean triples A triple of positive integers a, b, and ¢ is

called a Pythagorean triple if a> + b> = ¢2. Let a be an odd
positive integer and let

b:lﬁ
2

2
and ¢ = {a_]
2

be, respectively, the integer floor and ceiling for a2/2.

a

a. Show thata? + b? = 2. (Hint: Leta = 2n + 1 and
express b and ¢ in terms of n.)

b. By direct calculation, or by appealing to the accompanying
figure, find

N|§N

lim

a—0o00

N‘QN
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114. The nth root of n!
a. Show that lim (2n7)Y®" = 1 and hence, using Stirling’s

approximati?)n (Chapter 8, Additional Exercise 44a), that
Ynl ~ 2 for large values of n.
e

b. Test the approximation in part (a) forn = 40,50, 60, ..., as
far as your calculator will allow.

115. a. Assuming that lim (1/n¢) = 0 if ¢ is any positive constant,
show that e

if ¢ is any positive constant.

b. Prove that lim (1/n¢) = 0 if ¢ is any positive constant.
(Hint: If ¢ = 0.001 and ¢ = 0.04, how large should N be to
ensure that [1/n¢ — 0] < eifn > N?)

116. The zipper theorem Prove the “zipper theorem” for sequences:
If {a, } and {b, } both converge to L, then the sequence

a;,b,a,,b,,....a,,b

sUps Upsene

converges to L.
117. Prove that lim ¥n = 1.

n—o0

118. Prove that lim x"/" = 1,(x > 0).

n—oo

119. Prove Theorem 2. 120. Prove Theorem 3.

In Exercises 121-124, determine whether the sequence is monotonic
and whether it is bounded.

1214 =+l 122. 4 = Gnt 3t
" n+1 (n 4+ D!
123. 4, = 23" 1240 —2-2_1

" n! " n 2n

In Exercises 125-134, determine whether the sequence is monotonic,
whether it is bounded, and whether it converges.

125.a =11 126.a, =n— L
n n

2n —1 2n —1

127. = 128. =
a, on an 3n
129. a, = ((—1)" + 1)(”—“)
n

130. The first term of a sequence is x; = cos (1). The next terms are

X, = x, orcos (2), whichever is larger; and x; = x, or cos (3),
whichever is larger (farther to the right). In general,

x,.; = max{x,,cos(n + D}
131. a, _ 1+ von 1324, — n+1
n n
n+1 n
1383.q, = 3 +3" 134.a, = 1, a,,, = 2a, — 3

4n
In Exercises 135-136, use the definition of convergence to prove the
given limit.

135. 1lim 22" — o 136. lim (1 - %) —1
n

n—oo N n—o0

137. The sequence {n/(n + 1)} has a least upper bound of 1
Show that if M is a number less than 1, then the terms of
{n/(n + 1)} eventually exceed M. That is, if M < 1, there is
an integer N such that n/(n + 1) > M whenever n > N. Since
n/(n + 1) < 1 for every n, this proves that 1 is a least upper
bound for {n/(n + 1)}

138. Uniqueness of least upper bounds Show that if M, and M,
are least upper bounds for the sequence {a, }, then M, = M,.
That is, a sequence cannot have two different least upper bounds.

139. Is it true that a sequence {a,, } of positive numbers must converge
if it is bounded from above? Give reasons for your answer.

140. Prove that if {a, } is a convergent sequence, then to every posi-
tive number ¢ there corresponds an integer N such that
|a, —a,| < e whenever m > N and n > N.

m

141. Uniqueness of limits Prove that limits of sequences are unique.
That is, show that if L, and L, are numbers such that a, — L,
anda, — L,,then L, = L,.

142. Limits and subsequences If the terms of one sequence
appear in another sequence in their given order, we call the first
sequence a subsequence of the second. Prove that if two subse-
quences of a sequence {a, } have different limits L, = L,, then
{a, } diverges.

143. For a sequence {a, } the terms of even index are denoted by a,,
and the terms of odd index by a,,_ ;. Prove that if a,, — L and
ay — L,thena, — L.

144. Prove that a sequence {a, } converges to O if and only if the
sequence of absolute values {|a, |} converges to 0.

145. Sequences generated by Newton’s method Newton’s method,
applied to a differentiable function f(x), begins with a starting
value x,, and constructs from it a sequence of numbers {x, } that
under favorable circumstances converges to a zero of f. The
recursion formula for the sequence is

Sy
71

n+l = Xn

a. Show that the recursion formula for f(x) = x2 — a,a > 0,
can be written as x,,, = (x, + a/x,)/2.

b. Starting withx, = 1 anda = 3, calculate successive terms
of the sequence until the display begins to repeat. What num-
ber is being approximated? Explain.

146. A recursive definition of /2 If you start with x; = 1 and

if you define the subsequent terms of {x,} by the rule
X, = X,_, + cosx,_,, you generate a sequence that converges

rapidly to 7/2. (a) Try it. (b) Use the accompanying figure to
explain why the convergence is so rapid.

y

COS X, _ |




COMPUTER EXPLORATIONS

Use a CAS to perform the following steps for the sequences in

Exercises 147-158.
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149.a, =1, a,, =a, + —

150. a, =1, a, , = a, + (=2)"

n+l

a. Calculate and then plot the first 25 terms of the sequence. !
Does the sequence appear to be bounded from above or 151. a, = sinn 152. a, = nsin—
below? Does it appear to converge or diverge? If it does "

converge, what is the limit L? 153. 4 = sin n 154. ¢ — Inn
b. If the sequence converges, find an integer N such that " "
la, — L| < 0.01 forn > N.How far in the sequence do 155. a, = (0.9999)" 156. a, = (123456)""
you have to get for the terms to lie within 0.0001 of L? "
’ 157. a, = 3° 158. a, =
147. a, = Yn I+ E) " ORNTY
n

m Infinite Series

An infinite series is the sum of an infinite sequence of numbers
a +a, +ay+--+a, + .

The goal of this section is to understand the meaning of such an infinite sum and to develop
methods to calculate it. Since there are infinitely many terms to add in an infinite series, we
cannot just keep adding to see what comes out. Instead we look at the result of summing
just the first n terms of the sequence. The sum of the first n terms

S, =a+a,+a;+--+a,

is an ordinary finite sum and can be calculated by normal addition. It is called the nth
partial sum. As n gets larger, we expect the partial sums to get closer and closer to a limiting
value in the same sense that the terms of a sequence approach a limit, as discussed in
Section 9.1.

For example, to assign meaning to an expression like

1,1, 1 1
I+ =4+ =+ =4+ — + -,
+ > + 1 + 3 + 16 +
we add the terms one at a time from the beginning and look for a pattern in how these par-
tial sums grow.

Suggestive expression

Partial sum Value for partial sum
First: s, =1 1 2 -1
1 3 1
S d: =14= = 2 — =
econ S, + > 5 >
. 1 1 7 1
Third: =14=+= - 2 ——
" ot aty 4 4
1,1 1 2n —1 1
th: =1 — — 2 _
n Sn + 2 + 4 + + 2n71 2n71 2;171




